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The s t a b i l  

rounded peg on h o r i  

been appointed,  a t  

b l e  r o l l i n g  w i t h o u t  

i t y  o f  s t a t i o n a r y  mot ion o f  the  symmetr ical t o p  w i t h  

z o n t a l  p lane  i s  s tud ied .  On t h e  c o n t r a r y  o f  what has 

l e a t  s ince  Routh (1905), i t  i s  shown t h a t  t h e  p o s s i -  

s l i d i n g  s t a t i o n a r y  mot ions a r e  n o t  a l l  s t a b l e .  

Estuda-se a  e s t a b i l i d a d e  do movimento e s t a c i o n á r i o  do p i ã o  s i -  

m é t r i c o  de ponta e s f é r i c a ,  no p lano h o r i z o n t a l .  Ao c o n t r á r i o  do que tem 

s i d o  apontado, p e l o  menos desde Routh (1 YO5), mostra-se que os p o s s i v e i  s  

movimentos e s t a c i o n á r i o s  de rolamento sem desl izamento não são todos 

es tãve i  S. 

1. EQUATION OF MOTION 

Consider the  symmetr ical top  w i t h  s p h e r i c a l  base on t h e  h o r i -  

zon ta l  p lane.  L e t  Gz' be the symmetry a x i s ,  through t h e  mass cen te r  G 

and the  c u r v a t u r e  cen te r  E ( ~ i g .  1 ) .  L e t  a l s o  be: 2 the  mass; C and A, 

the moments o f  i n e r t i a  w i t h  respect  t o  Gzr and t o  a  b a r y c e n t r i c  a x i  s 

normal t o  Gz:  r e s p e c t i v e l y ;  - a, the  r a d i u s  o f  t h e  s p h e r i c a l ;  h, t h e  ec-  

c e n t r i c i t y  GE; Gz, t h e  ascending v e r t i c a l  a x i s .  

The re fe rence  systems a y z  and G x ' y ' z r  have t h e  axes Gy and Gy' 

i n  the  v e r t i c a l  p lane  o f  Gz'. The sense o f  Gz' i s  chosen a r b i t r a r i l y ,  

so t h a t  - h can be p o s i t i v e  o r  nega t i ve .  



Let  F, F' and N  be t h e  p r o j e c t i o n s  o f  t h e  r e a c t i o n  o f  the  p l a -  

ne, on the  &, Gy and Gz axes r e s p e c t i v e l y .  

The e u l e r i a n  components o f  t h e  r o t a t i o n  o f  t h e  s o l i d  a r e  0, 

q ,  6, on Gx,  Gz and Gz' r e s p e c t i v e l y .  The same r o t a t i o n  has the  p r o -  

j e c t i o n s  

on t h e  G x ' y ' z '  axes. The r o t a t i o n  o f  t h i s  G x ' y ' z '  frame r e l a t i v e  t o  t h e  

b a r y c e n t r i c  re fe rence  system o f  f i xed  d i r e c t i o n s  h a s ,  o n  t h e  same 

G x ' y  ' z '  axes, t h e  p r o j e c t  i ons  

so t h a t  t h e  equa t ion  o f  t h e  mot ion  around t h e  c e n t e r  o f  mass can be 

w r i  t t e n :  

0 = p ,  

Afi - ( ~ ~ c o t a n 0  - ~ r ) y  = P ( a - h c o s 0 )  - Nhsin , 



L e t  u, v ,  w be t h e  p r o j e c t i o n s ,  on t h e  Gxyz axes, o f  t h e  v e l o -  

c i t y  o f  t h e  c e n t e r  o f  mass w i t h  respec t  t o  t h e  i n e r t i a l  system o f  r e f e -  

rente. Wi th  respec t  t o  t h e  b a r y c e n t r i c  re fe rence  system o f  f i x e d  d i r e c -  

t i o n s ,  t h e G z y z  frame have r o t a t i o n  around Gz, so t h a t  t h e  equa- 

t i o n s  o f  the  mot ion  o f  the  c e n t e r  o f  mass can be w r i t t e n :  

Once t h e  cen te r  o f  mass c o o r d i n a t e  on Gz i s  a- h  cos8, t h e  l a s t  

equa t ion  y i e l d s  

Le t  a l  so u and V be t h e  p r o j e c t  ions, on Gx and Gy, o f  t h e  
P P 

v e l o c i t y  o f  t h e  p o i n t  o f  c o n t a c t  P, w i t h  respec t  t o  the  i n e r t i a l  r e f e -  

rente system ( v e l o c i t y  o f  s l i d i n g ) ;  then; 

u = u - r ( a  cose - h ) q  - a r  sino] , P 
(4)  

V = V  - ( a  - h c o s 8 ) p  . 
P 

E l i m i n a t i n g  F between the  l a s t  two equa t ions  (I)  leads t o  

Je l  l e t ' s  i n t e g r a l  ( c f .  [I], page 192), t h e  o n l y  i n t e g r a l  a v a i l a b l e  f o r  

the  mot ion (except f o r  i ns tance  i n  absence on f r i c t i o n  o r  i n  t h e  r o l -  

l i n g  w i t h o u t  s l i d i n g ) :  

Th is  i n t e g r a l  admi ts  a  s imp le  i n t e r p r e t a t i o n :  i t  i s  cons tan t  

the  s c a l a r  p rodu t  o f  the  angu la r  momentum, by t h e  p o s i t i o n  v e c t o r  o f t h e  

p o i n t  o f  con tac t ,  w i t h  o r i g i n  G. 

I f  we w r i t e  the  equat ions o f  t h e  mot ion around the  c e n t e r  o f  

mass u s i n g  t h e  Gzyz axes, 



5 - iv = F r ( a  - h  cos 8) - N h  s i n o  , 

t + W = - F (a - h  cos 81, 

W = A s i n  0 , 
where 

U = Ap, V = A q  cos8 - Cr sino, W =  Aq s i n 8  + C r  cose , 

then we see t h a t  the  J e l l e t ' s  i n t e g r a l  can a l s o  be ob ta ined  by e l i m i n a -  

t i n g  F between t h e  l a s t  o f  equat ions ( I )  and t h e  l a s t  o f  equa t ions  ( 6 ) .  

2. SLIDING WITHOUT FRICTION 

I f  F = F '  = 0 ,  t h e  problem can be reduce t o  quadratures. Indeed, 

i n  t h i s  case, the  mot ion o f  t h e  c e n t e r  o f  mass p r o j e c t e d  on t h e  p lane  

w i l l  be r e t i l i n e a r  and un i fo rm.  On t h e  o t h e r  hand, the  l a s t  t h r e e  equa- 

t i o n s  (1) can now be replaced by t h e  laws o f  conservat  i o n  o f  angular  mo- 

mentum around G z '  and G z  p l u s  the  law o f  conserva t ion  o f  energy. 

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  J e l l e t ' s  i n t e g r a l  w i l l  now be 

super f luos ,  once i t  reduces t o  the  combinãt ion o f  the  integrais o f  an-  

g u l a r  momentum. 

A s t a t i o n a r y  mot ion  (8, 9 and r cons tan ts ) ,  i n  o t h e r  words a 

s t a t i o n a r y  s o l u t i o n  o f  equat ions ( I ) ,  wi t h  F = F' = O,  i s  ob ta ined  by 

l e t t i n g  p = 0, w i t h  t h e  o t h e r  t h r e e  v a r i a b l e s  s a t i s f y i n g  t h e  equa t ion :  

t h a t  i s  

We then see t h a t ,  once g i v e n  r$ and 8, s i n o  # 0, s a t i s f y i n g  t h e  

condi t i o n  



then t h e r e  a r e  two va lues o f  Y s a t i s f y i n g  equa t ion  ( 8 ) .  Each o f  these 

va lues  w i l l  be a r o o t  o f  equa t ion  (7 ) ,  f o r  a  convenient  2, t h a t  s a t i s -  

f i e s  t h e  c o n d i t i o n  

We can a l s o  say t h a t ,  once g i v e n  r and 2, s i n o  # 0, s a t i s f y i n g  

c o n d i t i o n  ( IO) ,  t h e r e a r e  t w o v a l u e s o f  $ s a t i s f y i n g e q u a t i o n  ( 7 ) .  I f  

these two precess ions concern ing t h e  same have d i f f e r e n t  a b s o l u t e  va- 

lues,  t h e  one w i t h  l a r g e r  a b s o l u t e  v a l u e  w i l l  be c a l l e d  f a s t  precession, 

and t h e  o t h e r ,  s low precess ion.  

I n  o r d e r  t o  examine t h e  s t a b i l i t y  o f  s t a t i o n a r y  mot ion  t h a t  

s a t i s f i e s  equa t ion  (7 ) ,  w i t h  s i n o  # O, we take  t h e  d e r i v a t i v e  o f  t h e s e-  

cond o f  equat ions ( I )  t h a t  i n  t h i s  case can be w r i t t e n :  

Taking c o n d i t i o n  (7) f o r  t h e  s t a t i o n a r y  mot ion  i n t o  account,  

and n e g l e c t i n g  t h e  terms i n  pp o r  t h e  ones t h a t  c o n t a i n s  powers o f  

g r e a t e r  than t h e  f i r ç t  power, f o r  the  d i s t u r b e d  mot ion,  we have: 

E1 i m i n a t i n g  Y s i n o  by means o f  t h e  t h i r d  o f  equat ions ( l ) , w i t h  

F = O ,  y i e l d s  

and then  we see +hat the  mot ion i s  always s t a b l e .  

The p e r i o d  o f  m a l 1  o s c i l a t i o n s  o f  p around p = 0, which i s  

the  same as t h a t  o f  t h e  small  o s c i l a t i o n s  o f  0, f and 6 around t h e i r  

r e s p e c t i v e  va lues  i n  the  s t a t i o n a r y  mot ion,  w i l l  be: 

k2= E [2 cos 0 f - (c/A)P] + (4 s i  n0) 2 ) /  (1 + mh2 s i  n 2 8 / ~ )  



Once t h e  s t a t i o n a r y  mot ion  i s  always s t a b l e ,  f u l f i l l e d  t h e  e-  

x i s t e n c e  c o n d i t i o n  (10) ,  w i t h  s i n  0  # 0, even f o r  s i n o 2  a r b i t r a r i l y  

smal l ,  the  d i s c u s s i o n  f o r  s i n o  = O r e s u l t s  s u p e r f l u o s .  I n  o t h e r  words, 

l e t t i n g  0 + 0, the  mot ion  w i l l  a l s o  be s tab le ,  s a t i s f i e d  (IO), 

which i s  s a t i s f i e d  f o r  any c, i f  h > O.  L e t t i n g  8 + r, t h e  mot ion  w i l l  

be s t a b l e ,  s a t i s f i e d  the  same (101, 

( C r ) 2  - 4 Amgh > O , 

which i s  s a t i s f i e d  f o r  any c, i f  h h O .  

3. EQUATIONS FOR ROLLING WITHOUT SLIDING 

Observe i n i t i a l l y  t h a t  u s i n g  equat ions (3) and (4) t h e  equa- 

t i o n s  (1) and the  f i r s t  two equat ions (21, i n  the  general case, can be 

w r i t t e n  

0 = p  

Ãi = [(Ã cose - mah s i n 2 0 ) Y 2  - ?r$ - mgh ] s i n 0  - 

and a  l a s t  equat i o n  i n v o l v i n g  5 + $2 and F r / m ,  by e l  i m i n a t i o n  o f  u and 

v .  
P P 

I n  these equa t ions  we take  



Ã = A + ma2sin20 + m(a C O S O  - h)', 

? = C + ma(a - h cose) , 

-. 
AC = AC + ,4ma2sin28 + &(a  cose - h ) '  . 

Assuming t h a t  the  t o p  r o l l s  w i t h o u t  s l i d i n g ,  a l s o  i n  t h i s  

i t  i s  p o s s i b l e  t h e  separa t ion  o f  v a r i a b l e s  t o  s tudy t h e  mot ion  a  

the  c e n t e r  o f  mass, by means o f  t h e  f i r s t  f o u r  equat ions (12) ,  tak  

case 

round 

, I  ng 

I t  i s  easy t o  see t h a t ,  a l s o  i n  t h  

reduced t o  quadratures.  Indeed, we now have 

i s  case, the  problem can be 

t h e  J e l l e t ' s  i n t e g r a l  (51 ,  

w h i l e  t h e  f o u r t h  o f  equat ions (12) g i v e s  the  i n t e g r a l  

(ÃC)" '~  = D , cons tan t ,  

and a l s o  t h e  energy equa t ion  w i l l  be a v a i l a b l e .  

A s t a t i o n a r y  mot ion  (8, t and r cons tan ts ) ,  t h a t  i s  a  s t a t  

na ry  s o l u t i o n  o f  t h e  f i r s t  f o u r  equat ions (12), i s  ob ta ined  by l e t t  

p = 0, w i t h  t h e  o t h e r  t h r e e  v a r i a b l e s  s a t i s f y i n g  t h e  equa t ion :  

[(Ã cose - mah s i n 2 8 ) i 2  - ?r+ - m g h l s i n  8  = O , ( 

t h a t  i s  

{[(i - C) cose - m a h  s i n 2 8 ] t 2  -?I$' - m g h ) s i n %  = O . (15) 

We tben see t h a t ,  once g iven  4 and 8, s i n o  # 0, s a t i s f y i n g  t h e  

cond i t i o n  

(24) + 4 [(Ã - .?) cose - mah s  in28]mgh > 0 , (16) 

then t h e r e  a r e  two va lues  o f  I s a t i s f y i n g  equa t ion  (15) .  Each o f  these 

va lues i s  one r o o t  o f  equa t ion  (14) ,  f o r  a  convenient  2 t h a t  s a t i s f i e s  

the  c o n d i t i o n  



+ 4(Á cose - mah sin28)mgh 2 O . (17) 

We can a l s o  say t h a t ,  once g iven  -- r and 8, s i n o  # 0, s a t i s f y i n g  

c o n d i t i o n  (17) ,  then t h e r e a r e  two precess ions i s a t i s f y i n g  e q u a t i o n  

(14). I f  these two process ions concern ing t h e  same - r have d i f f e r e n t  

a b s o l u t e  va lues,  the  one w i t h  l a r g e r  a b s o l u t e  v a l u e  w i l l  be c a l l e d  f a s t  

precess ion,  and t h e  o t h e r ,  s low precess ion.  

4. THE CASE OF LAGRANGE'S PROBLEM: ai = O 

The problem i n  ques t ion ,  t a k i n g  a = O ,  i s  reduced t o  the  c l a s -  

s i c  Lagrange's  problem o f  the so l  i d  o f  r e v o l u t i o n  wi t h  a f i xed  p o i n t  . 
I n  t h i s  case the  f i r s t  f o u r  equat ions (12) a r e  w r i t t e n  

t h e r e f o r e  

whence 

and then  we see t h a t  the  mot ion i s  always s t a b l e .  

The per iod o f  m a l  1 o s c i l a t  ions o-F p around p = 0, which i s  

a l s o  t h e  p e r i o d  o f  small o s c i l a t i o n s  o f  8, $ and 6 around t h e i r  res-  

p e c t i v e  va lues  i n  t h e  s t a t i o n a r y  mot ion,  w i l l  be: 



Once t h e  s t a t i o n a r y  mot ion  i s  always s t a b l e ,  s a t i s f i e d  t h e  e-  

x i s t e n c e  c o n d i t i o n  (17) ,  f o r  s i n e  # 0, even f o r  s i n 2 8  a r b i t r a r i l y  small, 

the  d i s c u s s i o n  f o r  s i n 8  = O r e s u l t s  super f luos .  I n  o t h e r  words, l e t t i n g  

8  -t 0, the  s t a t i o n a r y  rnot ion i s  always s t a b l e ,  i f  

which i s  s a t i s f i e d  f o r  any 2, i f  h>O. L e t t i n g  8  -t r ,  t h e  mot ion  w i l l  

be s t a b l e ,  s a t i s f  i ed  the  same (17) ,  

which i s  s a t i s f i e d  f o r  any r ,  i f  h 0. 

5. THE GENERAL CASE OF ROLLING WITHOUT SLIDING: a # O 

Let  us suppose now t h a t  a  # 0, and, t o  sirnpl i f y ,  l e t  be h/a=A 

and r e p l a c e  t h e  q u o t i e n t s   ma', c/ma2, A/ma2, ?/ma2 and Z / m a 2 ,  by A ,  

C, Ã, and ÃC respec t  i v e l  y. L e t  us a l s o  d e f i n e  = g / d .  Then the  

cond o f  equat ions (12) w i l l  be w r i t t e n :  

Afi = [(Ã cos 0  - A s i n 2 8 ) y 2  - CrY - TX]sine - Xsine p2. 

Observe now t h a t ,  deno t ing  c' = d?/de e t c ,  and t a k i n g  

account the  i n t e g r a l  (13)  we have: 

= X s ino,  A '  = 2X s ine ,  (Ã cose - X s i n 28 )  = - A 1  s ino ,  

t h e r e f o r e  

se- 

(18) 

i n t o  



A l s o  no te  t h a t  i t  i s  p o s s i b l e  t o  e s t a b l  i s h  t h e  iden t  i t  ies: 

ÃC cos = (C - xcose) (Ã .cose - A s i n 2 8 )  - x s i n 28 ,  

where we denote 

Then we wi 1 l per fo rm t h e  der  i v a t  i v e  o f  t h e  second o f  equat ions 

(li?), t h a t  i f  o f  equat ion (18), t a k i n g  i n t o  account the  c o n d i t  ion f o r  

s t a t  i onary  mot ion. 

wh i c h  requ i r e s  

Neg lec t ing  t h e  t:erms i n  pf~ o r  those t h a t  c o n t a i n s  powers o f  

p g r e a t e r  than the  f i r s t  power, and e l  i m i n a t i n g  ifi by means o f  t h e  t h i r d  - 
of  equat ions (12) w i t h  21 - '!v = O,  we o b t a i n :  

P P 

- - 
AC A j / p  = -C<' - {2(a-CX)~;  + ÃC Ã? - [(a-Cy)C - ÃCh]p]'! s in28 ,  

where a and 5 a r e  d e f  ined by 

in20  i s  s u f f  i c i e n t l y  smal 

(201, which i s  s a t i s f  ied 

Hence we can set: t h a t  , i f  s  

t i o n  w i l l  always be s t a b l e ,  s a t i s f  ied 

1, t h e  mo- 

f o r  any 

r, i f  0  = O, A > O ,  o r  0  == T,  X < O .  The p e r i o d  o f  small  o s c i l a t i o n s  o f  

2 around p  = O, o r  o f  0, '! aand - r o r  4 around t h e i r  r e s p e c t i v e  va lues 

i n  t h e  s t a t  i onary  mot ion, w i l  l be: 



Cons ide r  aga i n  t h e  genera l  case. E1 im ina t  ing 4 by means o f  t h e  

same preced ing t rans fo rmat  ion, d e f  i n  ing 

i t  r e s u l t s  f rom (21): 

Note t h a t ,  s a t i s f i e d  c o n d i t i o n  (20), the  r o o t s  o f  equa t ion  

(19) can be w r i t t e n :  

t o  t h e  p l u s  s ign i t  corresponds t h e  f a s t  precess ion, and t o  t h e  minus 

t h e  s low one. 

I t  i s  easy t o  see t h a t ,  by means o f  t h e  p reced ing  t ransforma-  

what we must do, t o  dec ide  about the  s t a b i l  i t y  o f  s t a t i o n a r y  motion, i s  

t o  examine the  s i g n  o f  the  t r i n o m i n a l  &(i), f o r  t h e  va lues t h a t  5 can 

take,  i n  each case, t a k i n g  

5 = [, + 4 a g h / ( ~ r ) ~ j  'IZ , f o r  t h e  f a s t  precess ion;  

c = - [I + 4 ~ h / ( ? r ) ? %  , f o r  t h e  slow p recess ion .  

I f  ah > 0, then 

1 < 5 < , f o r  f a s t  precess ion;  

- 
- < 5 < - 1 ,  f o r  slow precess ion,  



I f  aA< 0, then 

O < 5 < I, f o r  f a s t  precess ion, 

- 1 < c < 0, f o r  slow precess ion. 

- 
I t  i s  easy t o  see t h a t  we always have C > 0, w i t h  t h e  c e n t e r  

o f  mass o f  t h e  so l  i d  above t h e  h o r i z o n t a l  p lane  (1 - A cose > O), hen- 

ce, i n  t h i s  case, t h e  s t a t  i onary  mot ion  w i l l  be s t a b l e ,  i f  &(i) < 0; and 

uns tab le ,  on  the  c o n t r a r y .  

Accord ing t o  t h i s  c r i t e r i o n ,  f i r s t  i t i s  p o s s i b l e  to show t h a t  

the  mot ion  i s  always s t a b i e  if ( ? r ) 2  i s  s u f f  i c i e n t l y  l a r g e .  Indeed, i t  

i s  immediately seen t h a t  I?(-])<O, so t h a t  t h e  s low p recess ion  i s  s t a b l e  

f o r  (?r)' s u f f i c i e n t l y  lai -ge. On t h e  o t h e r  hand we can o b t a i n :  

and then we a l s o  see t h a t  & ( I )  O f o r  any 0, whatever a r e  the  s t r u c t u -  

r a l  pararneters o f  t h e  so l  i d ,  A, C and A,  w i t h  the  cen te r  o f  mass abo- 

ve t h e  h o r i z o n t a l  plane, ' 5 0  t h a t ,  i n  t h i s  case, t h e  f a s t  p recess ion  w i l l  

a l s o  be always s t a b l e ,  f o r  (?r ) '  s u f f i c i e n t l y  l a r g e .  

Hence we a l  so see t h a t ,  once, i f  A = 0, t h e  slow p recess ion  

corresponds t o  5 = - 1  (i11 t h i s  case, nu1 1 precess ion ) ,  and the  f a s t  
- 

precess íon corresponds t o  5 = 1 ,  then, i f  X = 0, t h e  s t a t  i onary  preces- 

s i o n  (s low o r  f a s t )  w i l l  always be s t a b l e .  I n  p a r t i c u l a r ,  t h e  s t a t i o n a -  

r y  precess ions o f  a b i l l  i a r d  b a l l  (A = 0, A = C) w i l l  always be s t a b l e .  

What remains t o  be proved i s  t h a t ,  i f  i s  n o t  s u f f i c i e n -  

t l y  l a rge ,  a l though  i t  i s  so t h a t  c o n d i t i o n  (20) i s  s a t  i s f  i e d ,  then  

t h e r e  a r e  pararneters A ,  C and A, d e f i n i n g  t h e  s t r u c t u r e  o f  t h e  s o l i d ,  

i n  such a way t h a t ,  because o f  the  n u t a t i o n  0, t h e r e  w i l l  be u n s t a b l e  

s t a t i o n a r y  precess ions.  I n  o t h e r  words, what remains t o  be proved i s  

t h a t  (20) i s  an ex is tence  c o n d i t i o n  f o r  s t a t i o n a r y  mot ion,  n o t  a lways 

s u f f  i c i e n t  f o r  i t s  s t a b i l  i t y .  

Wi th  t h i s  aim, f i r s t  no te  t h a t  



- [ ( C  - XCOSB)A + cX2] [(C + ~ A C O S ~ ) A  + ( s i n 2 e  + X 2 ) ?  + ~ X X ( I - X C O S ~ ) ] ,  

a  t r i n o m i a l  o f  second degree i n  A t h a t  has as c o e f f i c i e n t  o f  A t h e t r i -  

nominal 

Hence i t  r e s u l t s  t h a t ,  if < O and cose > O (which impl i e s  

that x = c050 - X > O ,  a = A cose + x ( \  - k o s 8 )  > 0, hence a?, < O ) ,  

then P ( ; )  > O,  i f  

t h e r e f o r e  &(O) > 0, f o r  s u f f  i c i e n t l y  l a r g e  A .  Consequently, Q(: ) w i l  l 

not  be nega t i ve  i n  the  whole i n t e r v a l  - 1  < 5 < 0,  n e i t h e r  i n  t h e  whole 

O < 5 < 1 ,  as i t  would be necessary i n  o r d e r  t h a t  t h e  s t a t i o n a r y  preces- 

s ions (s low o r  f a s t )  were always s t a b l e .  

Observe now t h a t  the  c o e f f  i c i e n t  o f  i2 i n  &(i) can be w r i t t e n  

- 
- AC ? [ ( h  cos2e + s in2e)A  + ( 2 ~  cose + s i n ' f ~ ) ~  + X2  s in2e] ,  

so t h a t  it i s  always nega t i ve ,  hence Q ( s _  W) < O .  Once it has been v e r i -  

f ied t h a t  & ( +  1) < O,  i t  i s  seen t h a t ,  i f  a), > 0, then, i f  u n s t a b l e  

precess ions e x i s t ,  o n l y  t h e r e  e x i s t  them slow o r  o n l y  f a s t .  

Note a l s o  t h a t  we can o b t a i n  

J(C) = 4 cose c2 + [(3 cos2e  + + 6 cose s in28Jc  + 



hence, if 

i t  r e s u l t s  

f o r  s u f f  i c i e n t l y  small  C and s u f f  i c i e n t l y  l a r g e  A .  

On t h e  o t h e r  hand, f o r  the  d i s c r i m i n a n t  A o f  the  t r i n o m í a l  

Q(<) we can wr i t e  : 

hence we see t h a t  A 2 0,  f o r  s u f f i c i e n t l y  srnall C 

Therefore i t  f o l l o w s  t h a t ,  a l s o  i n  t h e  case ah > 0, u n s t a b l e  

slow precess ions ex i s t .  

6. REMARK ON ROUTH'S WORK 

Let  us w r i t e  the  energy equa t ion  f o r  t h e  symmetr ical t o p  w i t h  

rounded peg t h a t  r o l l s  w i t h o u t  s l  i d i n g  on the h o r i z o n t a l  plane.We have: 

cons tan t .  

E l i m i n a t i n g  q and c by rneanc o f  t h e  i n t e g r a l  ( 5 ) a n d  (13) 

y i e l d s  



thus t h e  problem i s  reduced t o  one degree 

t h e  mot ion w i l l  be s t a t i o n a r y ,  f o r  8  = 8, 
b le ,  i f R  " (8)  < O,  a  c o n d i t i o n  n o t  always 

Natu ra l  l y  t h e  der  i v a t  i v e  o f  (22) 

d  i v i d e d  by p, - 

o f  f reedom. As we have seen, 

i f . ~ ( 8 )  = R 1 ( 8 )  = 0, and s t a -  

s a t i s f  ied, as we have shown. 

w i t h  respect  t o  t ime,  once 

& = (1/2) R 1 ( 8 )  - mah s i n 2 8  p2 , 

i s  no o t h e r  than t h e  second o f  equat ions (12) ,  t h a t  have been used by 

us as t h e  base f o r  d iscuss ion ,  i f  i n t e g r a l s  (5 )  and (13) a r e  t h e r e  subs- 

t i t u t e d .  

The mis take  made by Routh ( [ I ] ,  page 193 and the  f o l  lowing)  

c o n s i s t s  i n  t r e a t i n g  t h e  r i g h t  member o f  (22) ,  once m u l t i p l  ied by s i n 2 8  

and subst i t u t  ing x = cos8, 1 - x 2  = s i n 28 ,  as i t  would be a  t h i r d  de- 

gree polynomia l  i n  x ,  which i s  what we o b t a i n  i n  t h e  r e d u c t i o n  o f  La- 

g range 's  p rob l  em. 

The o n l y  f u r t h e r  e x p l i c i t  re fe rence  we have found concern ing 

t h e  m a t t e r  i s  one made by Hughenholtz2,  about which we cannot say any- 

t h i n g ,  once o n l y  t h e  (wrong) r e s u l  t i s  appointed,  which were ob ta  ined 

a f t e r  a  r a t h e r  long  c a l c u l a t i o n ,  accord ing  t o  t h e  a u t h o r .  

7. CONCLUSION 

We have shown t h e  p o s s i b l e  r o l 1  ing w i t h o u t  s l  i d i n g  s t a t i o n a r y  

mot ions o f  the  symmetr ical t o p w i t h  rounded peg on h o r i z o n t a l  p lane  a r e  

n o t  a l  l s t a b l e .  I n  o t h e r  words, c o n d i t  ion (20) ,  which i s  v e r i f  ied f o r  

any r i f  ah > O, i s  an e x i s t e n c e  c o n d i t i o n  f o r  s t a t i o n a r y  mot ion,  no t  

always s u f f i c i e n t  f o r  i t s  s t a b i l  i t y .  
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