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I t  i s  shown how Wong's equa t ions  f o r  p o i n t - p a r t i c l e s  w i t h  non- 

-abe l ian  charge i n t e r a c t i n g  w i t h  t h e  Yang-Mi l ls  f i e l d ,  can be d e r i v e d  

i n  a geometr ica l  way w i t h o u t  r e s o r t i n g  t o  f i e l d  theory .  Equat ions o f  

mot ion f o r  extended o b j e c t s  a r e  d e r i v e d  u s i n g  t h e  same method. A s h o r t  

d i s c u s s i o n  o f  t h e  p o i n t - p a r t i c l e  case shows t h e  appearance o f  non- loca l  

f e a t u r e s  i n  the  Yang-Mills-Wong equat ions.  

Mostra-se como as equações de Wong para p a r t í c u l a s  pun t i fo rmes  

com carga não- abel iana' interagindo com o campo de Yang-Mi l ls ,  podem ser  

o b t i d a s  por  considerações geométr icas sem passar p e l a  t e o r  i a  dos campos. 

obtem-se também e q u a ~ õ e s  para cordas não-abel ianas p e l o  mesmo método. O 

caso de p a r t í c u l a s  pun t i fo rmes  mostra c e r t o s  aspectos não- loca is  nas e-  

quações de Yang-Mi 1 1 s-Wong . 

1. INTRODUCTION 

The e lec t romagnet i c  i n t e r a c t i o n  o f  charged m a t t e r  i s  c u r r e n t l y  

descr ibed  as mediated by an a b e l i a n  gauge f i e l d .  Th is  e lec t romagnet i c  

f i e l d  obeys t h e  Maxwell equat ions w i t h  a source term depending on t h e  

charged mat te r ,  w h i l e  t h e  dynamics o f  t h e  m a t t e r  i t s e l f  i s  determined 

by some minimal i n t e r a c t i o n  principie. 

The d e s c r i p t i o n  o f  m a t t e r  can be considered i n  two d i f f e r e n t  



ways. I n  t h e  f i r s t  approach m a t t e r  i s  i d e n t i f i e d  w i t h  geometr ic  e n t i -  

t i e s  i n  space- t ime. U s u a l l y  one in t roduces  t h e  concept o f  p o i n t l i k e  z 

( i n  3-space) p a r t i c l e s  endowed w i t h  mass and carge b u t  extended o b j e c t s  

such as s t r i n g s ,  bubbles o r  bags can be cc'nsidered a l s o .  The Loren tz  

f o r c e  descr ibes  t h e  i n t e r a c t i o n  w i t h  t h e  f i e l d ,  b u t  t h e  f i e l d  e n t e r i n g  

t h e  usual  express ion o f  t h i s  f o r c e  i s  n o t  t h e  sum o f  t h e  incoming and 

t h e  r e t a r d e d  f i e l d ,  which d ive rges  on t h e  w o r l d l i n e  o f  t h e  p o i n t - p a r t i -  

c l e .  The renormal i z a t  i o n  procedure o f  P . A . M .  Di rac l  can handle t h i s  

problem i n  a  r e l a t i v e l y  s a t i s f a c t o r y  way as long  as one cons iders  o n l y  

mot ions which a r e  a s y m p t o t i c a l l y  f r e e .  Tht: r o l e  o f  t h e  asympto t i c  con- 

d i t i o n  i n  the  r e n o r m a l i z a t i o n  procedure wns s t ressed  by  R.  Haag so that ,  

PU - ab i n i t i o ,  t h e  renormal ized equa t ions  o f  rnotion w i l l  n o t  admi t  any 

r e l  y  e lec t romagnet i c  bound s t a t e  s o l u t i o n s .  

I n  t h e  second approach m a t t e r  a l s o  i s  descr ibed  by a  f 

whose dynamics i s  governed by f i e l d  equa t ions .  T h i s  i s  c l a s s i c a l  f 

theory .  I n  a  f i n a l  s tage b o t h  t h e  e lec t romagnet i c  f i e l d  and t h e  ma 

d e s c r i p t i o n  should be quant ized.  

i e1 d  

i e l d  

t t e r  

I n  a  s i m i l a r  way t h e  s t r o n g  i n t e - a c t i o n  o f  co loured  m a t t e r  i s  

be l  ieved t o  be mediated by a  non-abel i a n  gauge f i e l d .  Th is  gluonic f i e l d  

obeys t h e  Yang-Mi l ls  equat ions w i t h  a  sou-ce te rm c o n s t r u c t e d  f rom t h e  

co loured  m a t t e r .  I n  p r i n c i p l e  t h e  co loured  m a t t e r  can a l s o  be d e s c r i -  

bed i n  t h e  two d i f f e r e n t  ways rnentioned above b u t  i n  p r a c t i c e  t h e  main 

work was done w i t h i n  t h e  second approach. A l a r g e  number o f  s o l u t i o n s  

o f  t h e  source less  Yang- Mi l l s  equat ions ha; been found b o t h i n  Eucl idean 

and Minkowsky space- t ime3.  The analogue oF t h e  Loren tz  equa t ion  f o r  

po i  n t  1 i ke co loured  m a t t e r  has been der  i ved  by S.K.wong4 s t a r t  i n g  f rom 

f i e l d  equa t ions .  The c l a s s i c a l  n o n - a b e l i a i  charge depends on t h e  wor ld -  

1 i n e  parameter and, as shown by ~ . ~ r o d i ~ ,  i t  can be i n t e r p r e t e d  as t h e  

e x p e c t a t i o n  v a l u e  o f  t h e  corresponding quantum o p e r a t o r  i n  coheren ts ta -  

t e s .  

I n  t h i s  work we show how these equa t ions  can be ob ta ined  i n  a  

geomet r i ca l  way w i t h o u t  r e s o r t i n g  t o  f i e l d  theory .  The idea i s  n o t  new 

and goes back t o  Ka luza- K le in  v i a  t h e  work o f  R .  Utiyama, R.  Kerner, A. 

Trautman, Y.M.cho6 and o t h e r s .  I t  should be noted however t h a t ,  except  



f o r  t h e  work o f  R.KernerX, emphasis was g e n e r a l l y  p u t  on t h e  f i e l d  equa- 

t i o n s  and n o t  on t h e  dynamics o f  m a t t e r .  

We a r e  a l s o  a b l e  t o  g e n e r a l i z e  t h e  Wong equat ions f o r  extended 

o b j e c t s  i n  a m a n i f e s t l y  p a r a m e t r i z a t i o n  i n v a r i a n t  way. Our e q u a t i o n s a r e  

d i f f e r e n t  f rom those p o s t u l a t e d  by A.P.Balachandran and coworkers7 which 

appear t o  be p a r a m e t r i z a t i o n  i n v a r i a n t  (a geometr ic  n e c e s s i t y )  o n l y  i f  

c e r t a i n  c o n s t r a i n t s  a r e  s a t i s f i e d  by t h e  gauge f i e l d  (a geometr ic  e n t i -  

t y  I n  t h e  case o f  p o i n t l i k e  p a r t i c l e s  i t  i s  shown t h a t  t h e  fo rma l  so- 

l u t i o n  o f  t h e  mot ion o f  t h e  non- abel ian charge leads t o  a  g e n e r a l l y  non 

- l o c a l  Lo ren tz  t ype  equa t ion  o f  mot ion.  N a t u r a l l y  a t  t h i s  s tage t h e  

theory  has t h e  same drawbacks as t h e  usual  f o r m u l a t i o n  o f  t h e  Maxwell-  

-Lorentz  theory  o f  c l a s s i c a l  e lec t rodynamics .  Due t o  t h e  inheren t  non 

- 1 i n e a r i t y  o f  t h e  theory  i t  does n o t  seem t o  be s t r a i g h t f o r w a r d  t o  ge- 

n e r a l i z e  D i r a c ' s  a n a l y s i s  t o  t h e  non-abel iãn case. The p e r t u r b a t i v e  ap- 

proach o f  W. D rechs le r  and A .  ~ o s e n b l u m ' ~  based on t h e  use o f  Riesz po- 

t e n t i a l s  p robab ly  does n o t  a l l o w  f o r  bound s t a t e s .  

Concerning t h e  s t r i n g l i k e  p a r t i c l e s ,  we a r e  l e d  t o  a  n o n - l i -  

near h y p e r b o l i c  d i f f e r e n t i a l  equa t ion  

c h i r a l  f i e l d ,  d e f i n e d  on the  s t r i n g ,  w 

l i a n  case t h i s  equa t ion  becomes l i n e a r  

so lved.  When t h e  f i e l d  i s  pure gauge, 

be used. The genuine i n t e r a c t i o n  case 

e s c r i b i n g  t h e  i n t e r a c t i o n  o f  a  

t h  t h e  gauge f i e l d .  I n  t h e  abe- 

and t h e  Cauchy problem i s  e a s i l y  

t h e  inverse  s c a t t e r i n g  method can 

s  the  o b j e c t  o f  f u r t h e r  s tudy.  

2. THE GEOMETRY 

The usual geomet r i ca l  s e t t i n g  o f  gauge t h e o r i e s 8  i s  based on a  

p r i n c i p a l  f i b r e  bundle P over  space- t ime ?I w i t h  s t r u c t u r a l  group G and 

p r o j e c t i o n  rr : P + M. A  l o c a l  gauge i s  g iven  by an open subset U o f  M 

and a  d i f feomorphism $: U X G -+ . r r - l ( ~ )  : (x,h) -+ p = $(x,h) = $x(h) such 

t h a t  r ( $ ( x , h ) )  = x .  When x  belongs t o  t h e  i n t e r s e c t i o n  o f  two l o c a l  

gauges ( L ' , $ )  and (L'' , $ I )  one has t h e  pa tch ing  condi  t i o n :  i f  p = @ x  ( h )  = 

* 
U n f o r t u n a t e l l y  t h i s  paper c o n t a i n s  some c a l c u l a t i o n a l  e r r o r s  so t h a t  

t h e  c o r r e c t  Wong equat ions a r e  n o t  ob ta ined .  



=@;(h1) then h '  = t ( x ) . h  where t ( x )  -- ( + ; ) - I . @  belongs t o G .  F i b r e  
A  x 

coord ina tes  (p 1, A  = 1,2,. . . ,4+N a r e  g i v e n  by t h e  coord ina tes  o f  x and 
i a h :  ( x  ) ,  i = 0,1,2,3 and ( h  ) ,  a =  1,2 , . . . ,  N. A r i g h t  a c t i o n  o f  t h e  

group G on P can be de f ined  i n  a  l o c a l  gouge by R  : P + P :  p = 
9 

= @(x,h) + Rg(p) = @(x ,h .g ) .  L e t  be a  b a s i s  o f  t h e  L i e  a lgebra  *(C) 

o f  G w i t h  1 = \xponent &A, i a t  i o n  y  i e l d s  g a ( t )  = exp( taa)  and 

one d e f i n e s  t h e  fundamental v e c t o r  f i e l d s  

+ -+ A -+ 

which obey 1-e, e ]  = caB eA. 
B  

The p r i n c i p a l  f i b r e  bundl e  P(M,G.T) i s  endowed wi t h  a  connec- 
a  

t i o n  d e f i n e d  by a  one- form on P  w i t h  va lues  i n  A ( G ) :  w  = w E such t h a t  a  a  
ma(:) = 6  and R*U = A d ( g ) w w h e r e R X  i s  t h e  p u l l - b a c k m a p o f  R  and B B g g 9  
where Ad(g) i s  the  a d j o i n t  r e p r e s e n t a t i o n  o f  G i n  A(G). For sake o f  

d e f i n i t e n e s s  we s h a l l  work w i t h  t h e  a d j o i r i t  r e p r e s e n t a t i o n  o f  G and o f  

A(G); t h e  b a s i s  elements o f  the  L i e  a lgebra  E a r e  then represented by 
A 

rnat r ices w i t h  elements g i v e n  by ( E  ) = c 
A a 

and (Ad(g))" wi I 1  be deno- 
a  a  v a ~ i  B 

t e d  by The above requi rements on w lead  t o  t h e  f o l l o w i n g  expres- 

s i o n  i n  a  l o c a l  gauge ( L ' , @ )  : w(x,h) = h-' a ( x ) h  + h- 'dh where a ( x )  = 

= A .  (x )  i s  the  L i e  a lgebra  va lued one-,for. on M g i v i n g  the  gauge p- 

t e n t i a l  . 

A gauge t r a n s f o r m a t i o n  i -  a  bundle automorphism reducing t o t h e  

i d e n t i t y  on M. I t  i s  g i v e n  i n  a  l o c a l  gauce (U,$) by: .r : P  -+ P  : p = 

@(x,h) -+ p' = ~ ( p )  = @(x,g,(x) . h ) .  The pu l  l -back o f  T d e f i n e s  a  new con- 

n e c t i o n  which i n  t h e  same l o c a l  gauge i s  g i v e n  by wl (x ,h)  = h - '  al(r)Fz+ 

+ h  - 'dh where a '  (x )  = gT ( x )  a ( x )  9;' (z) - dgT ( r )  9;' ( x )  . 

Ins tead  o f  de f  i n i n g  f i e i d s  f o r  t h e  m a t t e r  d e s c r i p t i o n ,  we w i l  l 

s t a y  i n  t h e  4+N dimensional f i b r e  bundle and d e s c r i b e  m a t t e r  by wor ld -  

l i n e s  and wor ldsheets i n  P :  

A u E [ - m , + ' q .  a) p o i n t - p a r t i c l e s  pA = z (u ) ,  



A 
b) s t r i n g - p a r t i c l e s  pA = z (c0,<'),<' f [-m, +m] 

and 5' 6. [o,T~] 
i 

o r  x = 2 (5) and h"= g " ( ~ )  

I n  P one c o n s t r u c t s  a m e t r i c  f rom t h e  m e t r i c  i n  M and f rom t h e  

b i - i n v a r i a n t  m e t r i c  i n  t h e  L i e  group: 

where Q = c' c' i s  n e g a t i v e  de f  i n i t e  f o r  compact semis imple groups. 
ai3 a' BX 

A 
The adapted b a s i s  o f  one- forms 8 (x,h) i s  o b v i o u s l  y  g i v e n  by ( h ) '  and 

(2) whose dual  b a s i s  i n  tangent  space i s  g i v e n  by %(h) = ~ E ( h , l )  3 
1-i 

where 

The L i e  b racke ts  o f  t h i s  (4+N)-bein a r e  ob ta ined  as 

w i t h ,  i n  m a t r i x  n o t a t i o n ,  ~ ~ ~ = a y ~  - a 4  Ji + [ A ~ , A ~ ]  

o r  Q =  1/2 ~~~h~~ d i i = d a - + a ~  u 

Th is  m e t r i c  i s  i n v a r i a n t  under the  r i g h t  a c t i o n  R which i m p l i e s  t h a t  
-t 9 

the  fundamental v e c t o r  f i e l d s  e a a r e  K i l l i n g  v e c t o r  f i e l d s .  Furthermo- 

rr, s i n c e  a2 i s  cons tan t ,  these K i  1 l i n g  v e c t o r  f i e l d s  generate geodesic 

d isp lacements.  

The assoc ia tes  m e t r i c  connec t ion  i s  g i v e n  by the  connec t ion  

one- forms: 



where a r e  the  C h r i s t o f f e l  symbols i n  M, 

A f t e r  some c a i c u l a t i o n s  one o b t a i n s  t h e  s c a l a r  c u r v a t u r e :  

R = % ( x )  + 1/4 a 2  T ~ ( F .  .(x)Fii(n)) + ~ / 4 a '  
Z J  

which appear t o  be independent o f  t h e  p a r t i c u l a r  p o i n t  chosen i n  t h e  

f i b r e  over  x .  

R  (2) i s  the  s c a l a r  c u r v a t u r e  i n  the  base s p a c e M  and we have M 
adopted the  convent ions o f  Y .Choquet-Bruhat e t  aZ. 9 .  The i n v a r i a n t  vo-  

lume element f a c t o r i s e s  i n  t h e  adapted bas is :  

w i t h  A(x) = [det Sij(~)] 

a - 1 
and = v = h d h  i s  the  Maurer-Cartan form. 

3. THE ACTION PRINCIPLE AND THE EOtUATIONS OF MOTION 

The t o t a l  a c t i o n  w i l l  be g i v e n  by t h e  f i e l d  a c t i o n  I = A /  ~ V R  F 
and t h e  rnat ter  a c t i o n  which c o n s i s t s  i n  a surn o f  terms o f  the  form 

I p o i n t  
= -me / dR w i t h  

dR = [G($,$)] 'I2 du 



being t h e  tangent  v e c t o r  t o  t h e  word l ine ,  
and I s t r i n g  

= - ncf  dS, where 

~ S = / M  dto dcl 

and 

a r e  t h e  tangents (a, b,.  . . = O,]) t o  t h e  wor ldsheet .  

The equa t ion  o f  mot ion  a r e  ob ta ined  from the  a c t i o n  p r i n c i p l e :  

+ I ' ( 'F + I p o i n t  s t r i n g  ) = O  

f o r  v a r i a t i o n s  o f  the  f i e l d s  and o f  the  t r a j e c t o r i e s  which van ish  a t t h e  

boundary o f  the  i n t e g r a t i o n  domain except  f o r  t h e  open s t r i n g  f o r  which 
A 

6z  ( t 0 , 5 ' )  i s  a r b i t r a r y  when 5'  = O o r  v.  

I n  the  f i e l d  a c t i o n ,  the  i n t e g r a t i o n  over  t h e  group m a n i f o l d  

can be done and one o b t a i n s  

where VG i s  the group volume t imes a 
I /  

I n  o r d e r  t o  o b t a i n  t h e  usual Einstein-Maxwel 1 -Yang-Mi 1 l s equa- 

t i o n s ,  a 2  has t o  be p o s i t i v e  and 

where K i s  t h e  g r a v i t a t i o n a l  cons tan t  and where e i s  t h e  u n i t  o f  charge 
C1 

such t h a t  F:;~(X) = e F ( x )  has the  dimensions charge / ( leng th ) ' .  i j 

The energy-momentum tensor  o f  the  Yang- Mi l l s  f i e l d  i s  

i j 
T (x)  = -  

1 
i*rl P 

and 



. . 
where S? i s  t h e  E i n s t e i n  tensor  i n  M and 

i s  t h e  c o v a r i a n t  d ivergence o f  F. 

For the  p o i n t  p a r t i c l e  we i n t r o d u c e  t h e  (gauge- invar ian t )  corn- 

ponents o f  t h e  v e l o c i t y  

ct + v i (u )  = aii (3 and vct(u) = w ( v )  . 
i .i 

The f i r s t  ones a r e  simpl y  V = y , whi l e  t:he second ones a r e  g i v e n  i n  

m a t r i x  forrn by 

I n  a  rnani fest  l y  pa ra rne t r i za t ion  i n v a r i a n t  forrn one o b t a i n s :  

.M .N .A A z z  I d  2 + ]  = m C j d u e  --  C,, 6zB 
i n t  R du a 

MN ( R 1 2  

where 2 = - , and w i t h  energy-rnornenturn tensor  and c u r r e n t  g i v e n  by:  du 
.i . j 

Tij ( x )  =-!-j & i V E - ~ " ( X  - Y ( U )  ) 
p o i n t  J A  (a) 

.i 2 p o i n t  ( ~ ) = ~ \ ~ U ~ C I ( U ) ~ E * ( X - ~ ( U ) ) .  JA R 

The u n i t  o f  charge f o r  a  p o i n t  p a r t i c l e  i s  q = m c 2 a / e a n d  depends on 

i t s  (bare) mass m. 



a and t h e  We i n t r o d u c e  the  i r i t r i n s i c  charge Q(u) = - q - 
e f f e c t i v e  charge 

!i 

I ( u )  = g ( u )  Q(u) 9 -  l ( u )  . 

I n  a  s i m i l a r  way we d e f i n e  f o r  t h e  s t r i n g - p a r t i c l e  

C1 a + 
and V (5) = LI ( v  ) g i v e n  by the  m a t r i x  

a  a 

The v a r i a t i o n  o f  the  s t r i n g  a c t i o n  leads t o  

I t r  i ng = 

e B 
- m J"' &Aj / d 4 x J A q ~ ~  s t r i n g  

n c 2  a2 

The charge u n i t  o f  a  s t r i n g  p a r t i c l e  i s  q '  = - and depends on the  

(bare) tens i o n  n. 

The i n t r i n s i c  and e f f e c t i v e  charge c u r r e n t s  on t h e  s t r i n g  a r e  

de f  ined by (2 (5) = - q '  Va(S) and = g- ' (5)  Ga(5) g ( 5 ) .  a 

Energy-momentum and c u r r e n t  i n  space- t ime a r e  

F i x i n g  t h e  cons tan t  A by A V  = c3/16v~ we o b t a i n  t h e  f o l l o w i n g  s e t  o f  
G 

equat ions 



a)  t h e  Einstein-Naxwell-Yang-PliIIs equat ions :  

. . - 4 v  ($ 0.~" - - z c i p o i n t  <tring] 

b) the  Lorentz-Wong equat ions:  

f o r  the  p o i n t - p a r t i c l e  

and f o r  the  s t r i n g  

w i t h  the  boundary c o n d i t i o n  

vi l a  zA = O when 5' = O o r  T . 
,a 

(BC) 

The ~ o r e n t i - ~ o n g  equat ions a r e  more t ransparen t  when w r i t t e n  i n  t h e  a -  

dapted bas i s.  

For the  p o i n t  p a r t i c l e  one o b t a i n s  

Equat ion (4a) expresses t h e  conserva t ion  o f  t h e  i n t r i n s i c  charge and 

cou ld  a l s o  be expressed as t h e  c o v a r i a n t  conserva t ion  o f  t h e  e f f e c t i v e  

charge (*I 

(*I &(u)  i s  gauge i n v a r i a n t ,  whi l e  ~ ( u )  transforrns under t h e  a d j o i n t  

r e p r e s e n t a t i o n .  



I n  t h e  same way one o b t a i n s  t h e  s t r i n g  equa t ions :  

Aga i n p a r t  o f  the  equat ions ( 4 ' a )  expresses charge conserva t  ion :  t h e  
ab  c o v a r i a n t  i n t r i n s i c  charge c u r r e n t  d e n s i t y  Ga = / M > n  & iS  conserve^, 

b - 
w h i l e  t h e  c o n t r a v a r i a n t  e f f e c t i v e  charge c u r r e n t  d e n s i t y  ? = J M  m a b  

I b  
i s covar  i a n t l  y  conserved: 

The equa t ions  (4a) and ( 4 ' a )  p l u s  the  boundary condi t i o n  ( B C )  i n s u r e  
i 

t h a t  t h e  c u r r e n t s  i n  space- t ime J (x) a r e  c o v a r i a n t l y  conserved. 

F i n a l l y  i t  should be s t ressed  t h a t ,  due t o  the  p a r a m e t r i s a t i o n  

invar iance  o f  the  theory ,  n o t  a11 o f  the  4+N equat ions  (3)  o r  ( 3 ' )  a r e  

independent. For a poin: p a r t i c l e  we have one, and f o r  the  s t r i n g  we 

have two i d e n t i t i e s :  

These a r e  geometr ica l  i d e n t i t i e s  and cannot impose c o n s t r a i n t s  on the 

m e t r i c .  

I n  the  a b e l i a n  case, s i m i l a r  equat ions f o r  mot ion  a r e  ob ta ined  

w i t h  ri rep laced by - 1  and w i t h o u t  the cosmologica l  term i n  the  E ins -  
a6 

t e i n  equat ions.  



4. DISCUSSION OF THE EQUATIONS OF MIOTION 

We w i l l  r e s t r i c t  ou r  d i s c u s s i o n  t o  t h e  case o f  a  f i x e d  Min-  

kowsky space-time m e t r i c .  

Our aim i s  t o  s o l v e  equat ions (423) and ( 4 ' a )  d e s c r i b i n g  themo- 

t i o n  i n  the  f i bre, t o  s u b s t i  t u t e  t h e  s o l u t i o n  i n  t h e  equa t ions  (4b) and 

( 4 ' b )  and t o  o b t a i n  i n  t h i s  way a se t  o f  equa t ions  r e l a t i n g  o n l y  t h e  

f i e l d s  and t h e  t r a j e c t o r i e s  o f  mat te r  i n  h-dimensional space- t ime. 

a) Point Particles 

Equat ion (4a) i s e a s y  t o  so lve :  V/k i s a  cons tan t  m a t r i x  i n  

t h e  L i e  a lgebra  o f  G and the  i n t r i n s i c  charge Q(u) i s  cons tan t  a long  the 

w o r l d l  i n e  o f  t h e  p a r t  i c l e :  Q(u )  = qK. One! o b t a i n s  dJL2=ds2+a2Tr (v2)&'= 

= d s 2  +Tr(K2)dJL2 and, s ince  T ~ ( K ~ )  i s  n e g a t i v e d e f i n i t e ,  i t  f o l l o w s  

t h a t  dt2 > O impl i e s  d s 2  > O and vice-vereta. dQ./ds = (1 - ~ r ( K ~ j ) - ' / ~  i 5  

cons tan t  and t h e  equat ions o f  mot ion  w i l l  s i m p l i f y  i f  we use t h e  a r c -  

-1ength s  as parameter.  From t h e  d e f i n i t i c m  o f  V i t  f o l l o w s  t h a t  

which has the  formal 

i s  the  path- ordered 

t i c l e  i n  space-time 

2: g = - g R K / a - A . y  g 
Z 

s o i u t i o n  g ( s )  = M(A,P.~) 9,  exp(-K Rs/a) where 

i n t e g r a l  a long  Ys, 

from y(O) t o  y(s!. 

the  isomorphism between t h e  f i b r e  over  

the  t r a j e c t o r y  o f  t h e  p o i n t - p a r -  

Gec~met r i ca l l  y  M ( A , ~  ) p rov ides  
S 

y (C') and t h e  f i b r e  over  y (s)  , 
along t h e  p a t h  y . The e f f e c t i v e  charge i s  ob ta ined  as:  

S 

I(S) = M ( A , Y ~ )  A~- ' (A,YJ 

- 1 
w i t h  I, = q g, K g ,  . 

Th is  cou ld  a l s o  have been ob ta ined  d i r e c t l y  f rom t h e  c o v a r i a n t  
5 

conservat  i o n  law 



The Yang-Mills-Wong equa t ions  a r e  now w r i t t e n  as 

Und.er a  gauge t r a n s f o r m a t i o n ,  g i v e n  i n  a  l o c a l  gauge by g ( x ) ,  one has: 
T 

p + p l  = ~ ( p )  o r  x  + x '  = x and h + h 1  = g T ( x ) h  

and t h e  equat ions (8a) and (8b) a r e  man i fes tky  gauge c o v a r i a n t  

Cor is ider ing (8a) as the  f i e l d  equat ions f o r  a  g i v e n  rnot ion o f  

t h e  p a r t i c l e s  i n  space- t ime, we rnay always per fo rm a  gauge t ransforma- 

t i o n  such t h a t  f o r  each p o i n t - p a r t i c l e :  

The Yang-Mi l ls  equat ions become l o c a l  

( * ) :  m1 = m ( l - ~ r ( ~ ' ) ) - ' / '  i s  the  dressed mass. I t appears a l s o  i n  the  

express ion  o f  t h e  energy-momentum tensor  when w r i t t e n  i n  s- paramet r i -  

z a t i o n .  



The s o l u t i o n s  A'.(x) have t o  s a t i s f y  t h e  gauge c o n d i t i o n s  
1- 

which means t h a t  t h e  gauge p o t e n t i a l s  a long  t h e  t r a j e c t o r i e s  o f  the  

p o i n t - p a r t i c l e s  have t o  s t a y  i n  t h e  Car tan subalgebra c o n t a i n i n g  K. 

I f  one assumes w i t h  H . ~ r o d í ' '  t h a t ;  i n  the  case o f  o n l y  one 

p a r t i c l e ,  the  p o t e n t i a l  rernains p a r a l l e l  t o  K, the  theory  i s  i n  f a c t  

a b e l i a n  and f o r  a  spher i ca l  symmetric f i e l d  the  wel l- known s o l u t i o n  o f  

M.lkeda and Y.Miyashi i s  ob ta ined l1 .  

I f ,  i n  the  same s p i r i t ,  (8b) i s  i n t e r p r e t e d  as t h e  equa t ion  o f  

mot ion o f  a  p a r t i c l e  i n  a  g iven  f i e l d ,  the  non- local  f e a t u r e s  w i l l  d i -  

sappear o n l y  i f  

I t  i s  easy t o  see t h a t  the  commutabil i t y  o f  A ~ ( x )  w i t h  F .  . (x)  and a11 
1-3 

i t s  c o v a r i a n t  d e r i v a t i v e s  i s  s u f f i c i e n t  f o r  t h i s  c o n d i t i o n  t o  ho ld .  

Th is  means t h a t  A (x )  belongs t o  the  cen te r  o f  t h e  holonomy a lgebra  a t  k  
x (see H . L o o s ' ~ ) ) .  Again when A  (x )  has a  f i x e d  d i r e c t i o n  i n  t h e  L i e  k 
algebra,  t h i s  c o n d i t i o n  i s  t r i v i a l l y  s a t i s f i e d .  

T h i s  s h o r t  d i s c u s s i o n  i s  rneant t o  advocate t h e  use o f e q u a t i o n s  

(8a) and (8b) which a r e  e q u i v a l e n t  t o  the  equat ions o f  Wong, s i n c e  they 

d i s p l a y  e x p l i c i t e l y  these non- loca l  e f f e c t s .  These a r e  due t o  t h e  cova- 

r i a n t  conserva t ion  o f  t h e  e f f e c t i v e  charge which seems t o  be t h e  c r u x  

i n  the  d i f f  i c u l t i e s  i n  recen t  work on non-abel i a n  c l a s s i c a l  rad ia t ion13 .  

I n  p a r t i c u l a r  the  approx imat ion  scheme o f  W.Drechsler c o u l d  s t a r t  f rom 

the  s o l e  equat i o n  (8b) ins tead  o f  f rom the s e t  o f  equat ions ( 2 )  and (5). 



b) String-Like Matter 

I n t r o d u c i n g  t h e  L i e  a lgebra  va lued one- form on t h e  wor ldsheet  

and t h e  Hodge * o p e r a t o r :  

*v = I:%? a ab 
vb &ac d f  (* 

equat i o n  (4 ' a )  becomes 

Le t  
- 1 - 1 

W = g V g  = á + d g g  

be t h e  one- form assoc ia ted  w i t h  t h e  e f f e c t i v e  charge c u r r e n t ,  equa t ion  

(5  ' ) become s  

d X w + á ~ * w + * w ~ & = O  (10b) 

Subst i  t u t i n g  express ion  (9)  i n  (10) y i e l d s  a  second o r d e r  d i f f e r e n t i a l  

equa t ion  f o r  g: 

Choosing harmonic de Donder coord ina tes  on t h e  wor ldsheet  

mo, +al l  = O and a,, = O 

o r  i n  l i g h t - l i k e  coord ina tes  c' = 1//2 ( to I < I ) ,  

(*) cab i s  t h e  ant isymrnetr ic  tensor  c a p a c i t y  such t h a t  E,, = +I. 
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equat i o n  ( I  l a )  becornes: 

Th is  equa t ion  descr ibes  t h e  i n t e r a c t i o n  o f  a  c h i r a l  f i e l d  on t h e  s t r i n g  

i n t e r a c t i n g  w i t h  t h e  gauge f i e l d  < ( < ) .  

i t  i s  gauge c o v a r i a n t  under t h e  t r a n s f o r m a t i o n  t ( < )  E G:  

Instead o f  work ing w i t h  t h e  one d i f f e r e n t i a l  e c u a t i o n  o f  second o r d e r  

( l l b ) ,  i t  might  be more advantageous t o  deal  w i t h  a  system o f  two f i r s t  

-order  d i f f e r e n t i a l  equa t ions .  The f i r s t  one being (10b) and t h e  second 

1 i t y  c o n d i t i o n  o f  ( g b ) :  one i s  the  i n t e g r a b i  

dw 

- 
where 

@ = de + & A  6 = 1/2 F (6) dca A d< 
b 

ab 

Fab = aaAb - abA, + ba 7,4b3 

l n  harmonic l i g h t - l i k e  coord ina tes  we o b t a i n :  

a-v+ + [a-,w+I = 112 (F -+ + [w-,w+~! 

a+W- + D+,W-] =-1/2 (F-+ + [P-,w+]) 

I n  the  abel i a n  case t h e  Cauchy problem f o r  equa t ion  ( I  l b) o r  f o r  t h e  

system (12) i s  t r i v i a l  t o  so lve .  



A1 so i n  t h e  case o f  a  pure gauge (+O) on t h e  wor ldsheet ,  t h e  

p o t e n t i a l  can be gauged away and one encounters t h e  equat ions o f  a p r i n -  

c i p a l  c h i r a l  f i e l d  i n  two dimensions: 

- 1 - 1 
a- (g  +g + a+(g -g = 0 

9 9 

Th is  system can be t r e a t e d  by t h e  i n v e r s e  s c a t t e r i n g  method14. 

5. OUTLOOK 

1 5  
I t  i s  known i n  t h e  a b e l i a n  case t h a t  g l o b a l  p r o p e r t i e s  o f  

t h e  U(1) - bundle irnpose an i n t e g r a l i t y  c o n d i t i o n  on t h e  c u r v a t u r e ,  i.e. 

t h e  e lec t romagnet i c  f i e l d  s t r e n g t h ,  which leads t o  t h e  q u a n t i z a t i o n  o f  

t h e  charge. A  s i m i l a r  c o n d i t i o n  should be found f o r  non- abe l ian  s t r u c -  

t u r e  groups. 

I t  should a l s o  be emphasized t h a t  the  equa t ions  o f  mot ion  as  

they stand, a r e  t o  be renorrnal ized. As rnentioned i n  t h e  i n t r o d u c t i o n ,  

t h e  cho ice  o f  a  r e n o r m a l i z a t i o n  procedure base9 on a  p e r t u r b a t i v e  sche- 
1 3  

me u s i n g  Riesz p o t e n t i a l s  m o s t l i k e l y  exc ludes any conf inernent rne- 

chanism. I n  t h e  a b e l i a n  case, t h e  o n l y  known bound s t a t e  s o l u t i o n  i s  

t h e  one o f  A. Sch i ld16  o f  the  non- convent ional  a c t i o n- a t - a- d i s t a n c e  e -  

lect rodynamics o f  A.D.Fokker, P.A.M.Dirac and o f  J.A.Wheeler and Feyn- 

man". 

Such a  theory ,  a  f o r t i o r i  such a  s o l u t i o n  does n o t  e x i s t s  i n  

the  non-abel ian case. 
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