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The d i f f u s i o n  equation f o r  

discussed. This equation, v a l i d  i n  

i n  the equ i l i b r i um s ta te  permanent 

disappear when the system i s  L iouv i  

non-holonomic systems i s  der ived and 

the l i m i t  o f  h igh  v i scos í t y ,  e x h i b i t s  

solenoidal cur rents .  These cur rents  

I l i a n ,  a  concept introduced t o  gene- 

r a l i z e  the behaviour o f  holonomic systems. I t  i s  f u r t h e r  shown the con- 

t i n u i t y  o f  the d i f f u s i o n  equation from non-holonomy t o  holonomy. 

A equação de difusão para s i  stemas não-holônomos é obt ida  e  d i s -  

cut ida .  Esta equação, vá l i da  no l i m i t e  de a l t a  viscosidade, exibe, no 

estado de e q u i l í b r i o ,  correntes solenoidais permanentes. Essas correntes 

desaparecem quando o  sistema torna-se L iouv i l i ano ,  um concei to in t rodu-  . 

z ido  para genera l izar  o comportamento dos sistemas holônomos. Mostra-se 

ainda que a  equação de difusão apresenta continuidade quando se passa 

dos sistemas não-holônomos para os sistemas holônomos. 

1. INTRODUCTION 

Constraints are usua l l y  o f  the form 

q q > d q i  = O 



and represen t  a r e s t r i c t i o n  on the .poss ib le  d isp lacements o f  t h e  system. 
i I n  t h e  above equa t ion  q  a r e  t h e  coord ina tes  o f  t h e  system and .a .(q) a r e  

Z 
t h e  components o f  a v e c t o r  t h a t  p o i n t s  i n  the  d i . rec t ion  where t h e  mot ion 

i s  f o r b i d e n .  

L e t  us suppose t h e  system moves i n  an n-d 

s u b j e c t  t o  rn (m<n) c o n s t r a i n t s *  

a i W 5 a i d q  = O  , a =  I,.. 

mensional m a n i f o l d  

>m 

a 
We w r i t e  da f o r  t h e  e x t e r i o r  d e r i v a t i v e  o f  2 i .e.: 

where !i i s  t h e  n o t a t i o n  f o r  e x t e r i o r  p roduc t  o f  forms. The system (1 . I )  
CL 

i s  i n t e g r a b l e  i f  and o n l y  i f  t h e r e  e x i s t s  I - fo rms 0 such t h a t  B 

otherwíse  t h e  system i s  n o t  i n t e g r a b l e .  Mechanical systems s u b j e c t  t o  

non- in tegrab le  c o n s t r a i n t s  a r e  c a l l e d  non-holonomic systems. 

I f  the  system o f  eqs. (1 .1)  i s  i n t e g r a b l e  then one can f i n d  TI 

f u n c t  ions r e p r e s e n t i n g  hypersur faces i n  t h e  n-dimensional m a n i f o l d  

o f  c o n f i g u r a t i o n s  o f  t h e  s y s t e m .  The mot ion  i s  t h e r e f o r e  r e s t r i c t e d  t o  

one o f  t h e  submanifolds d e f i n e d  by t h e  i n t e r s e c t i o n  o f  these m-hypersur- 

f a c e s a n d c a n  be thought  a s a n u n c o n s t r a i ' i e d m o t i o n  i n  t h i s  (n-m) d i -  

mensiorial c o n f i g u r a t i o n  space. As f a r  as t h e  mot ion  o f  t h e  system í s c o n -  

cerned, t h e  consequences of r e s t r i c t i n g  i t  t o  a subrnanifold i s ,  bes ides 

the r e d u c t i o n  i n  the  degrees o f  freedom, the  m o d i f i c a t i o n  o f  t h e  m e t r i c  

o f  t h e  c o n f i g u r a t i o n  space. We w i l l  assume f rom now on t h a t  t h e  rne t r i c  

i s  g i v e n  by an a r b i t r a r y  fundamental tensor  gij and t h e r e f o r e  t h e  k i n e -  

t i c  energy T o f  t h e  system has t h e  genera l  fo rm 

* Repeated l a t i q  i n d i c e s  subintends summation. 
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The fact that the system (1.1) is not integrable does note exclude the 

possibility of having integrable subset of constraint equations. I f  this 

is so, we may always assume, without loss of generality, that these sub- 

sets of equations have been integrated and the configuration space redu- 

ced correspondingly. Thus, it is ho fundamental restriction to assume 

that for the system of constraints under considerations every subset of 

equations is also not integrable. 

The equations of motion under the influente of a generalized 

force F. are: 
Z rn 

These are DIAlembert's equation and X are Lagrange multipliers a 
that 'can be e1 1 iminated by the use of eqs. (1 .I). 

Thus, frorn eq. (1.4) we get 
m 

where 

. . 
is the aff ine connexion associated to the metric tensor gZ3. 

We may assume, without loss of generality, that 

where 

From 



we o b t a i n  

Using eq. (1.5) i n t o  eq. (1.7) we o b t a i n  

A" = - . j . k  - a a  F j  
j ; k  4 j 

where we in t roduced the c o v a r i a n t  d e r i v a t i v e  n o t a t i o n  

E1 1 i m i n a t i n g  A" from eq. (I .7)  we f i n a l l y  a r r i v e  a t  

i 
where 4 i s  the  f o l l o w i n g  p r o j e c t o r  o p e r a t o r  i 

We cons ider  eq. 

equa t ions  o f  mot ion  f o r  

Le t  a t  t h i s  po 

(1.9) toge ther  w i t h  eqs. 

non-holonomic systems. 

(1 .I ) the  fundamenta 1 

i n t  observe t h a t  i f  eqs. ( 1.9) were e q u i v a l e n t  t o  

a h a m i l t o n i a n  system, the  problem o f  o b t a i n i n g  t h e  d i f f u s i o n  e q u a t i o n  

f o r  non-holonomic systems would be g r e a t l y  simpl i f i e d  as Hami 1 t o n ' s  

equa t ions  a r e  m a n i f e s t l y  c o v a r i a n t  and L i o u v i l l e ' s  theorem ensures t h e  

e x l s t e n c e  o f  an i n v a r i a n t  measure o f  p r o b a b i l i t y  i n  t h e  phase space o f  

t h e  system. 

Le t  us  f o r  the  moment s e t  the  a p p l i e d  f w c e s  equa 

i n  eq. (1 .9) ) .  A h a m i l t o n i a n  assoc ia ted  t o  t h e  c o n s t r a i n e d  

1 t o  ze ro  ($=O 

system i s  

. . 
where 4z3 i s  g i v e n  by equa t ion  (1 . ]O) .  The equa t ions  o f  mot ion  f o r  t h e  

systern descr ibed  by h' a r e  



and we observe tha t  from the f i r s t  set o f  Hami l ton 's equations we have 

what shows tha t  the above system obeys the cons t ra in t s  g iven byeqs.( l . l ) .  

From eqs. ( I .  12) we ob ta in  

where,we.have set  

i P = a p  a  a i '  

Let us observe tha t  P are  the components o f  the momentum i n  
C1 

the forbiden d i rec t i ons  o f  motion and as such they are  not  d i r e c t l y  con- 

nected t o  the v e l o c i t i e s  o f  the system, these being given by $ j p  the i' 
components o f  p i n  the al lowed d i rec t i ons  o f  motion. Therefore Pa are i 
not f i x e d  by the i n i t i a l  cond i t ion  o f  the t r a j e c t o r y .  They behave ra the r  

as cont ro l  var iab les  t o  lead the motion from an i n i t i a l  p o s i t i o n  t o  a 

pre-established f i n a l  po in t  i n  the con f i gu ra t i on  space a t  a f i xed  t ime 

i n t e r v a l .  For non-holonomic systems there i s  always a possib le t r a j e c t o -  

r y  between two f i x e d  po in ts  i n  the ndimensional con f i gu ra t i on  spaceeven 

though the system has on ly  (n-m) degreeso f  freedom. I n  t h i s  case, Pa 
plays the r o l e  o f  add i t i ona l  parameters t o  compensate the l a c k o f  degrees 

o f  freedom. 

I n  order t ha t  eq. (1.13) should agree w i t h  eq. (1.9) i t  i s  ne- 

cessary and s u f f i c i e n t  t ha t  the r e l a t i o n  



be v a l i d  f o r  every  p o s s i b l e  va lues  o f  Pa snd iik. Th is  i s  e q u i v a l e n t  t o  
a  

assume t h a t  t h e r e  e x i s t s  e such t h a t  
a i k  

C1 a 
aa. aa rn k  a  a '  dqk 4 = I e,i, aj 

Because o f  eq. (1 .6~1)  we a l  so have 

which, i n  e x t e r i o r - f o r m  n o t a t i o n ,  can be wr i t t e n  as 

a' 
W 

T h i s  shows t h a t  t h e  dynamics descr ibed  by H g iven  by eq. (1.11) 

agrees w i t h  t h e  dynamics o f  c o n s t r a i n e d  s  

t r a i n t s  a r e  i n t e g r a b l e .  I n  s p i t e  o f  t h i s  

eq. (1.11) was used i n  re fe rence  1 t o  ob ta  

f u s i o n  equa t ion  f o r  non-holonomic systems 

l i z a t i o n  would c o n t a i n  t h e  holonomic case 

stems i f and o n l y  i f  the  cons- 

a c t ,  t h e  Hami l ton ian  g i v e n  by 

n  a  g e n e r a l i z a t i o n  o f  t h e  d i f -  

i n  t h e  hope t h a t  t h i s  genera- 

as a  l i m i t i n g  case. Th is  was 

observed n o t  t o  be so and a c t u a l l  y the  genera l  i zed  d  i f f u s  i o n  . equa t ion  

t h e r e  ob ta ined  p r e d i c t e d ,  i n  t h e  e q u i l i b r i u m  s t a t e  a  u n i f o r m  d e n s i t y d i s -  

t r i b u t i o n  over  the  whole c o n f i g u r a t i o n  space, independent o f  the  n a t u r e  

o f  t h e  c o n s t r a i n t ,  and c o n t r a r y  t o  t h e  holonomic l i m i t : .  

I n  t h i s  paper we w i l l  develop the  theory  o f  d i f f u s i o n  f o r  non- 

-holonomic systems, d i r e c t l y  f rom eqs. ( I  .9) w i t h  t h e  h e l p  o f  Fokker- 

-Planck equa t ion  f o r  Markovian systems. kle wi l l genera l  i z e  Fokker-Planck 

equa t ion  f o r  an a r b i t r a r y  measure o f  p r o b a b i l i t y  i n  phase space and we 

w i l l  c h s e  t h i s  measure i n  such a  way t o  ensure covar iances o f  the equa- 

t i o n  w i t h  respec t  t o  a r b i t r a r y  p o i n t  t ra r i s fo rmat ions .  A f t e r  e s t a b l i s h i n g  



t h i s  f a c t  we w i l l  deduce the hierarchy o f  hydrodynamical equations andwe 

w i l l  show tha t  the d i f f u s i o n  equation i s  the l i m i t ,  near equ i l ib r ium,  o f  

an expansion i n  the mean f ree  path o f  the p a r t i c l e s .  From the d i f f u s i o n  

equation obtained we w i l l  prove tha t  i t  goes i n t o  the co r rec t  l i m i t  i o r  

holonomic systems. I t  reproduces a l s o  the r e s u l t  p r e v i  ous  l y  obtained2 

when the const ra in ts ,  though non-holonomic, a re  such as t o  preserve the 

v a l i d i t y  o f  L i o u v i l l e ' s  theorem o f  incompressible f l ow  i n  phase space. 

We w i l l  f u r t h e r  show tha t  i n  general, non-holonomic systems may present, 

besides a  non-uniform densi ty,  a  permanent solenoidal cur rent  o f  p a r t i -  

c l es  i n  the equ i l i b r i um s ta te .  

2. THE FOKKER-PLANCK EQUATION 

Let us consider w(x,,x2;t) the t r a n s i t i o n  p r o b a b i l i t y  f o r a  Mar- 

kovian process, i .e. ,  the p r o b a b i l i t y  o f  f i n d i n g  a  p a r t i c l e  a t  the pos i -  

t i o n  r, o f  i t s  N-dimensional phase space knowing tha t  the p a r t i c l e  was 

a t  x,, t seconds e a r l i e r .  The Chapman-Kolmogorov equation f o r  t h i s  pro-  

cess i s  

where we have assumed tha t  the phase space p r o b a b i l i t y  has a  measure g i -  

ven by ~ ( x ) .  

It i s  we l l  known3 t ha t  i f  we assume the fo l l ow ing  proper t ies  

f o r  w(xl ,x2 ; t )  ; 

( i  i i )  h ibher momenta o f  

than At2 ;  

) A t  + o(At2)  (2.3) 

~ ( x ,  ,x,;At) are o f  order equal t o  o r  l a rge r  



then, the fo l l ow ing  approximation o f  the C.hapman- Ko lmogorov  equation, 

known as the Fokker-Planck equation, i s  obtained: 

Let us def 

then, ~ ( x ; t )  s a t i s f  

we have 

ne the one- par t ic le  d i s t r i b u t i o n  func t i on  ~ ( x ; t )  as 

w(x;t) = j d y  u ( a ) ~ < ~ , y ; t ) w ( ~ ; O )  ; 

es the same d i f f e r e n t i a l  equation as u(xl,x,;t) and 

aw 1 a i 1 a 2  i j - ( x ; )  = - - p ( x ) Y ( x ; t ) ]  + T--- [ B  (x )w(x ; t ) ]  (2.5) a t U(X) axi 11 (J:) axzaxJ 

We apply t h i s  equation t o  the motion o f  non-holonomic systems 

descr i  bed by eq. (1.9) when subject  t o  a vi.scous force-G' and a Langevin 

force L 3 ( t ) .  We assume 5, the coe f f  i c i e n t  o f  v i scos i t y ,  a constant sca- 

l a r  and t o  L'($) we g ive  the fo l l ow ing  s t a t i s t i c a l  p roper t ies :  

( i  i i )  h igher order co r re la t i ons  o f  ~ ' ( - t )  a re  o f  order h igher than o r  

equal t o  at2. 

Under these condi t ions,  besides being Markovian, the t r a n s i t i o n  

p r o b a b i l i t y  f o r  the system s a t i s f y  the proper t ies  necessary f o r  the va- 

l i d i t y  o f  Fokker-Planck equation and we hiive: 



as the on l y  moments o f  the t rans i  t i o n  probabi l  i t y  o f  f i r s t  order i n  Gt 

i r r espec t i ve  o f  the choice o f  p(x) .  

B Let us int roduce the vectors bi ( p 1 , .  . . ,n-m) such tha t  

where 

and obs 

f i gu ra t  

f u r the r  

We w i l l  

We def ine  the pseudo-veloci t ies 

B  B i  u = b . v  
2 

e r v e  tha t  the phase space o f  the system i s  the d i r e c t  sum o f  con- 

ion  niani fo ld and the space spanned by the pseudo-veloci t ies.  We 

observe tha t  

set  

as the measure o f  probabi l  i t y  w i t h  

and we take the phase space as the tangent f iber-bundle o f  the conf igu- 

r a t i o n  mani fo ld.  



Making use of eqs. (2.7) and (2.8) i n t o  eq. (2.5) we o b t a i n  

aw' vi a a 
+ s-y (BW) - 7 [ ( r$  + a$j;l<)v v w = 

i% av a== 1 i a  

We take  t h e  

c r i b e  t h e  s t o c h a s t i c  

v i scous  and Langevin 

From now on 

above equa t ion  as t h e  fundamental equa t ion  t o  des- 

mot ion  o f  non-holonomic systems under t h e  a c t i o n  o f  

f o r c e s .  

we conclude t h i s  sect4on p r o v i n g  t h a t  eq. (2.9) i s  

c o v a r i a n t  under the  f o l l o w i n g  genera l  t r a n s f o r m a t i o n :  

We f i r s t  observe t h a t  u s i n g  t h e  f o l l o w i n g  p r o p e r t y  o f  g: 

we t rans fo rm eq. (2.9) i n t o  

The second member o f  t h i s  equa t ion  i s  m a n i f e s t l y  i n v a r i a n t  being 

t h e  dívergence o f  a  v e c t o r  í n  t h e  v e l o c i t y  subspace. T h i s  i s  so because 
i  t h e  t r a n s f o r m a t i o n  (2.10) i s  independent o f  v . 

We w i l l  now show t h a t  t h e  f o l l o w i n g  o b j e c t  



behaves as a v e c t o r  e x h i b i t i n g  t h e r e f o r e  t h e  i n v a r i a n t  n a t u r e  o f  eq. 

(2 .9) .  

We have 

f rom t h e  s c a l a r  n a t u r e  o f  W 

There fo re  

On t h e  o t h e r  hand we have 

Making use o f  t h e  above r e l a t i o n  i n t o  eq. (2.12) we f i n a l l y  ob- 

t a i n  

what e x h i b i t s  t h e  v e c t o r  c h a r a c t e r  o f  

and t h e r e f o r e  t h e  i n v a r i a n t  n a t u r e  o f  Fokker-Planck equa t ion .  

3. THE HYDRODYNAMICAL EOUATIONS 

We may l o o k  a t  eq. (2.8) as d e s c r i b i n g  t h e  mot ion  o f  a  f l u i d  i n  

the  c o n f i g u r a t i o n  man i fo ld .  The d e n s i t y  o f  m a t t e r  o f  t h i s  f l u i d  i s  d e f i -  

ned by 

ahd i t s  c u r r e n t  as 



These ob jec ts  are  p a r t i c u l a r  cases o f  the d e f i n i t i o n  o f  the V- 

- t h  moment o f  W i n  the v e l o c i t y  space: 

i 
from where we recognize p and j as the z f r o t h  and f i r s t  moments respec- 

t i v e l y .  

We w i l l  assume tha t  P vanishes s u f f i c i e n t l y  f a s t  f o r  vivi+ 

i n  order t ha t  P ~ ~ ' " " ~ v  t o  be def ined by the i n teg ra l  i n  eq. (3.3). We 

f u r t h e r  observe tha t  p R 1 ~ ' - . ' R ~  i s  a symmetric tensor i n  a l l  i t s  indices 

and 

i,, ..., i 
aa p v = O , a = I, ..., m 
i1 

I n teg ra t i ng  over the v e l o c i t y  space on both sides o f  eq. (2.9), 

we ob ta in  the zeroth moment equation: 

which expresses the conservation o f  matter  

Mul t i p l y i n g  both sides o f  eq. (2.9) by v' and i n teg ra t i ng  over 

the v e l o c i t y  space we ob ta in  the f i r s t  moment equation: 

where we made use o f  eq. (2.10a). S i m i l a r l y  we could ob ta in  the V- th  mo-  

ment equation and eq. (2 .9)  resul  t s  t o  be equivalent  t o  a h ierarchy o f  

hydrodynamical equations, the equations fo r  the moments o f  W i n  v e l o c i t y  

space. 

Before proceeding t o  w r i t e  down the general form o f  these equa- 

t ions ,  l e t  u5 introduce a new a f f i n e  conntsxion def ined by 



and use the colon f o r  the covar ian t  d e r i v a t i v e  associated t o  t h i s  newco- 

nexion; f o r  example 

and s i m i l a r l y ,  i n  the usual .fashion, f o r  every o ther  tensor. With t h i s  

no ta t ion ,  eq. (3.5) takes the form 

Because o f  

we a l s o  have 

f o r  the zeroth moment equation. The V- th  mornent equation takes the form 

(V a 2) 

where the symbol [ ]+ stands f o r  the symmetr 

ces o f  the d i r e c t  product o f  the tensors ins  

we have 

+ ~ K I Q  P A + 

( 3 . 9 )  
c combination i n  the i n d i -  

de the bracket. For example, 



and so on. 

The f a c t  t h a t  we can w r i t e  the  hydrodynamical equa t ions  i n a n e w  

c o v a r i a n t  n o t a t i o n  u s i n g  t h e  asymmetric Gmnexion g iven  by eq. (3.6) can 

be drawn back t o  the  f a c t  t h a t  t h e r e  e x i s t s  a  space, even f o r  non- h o l o -  

nomic systems, t o  which t h e  mot ion i s  r e f e r r e d  as unconstra ined.  E. Car- 

tan 4 was the  f i r s t  t o  c a l  l a t t e n t i o n  t o  t h i s  f a c t ,  and t o  e x h i b i t  the  

t o r s i o n  o f  t h i s  space. 

Wi th t h e  connexion d e f i n e d  by eq .  (3.81, the  e q u a t i o n s o f m o t i o n  

(1 .g) can be w r i t t e n  as 

where 

i s  t h e  abso lu te  a c c e l e r a t i o n  i n  t h e  space w i t h  t h e  connexion fZ j k '  

I f  t h e  system i s  holonomic,then,we can f i n d  G . .  such t h a t  fi 
23 

keeps t h e  same r e l a t  i o n  t o  9 . .  as expressed i n  eq. ( I  .6 ) .  
j k  

23 

t h e  p rev ious  equa t ion  we a l s o  must keep t h e  r e l a t  

a?vi = o , (r = 1 , .  

t o  complete t h e  d e s c r i p t i o n  o f  these systems. 

I f  the  system i s  non-holonomic t h e r e  i s  no such and besides 
ij 

i ons 



4. THE DIFFUSION EQUATIONS 

Frorn now on we w i l l  proceed by looking f o r  so lu t i ons  near the 

steady s t a t e  equ i l i b r i um o f  the f l u i d  and we w i l l  neglect  a l l  par t ia1  de- 

r i v a t i v e s  w i t h  respect t o  t ime o f  

Under t h  i s 

previous sec t ion  as 

hypothesis we 

( v  2 2) 

a l l  the moments but p, i .e. ,  

O ,  v r l  . (4.1) 

can r e w r i t e  the moment equations o f t h e  

from where we observe tha t  the v- th  moment can be resolved i n t o  a (V - 2 )  

- t h  moment and the divergence o f  the ( * I ) - t h  moment. 

Making s is temat ic  use o f  the moment equations we can there fore  

reduce fo rma l l y  the h ierarchy  o f  equations i n t o  a unique equation f o r  p. 

This i s  the general ized d i f f u s i o n  equation f o r  the f l u i d .  

Let us i l l u s t r a t e  t h i s  procedure. F i r s t  we have 

Therefore 

,ij= 5 ij 1 ijk 
& P - q P  :k 

E l l i m i n a t i n g  pijk i n  the above equation we would get  terms d o s e  

sum o f  the order o f  de r i va t i ves  would be equal t o  o r  la rger  than f o u r t h  

and so on. 

Let us def ine  the d i f f u s i o n  c o e f f i c i e n t  as 



and t h e  mean f r e e  p a t h  h:  

The equa t ion  f o r  P can be forma I l y  w r i t t e n  as 

. . 
where Kv i s  an opera to r ,  f u n c t i o n a l  of QZ", a c t i n g  on p.K,p has the  p ro-  

p e r t y  o f  a l  l i t s  terms being homogeneous o f  degrees (2v+Z) i n  t h e  sum o f  

t h e  o r d e r  o f  d e r i v a t i v e s  o f  Q and p.  

The f i r s t  two terms o f  t h e  serier;  a r e :  

CI 
I f  we assume t h a t  a . ( q )  v a r i e s  s tow ly  over  a d i s t a n c e  

z 
mean f r e e  p a t h  o f  the  p a r t i c l e ,  i .e . ,  

(4.9) 

(4.10) 

o f  t h e  

then one would expect  t h a t  p would do t h e  same. Under these hypo thes is  

one i s  j u s t i f i e d  i n  keeping o n l y  the  f i r s t  term i n  h2' expansion o f  eq. 

(4.8) and we s e t  

as  t h e  d i f f u s i o n  equa t ion  f o r  non-holonomic systems. 

" ij L e t  u s o b s e r v e  t h a t  i f  we s e t  QZi' = g  i n  t h e  above equa t ion  

and take  the  usual c o v a r i a n t  d e r i v a t i v e  wt: o b t a i n  the  d i f f u s i o n  equa t ion  . . 
f o r  f r e e  p a r t i c l e s  i n  a Riemannian m a n i f o l d  o f  m e t r i c  gz3. 



5. DISCUSSION 

We will discuss now some of the properties of eq. (4.1 I). To do 

so we begin by going back to the usual covariant derivative and we have 

From the definition given by eq. (3.6)'~; also have 

where we made of the fact that 

Because of 

we get 

Making use of the above equation into eq. (5.2) we arrive at 

and we may finally write 

as the diffusion equation in the standard covariant notation. 

We now discuss the holonomic limit. 

In this case we may assume without loss of generality that 



where 

w i t h  t h e  f u n c t i o n s  @B d e f i n i n g  the  i n t e g r a l  o f  t h e  system o f  cons t ra in ts ,  

I .e., 

d e f i n i n g  t h e  leaves o f  the  f o l i a t i o n .  

From eq. (5.6) we o b t a i n  

k B a  a 8 . a  aBaj;k = ( 6 .  - a a ) - l o g  A 
3 6 aqR B 

and we t h e r e f o r e  ge t  

whe r e  

L e t  us now d e f i n e  a  new d i s t r i b u t i o n  d e n s i t y  by t h e  f o l l o w i n g  

equa t i on : 

Thus we ge t  

L e t  us i n t r o d u c e  t h e  new s e t  o f  coord ina tes  by t h e  f o l  1 o w i  n g  

equa t ions 



R ~ = R ~ ( ~ )  , i = I, ..., n-rn 

Rn-rn+a = 
@a(q) , a = 1 ,  ..., rn 

ani arna - -- = i = 1, ..., n-rn 

aqj aqj 
9 

a = 1, ..., rn 

i 
Making t h i s  cho ice  t h e  c o o r d i n a t e s  R a r e  i n t r i n s i c  t o  t h e  l e a -  

ves o f  t h e  f o l i a t i o n  g iven  by eq. (5.7). 

We a l s o  observe t h a t :  

i n  t h e  new c o o r d i n a t e  system w i t h  

Under these assumpt ions eq. (5.7) takes t h e  form 

which i s  t h e  c o r r e c t  d i f f u s i o n  equa t ion  f o r  holonomic systemsl. We the-  

r e f o r e  conclude t h a t  eq. (5.5) h a s ' t h e  c o r r e c t  l i m i t  f o r  holonomic sys-  

tems . 

We now d e f i n e  as L iouv  

e x i s t s  a f u n c t i o n  t h a t  s a t i s  

i l l i a n  systems those f o r  which t h e r e  

f i e s  t h e  f o l l o w i n g  equa t ion :  

These systems i n c l u d e  among them a l l  holonomic system and some 

non-holonomic systems as w e l l .  I t s  main p r o p e r t y  i s  t h e  e x i s t e n c e  o f  a  

measure o f  p r o b a b i l i t y  i n  phase space g i v e n  by $, independent o f  t h e  ve-  

l o c i t i e s  o f  t h e  system. 



I n  f a c t ,  making use o f  eq. (5.10) 

as t h e  d i f f u s i o n  equa t ion  f o r  

f ined 

L i o u v i l l i a n  s  

n t o  eq. (5.5) we have 

ystems. I n  eq. (5.11) we de- 

and 

g i v e s  t h e  measure o f  p r o b a b i l  

tem. 

I t  i s  i n t e r e s t i n g  t o  

se t h e  c l a s s  o f  non-holonomic 

t y  i n  t h e  c o n f i g u r a t i o n  space o f  t h e  sys-  

observe t h a t  L iouv i .1 l i an  systems g e n e r a l i -  

systems d iscussed i n  re fe rence  2. 

L e t  us now cons ider  t h e  genera l  case. We s e t  

rn 

and we observe t h a t  i n  genera l  eq. (5.10) cannot be f u l f i l l e d .  

We t h e r e f o r e  assume now t h a t  

where p, i s  t h e  equi  l i br ium densi  t y  and ci i s  a  sourceless v e c t o r ,  i .e. : 

Under these assumptions we have 

From eqs. (5.13) and (5.15) we g e t  



f rom where we take  

Taking the  divergente on b o t h  s i d e  o f  eq. (5.13) and making use 

o f  eq. (5.16) we a r r i v e  a t  t h e  equa t ion  f o r  +: 

Therefore,  t h e  e x i s t e n c e  o f  a  p o s i t i v e  measure 

%] . (5.17) 
aq3 

i n  t h e  genera l  

case i s  connected w i t h  t h e  e x i s t e n c e  o f  a  r e a l  s o l u t i o n  o f  eq. (5.17). 

L e t  us w r i t e  

and d e f i n e  6 = L. Then, eq. (5.5) takes t h e  f i n a l  form 
P o 

i 
w i t h  C  g iven  by eq. (5.13). 

The p h y s i c a l  consequences o f  t h e  genera l  case a r e  v e r y  i n t e -  

r e s t i n g .  S i m i l a r l y  t o  the  L i o u v i l l i a n  systems, t h e  n o n - L i o u v i l l i a n  sys-  

tems have a  non un i fo rm d e n s i t y  d i s t r i b u t i o n  i n  i t s  e q u i l  i b r i u m  state. But, 

bes ides t h a t ,  they a l s o  possess a t  t h e  e q u i l i b r i u m  s t a t e  a  p a t t e r n  o f  

permanent so leno ida l  c u r r e n t s  g i v e n  by 

There fo re  we may say t h a t  i n  genera l  the  e q u i l i b r i u m  s t a t e  o f  

non-holonomic i s  r i c h e r  i n  p a t t e r n s  than i t  i s  u s u a l l y  observed f o r  s t a -  

t i s t i c a l  systems i n  e q u i l i b r i u m .  

We may f u r t h e r  conclude, on p h y s i c a l  grounds t h a t ,  because o f  
i t h e e q u i l i b r i u m ,  t h e d i r e c t i o n o f  the  permanent c u r r e n t s  ( D C )  has t o  

be perpend icu la r  t o  the  d i r e c t i o n  o f  the  g r a d i e n t  o f  t h e  d e n s i t y  o f  pa r-  

t i c l e s .  I n  o t h e r  words, we must have 



I n  t h i s  case, eq. (5.17) s i m p l i f i e s  and we have 

as t h e  equa t ion  f o r  $. 

6. CONCLUSIONS 

Our major  c o n c l u s i o n  f rom t h e  s tudy o f  t h e  d i f f u s i o n  o f  p a r t i -  

c l e s  s u b j e c t  t o  non-holonomical c o n s t r a i n t s  i s  t h e  appearance o f  perma- 

nent  c u r r e n t s  i n  the  e q u i l i b r i u m  s t a t e  o f  t h e  system whose p a t t e r n  i s e s -  

t a b l i s h e d  e x c l u s i v e l y  by t h e  c o n s t r a i n t s .  

I n  o r d e r  t o  ensure t h i s  r e s u l t  we f i r s t  d e r i v e d  a  Fokker-Planck 

equa t ion  f o r  the  d i f f u s i o n  o f  t h e  system i n  phase space and e s t a b l i s h e d  

the  c o v a r i a n t  n a t u r e  o f  the equa t ion  ob ta ined  under genera l  p o i n t  t r a n s -  

fo rmat ions .  Next we developed t h e  whole h i e r a r c h y  o f  hydrodynamical equa- 

t i o n  and showed t h a t  i n  t h e  l imi t o f  s h o r t  mean f r e e  paths (when compa- 

red  wi t h  the  s p a t i a l  d e r i v a t i v e s  o f  the  c o n s t r a i n t s )  we o b t a i n  a  second 

o r d e r  d i f f e r e n t i a l  equa t ion  f o r  t h e  d i f f u s i o n  o f  p a r t i c l e s  i n  c o n f i g u r a -  

t i o n  space. Th is  equa t ion  suggests t h e  c l a s s i f i c a t i o n o f  cons t ra ined  sys- 

tems a s  L i o u v i l l i a n s  and n o n- L i o u v i l l i a n s .  A  L i o u v i l l i a n  s y s t e m  being 

those t h a t  does n o t  e x h i b i t  permanent c u r r e n t s  i n  t h e i r  e q u i l i b r i u m  s t a -  

t e s .  

Among the  L i o u v i l l i a n  systems a r e  the  holonomic systems as those  

systems f o r  which the  d i f f u s i o n  i n  c o n f i g u r a t i o n  space i s  r e s t r i c t e d  t o  

t h e  leaves o f  the  f o l i a t i o n  r e s u l t i n g  fim the  i n t e g r a b i l i t y  o f  thecons-  

t r a i n t  equa t ions .  

The second p o i n t  t o d r a w a t t e n t i o n  t o  i s  t h e  f a c t  t h a t  a  

s i n g l e  equa t ion  c o n t a i n s  t h e  d e s c r i p t i o n  o f  b o t h  L i o u v i l l i a n  a n d  non- 

- L i o u v i l l i a n  systems and goes c o n t i n u o u s l y  f rom one c l a s s  t o  t h e  o t h e r .  

It a l s o  c o n t a i n s  the  c o r r e c t  l i m i t  t o  holonomic systems. 
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