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Using non p e r t u r b a t i v e  methods we prove conserva t ion  o f  the  

non- local  quantum charge o f  t h e  Gross-Neveu model, p r o v i d i n g  an exac t  

S-matr ix .  

Usando métodos não- per tu rba t i vos  demonstra-se a  conservação da 

carga quân t i ca  não l o c a l  do modelo de Gross-Neveu, fornecendo uma ma- 

t r i z  S  exata.  

INTRODUCTION 

The Gross-Neveu modell has been e x t e n s i v e l y  s t u d i e d  in  t h e  l a s t  

years.  I t  i s  a s y m p t o t i c a l l y  f r e e ,  d i s p l a y s  mass t ransmuta t ion ,  and has 

a  w e l l  d e f i n e d  l / N  expansionl . I t  has been proved t h a t  t h e  model has t h e  

f a c t o r i z a t i o n  p r o p e r t y  i n  lowest  o r d e r ,  p r o v i d i n g  a  c a l c u l a b l e  S-ma- 

t r i x 2 .  Af terwards,  t h i s  S- mat r i x  was extended t o  second o r d e r  i n  1/8 

p e r t u r b a t i o n  theory  3 .  However, we do n o t  have, up t o  now, a  genera l  

p roo f  o f  the  f a c t o r i z a t i o n  p r o p e r t y  o f  t h i s  model o u t s i d e  t h e  framework 

o f  p e r t u r b a t i o n  theory,  i n  c o n t r a s t  t o  t h e  case o f  t h e  non l i n e a r  ~ ( n )  

symmetric a mode14. I n  t h i s  model we use t h e  same approach o f  r e f .  4 t o  

show t h a t  t h e  f a c t o r i z a t i o n  p r o p e r t y  i s  a  n o n- p e r t u r b a t i v e  f e a t u r e  o f  

t h e  mode l . 

I n  s e c t i o n  1  we d e f i n e  the  model and the  c l a s s i c a l  non l o c a l  

charge. I n  s e c t i o n  2 we d e f i n e  t h e  quantum non l o c a l .  I n  s e c t i o n  3 we 

w r i  t e  i t  i n  terms o f  asympto t i c  f i e l d s .  I n  s e c t i o n  4 we prove absence 



o f  p a r t i c l e  p r o d u c t i o n  and t h e  f a c t o r i z a t i o n  equa t ions .  Sec t ion  5 i s  

the  conc lus ion .  

1. THE MODELAND THE NON LOCAL CHAIRGE 

The Gross-Neveu rnodel, i s  d e f i n e d  by t h e  lagrangean d e n s i t y  

and descr ibes  2N Majorana f i e l d s  i n  1+1 space- t ime dirnensions.We choose 

t h e  f o l l o w i n g  r e p r e s e n t a t i o n  f o r  t h e  y m a t r i c e s  

The Four i e r  decompos i t i o n  +; reads ( f  ree  case) 



and f o r  the  (m) two p o i n t  Wightman f u n c t i o n :  

The model has a  conserved Noether c u r r e n t  assoc ia ted  t o  t h e  

0 ( 2 ~ )  symmetry: 

5 
T h i s  c u r r e n t  s a t i s f i e s  t h e  so- ca l led  i n t e g r a b i l i t y  c o n d i t i o n  

which a l l o w s  us t o  w r i t e  down t h e  conserved non- loca l  charge 

2. QUANTUM DEFINITION OF THE NON-LOCAL CHARGE 

I n  f i e l d  theory ,  the  express ion  (1.8) i s  i l l  de f ined ,  due t o  

t h e  d ivergence o f  t h e  p roduc t  o f  two c u r r e n t s  i n  the f i r s  t i n t e g r a l  , 
which d i s p l a y s  a  l i n e a r  d ivergence f o r  smal l l y1 -yz l .  We look  f o r  a  

Wi lson expansion6 f o r  the  p roduc t  o f  two c u r r e n t s ,  which can be a c h i e -  

ved and p u t  i n  the  form o f  a  theorem: 

Theorem: The Wilson expansion i n  the  Gross-Neveu model f o r  t h e  

product  o f  two c u r r e n t s  i s  g iven  by 



[ J ~ ( Z ) , J ~ ( O ) ] ~ ~  = [cl ( z2 ) z2g1- iv zP  + C ,  ( z 2 ) z 2  ( r ;  Fi 6' v + 

+ z V s P )  P + c ~ ( z ~ ) z ~ z ~ z ~ J  ~ ~ ( 0 )  + [ D ~ ( , Z ~ ) Z ~ ( Z  1-1 6' v - 

P - z 1-i 6") 1-I + D ~ ( Z ~ ) Z ~ ( Z ~ ~ ~  - zv61)  + ~ ~ ( z ~ ) r ; ~ r ; ~ ( z ~ ~ ~  + zVbv) 

I a P + C ,  ( z 2 ) e  z r; z ] a" cb(o) + O (  / r ; /  ' - O )  v v 
( 2 . 1 )  

where 

and is related to the fermion mass by 

= I rn eY, y = 0.577 ... is the Euler-Mascheroni constant. 2 

( 2 . 3 )  

The proof of this theorem goes as follows. We first prove a 

1 emma : 

if the current is normalized by 



The proof is straightforward,using the fact that this current 
b has to be proport ional to yli (remember ing that fb = 2i pyu yi ) and 

)1 
current conservation. 

The most general Wilson expansion has the form: 

Using locality, PT and CP invariance, we have the relations4: 

and with Lorentz invariance, we have ( 2 . 1 )  as the most general Wilson 

expansion. 

Current conservation implies: 



The above equat ions do n o t  determine t h e  c o e f f i c i e n t s  comple- 

t e l y .  We use now: 

For ,=O, v=1 and u s i n g  (2.41, we g e t  a f t e r  some c a l c u l a t i o n :  

I t  f o l l o w s  f rom (2.8d) t h a t  C, i s  g i v e n  by (2.2a) and f rom ( 2 . 8 ~ )  

The normal i z a t i o n  o f  the  c u r r e n t ,  (2.51, impl ies :  

and t h i s  r e l a t i o n  f o r c e s  X=O, g i v i n g  ( 2 . 2 ~ ) .  

Now, D,, D, f o l  low d i r e c t l y  f rom t h e  c u r r e n t  conserva t ion  (2.8a) 

and (2.8b). 

Equat i o n  (2.3) can be ob ta ined  by e x a c t l  y t h e  same procedure 

o u t l  ined i n  r e f .  4. 

We can d e f i n e  the  c u t - o f f  non l o c a l  charge: 



which i s  r e a d i l y  seen t o  be f i n i t e  and conserved i n  t h e  l i m i t  6 + O,  by 
u s i n g  t h e  theorem o f  t h i s  s e c t i o n .  

3. ASSYMPTOTIC CHARGE 

Because o f  t h e  conserva t ion  o f  t h e  charge &ab, 

ab Q ' ~ =  ~ i m  6 , 
h 0  

we can wr i t e :  

a b  Q~~ = l i m  Q in ( t )  = 
t+-m 

I t i s  our  purpose t o  w r i t e  express ions f o r  t h e  l i m i t s  i n  (3.2).  

We w r i t e :  

and analogously  f o r  t h e  o u t  f i e l d s .  

Using ( I  .3) up t o  ( I  . 5 ) ,  and t a k i n g  the  l i m i t s  ( 3 . 2 1 ,  we have, 

a f t e r  a  long c a l c u l a t i o n :  



1 im Aou t ( t )  = - Aout 

t+* ( i n )  (+) ( i n )  
( - )  

where 

The o u t  f i e l d s  have t h e  same express ion.  

Summing up: 

= 1 [. A'' + (n-2) B E ~ ~ ]  
Qout n ou t: 

4. ABSENCE OF PARTICLE PRODUCTION, 
AND FERMION-FERMION SCAlTERIMCi 

Using the  f a c t  t h a t  

we wiI I a ~ n i e v e  many c o n s t r a i n t s  a p p l y i n g  Q:: on the  r i g h t  and Q ab 
o u t  On 

the l e f t ,  i n  the amp l i tude  



C a l l i n g  0 t h e  r a p i d i t y  d e f i n e d  by 

= R ,  * , 
we have, u s i n g  (2.8) up (2.11) 

ab ab 
Q lelcl... e R C R i e . . .  R d R in>  ( M ~ ~ ) ~ , - ~  

R R 

<elel, . .., ~ , ~ , . o u ~ I Q ~ ~ =  ( w $ ~ ) ~ ~ - ~ ~ ~ - ~ ~  <@,d,,. . . , BRdR o u t )  

- 1 ,vab = + - 
I n n 
o u t  

NOW we need an express ion  (ansatz 

To ach ieve  i t  we f i r s t  p  

ing.  

Consider t h e  amp l i tude  

f o r :  

o u t  / B  i n  > . 

ove t h a t  we h. ave o n l y  e l a s t i c  

comutes w i t h  the  i s o s p i n  o p e r a t o r  fb, so t h a t  t h e  

C 101c,e2c i n  > i s  an e i g e n s t a t e  o f  c2. I t s  e igenva lue  can be 
C 

c a l c u l a t e d ,  u s i n g  (3.10): 

sca t t e r  - 

s t a t e  

eas i 1 y  



Now l e t  us make a c t  on t h e  lef:. We should remember t h a t  i f  

t h e  amp l i tude  

i s  non zero  f o r  some va lue  o f  the  s g t  e'., g i ,  (4.5) should a l s o  be non 

zero, because fb and &2 a c t  i r r e d u c i b l y  o,? s t a t e s  o f  p a r t i c l e s  w i t h  de- 

f i n i t e  momenta. 

The e igenva lue  o f  Q,, when a c t i n g  on t h e  l e f t  o f  (4.5) i n  ze ro  

r a p i d i t y  (8, = 8, = . .. = O Z R  = O) i s  g ive i i  by t h e  v a l u e  o f  (4.7) on t h e  

th resho ld :  
- 

n-2 2 
h = ~ ( n - I )  (n) (1+4 1: + JR'-I) 1') (4.9) 

However A should 

the l e f t  i s  a m a t r i x  w i t h  

be an a l g e b r a i c  number, because Q, a c t i n g  on 

r a t i o n a l  c o e f f i c i e n t s  and 

should be an a l g e b r a i c  number, which i s  imposs ib le  by a theoremofnumber 

t h e o r y 5'  '. 

So we conclude: 

and as a consequence: 



The equat ion:  

g i v e s  a s e t  o f  equa t ions  f o r  a,, a,, o,, which can be solved, g i v i n g  as 

r e s u l  t : 

5. CONCLUSION 

The Gross-Neveu model has t h e  f a c t o r  

When we proved absence o f  p a r t i c l e  p r o d u c t i o n  

i z a t i o n  p r o p e r t y  exact  

, i t  was a l r e a d y  enough 

prove t h i s  a s s e r t i o n  because o f  a w e l l  known theorem on S- mat r i x  theo-  

ry8.  To c a l c u l a t e  t h e  exac t  t o t a l  S-matr ix ,  we need t o  know t h e  bound 

s t a t e  spectrum. Th is  i s  a l r e a d y  used i n  the  c a l c u l a t i o n  o f  r e f .  2, and 

what we proved i s  t h a t  t h e i r  S- mat r i x  i s  t h e  exac t  one. 

T h i s  work o f  E. Abda l la  was p a r t i a l l y  supported by CNPq, and 

the  work o f  A. Lima-Santos by FAPESP. 
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