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We s tudy  t h e  e f f e c t  o f  h i b r i d i z a t i o n  on t h e  f r e e  energy andthe 

magnetic s u s c e p t i b i l i t y  x o f  i n t e r m e d i a t e  va lence compounds, employing 

t h e  method o f  therrnodynamic p e r t u r b a t i o n  i n  second o r d e r .  We a p p l y  t h i s  

method t o  a  l a t t i c e  w i t h  a  v a r i a b l e  c o n c e n t r a t i o n  c o f  i r n p u r i t i e s  t h a t  

a r e  descr ibed  by the  Anderson model. 

A  non-divergent  l o g a r i t h m i c  c o r r e c t i o n  appears when t h e  chemi- 

c a l  p o t e n t i a l  pe i s  n o t  i n  t h e  m idd le  o f  t h e  r e c t a n g u l a r  conduc t ion  band, 

and i t  i s  shown by a  d i f f e r e n t  method t h a t  t h i s  c o r r e c t i o n  i s  a l s o  p re -  

sent  i n  t h e  e x a c t l y s o l u b l e  case o f  independent e l e c t r o n s  w i t h  h y b r i d i z a -  

t i o n .  

When c = l  the  l o g a r i t h m i c  term i s  c a n c e l l e d  by  a  term p ropor -  

t i o n a l  t o  (a ' l ie /W2).  By thermodynarnic arguments we show t h a t  t h i s  con- 

c e n t r a t i o n  dapendent c o n t r i b u t i o n  c o i n c i d e s  w i t h  a  d i f f e r e n t  express ion  

t h a t  was r e c e n t l y  ob ta ined  by another  approach. 

We d iscuss  t h e  c o n t r i b u t i o n  o f  t h e  t h i r d  s t a t e  o f  charge t o  X; 

t h i s  s t a t e  i s  u s u a l l y  neg lec ted  i n  i n t e r m e d i a t e  va lence models. 

Estuda-se o  e f e i t o  da h i  b r i d i z a ç ã o  sobre a  energ ia  l i v r e  e  a  

s u s c e p t i b i l i d a d e  magnética x de compostos de v a l ê n c i a  i n t e r m e d i á r i a ,  em- 

pregando o  método da per turbação termod i nâmica em segunda ordem. Apl i c g  
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-se esse método a uma rede com uma concentração v a r i á v e l  c de i ~ l p u r e z a s  

que sgo d e s c r i t a s  pe lo  modelc de Anderson. 

Unia correção l o g a r i t m i c a  não d i v e r g e ~ e  aparece quando o p o t e n -  

c i 3 1  qulmico C nJo e s t 5  no n e i o  da banda r e t a n g u l a r  de condução, e é 
e 

mostraoo por  um mStodo diferen:e que e s t a  c o r r e ~ ã o  e s t a  p resen te  também 

no caso. exatamente s o l ú v e l ,  de e l é t r o n s  independentes com h i b r i d i z a ç ã o .  

Quando c = l  o termo l o g a r i t m i c o  é cancelado por  um termo p ro-  

~ o r c i o r i a l  a (3'11 /dh2) .  Por argumentos termodinâr i icos mo3tra-se que essa 

io1 i t r i bu ic ;ão  dependente da c o ~ c e n t r a ç ã o  c o i n c i d e  com uma expressão d i f e -  

r e i t e  que o b t i d a  recentemente por  o u t r a  abordagem. 

9 ;scu te ->e  a c o n t r i b u i ç ã o  do t e r c e i r o  estado de carga oara X; 
es:e estado é usua I r e n t e  desprezado em modelos de v a l ê n c i a  i n t e r n e d i á r i a .  

I n t e r n ~ e d i a t e  va lence compounds have beeri t h e  s u b j e c t  o f  many 

recen t  s t u d i e s  (see re fe rences  (1 - 4)  f o r  rev  iews on t h i s  problem).  They 

have r a r e  e a r t h  elerrieots i n  t h e i r  compos i t i on  t h a t  seem t o  be i n  two d i f -  

i e r i n t  i o n i c  s t a t e s  o f  charge (e.9. te3+  and Ce4' i n  Ce Pd3, Sm 
2+ 

and 
2 + 

jn3+ i n  SmS, Tm and ~ m ~ '  i n  Trn Se), as  evidenced by:  l a t t i c e  para rne-  

t e r s  t h a t  a r e  i n t e r m e d i a t e  between those expected f o r  t h e  two i o n i c - r a -  

d i  I, spec t ra  t h a t  snow the  presence o f  t h e  two i o n i c  species (e.g. e l e c -  

t r u n  photo-emiss lon)  : and severa1 o t h e r  s t a t  i c  and dynamic p r o p e r t i e s .  

They have r a t h e r  unusual s p e c i f i c  heats and magnetic s u s c e p t  i b i  l i t i e s ,  

and i n  t h i s  paper we s h a l l  c o n c e n t r a t e  on t h e  second o f  these two p r o -  

p e r t i e s .  

The h i g h  ternperature suscep t ib i1 , i t y  Fol lows a t y p i c a l  Cur ie -  

-Weiss l e h a v i a u r  and can be w e l l  desc r ibed  by a s imp le  theory,  as shown 

by J e f f e r s o n  and   te vens^. The low ten iperature behaviour  i s  p u z z l i n g ,  

because most o f  t h e  i n t e r m e d i a t e  va lence compounds do 

s t a t e s  (Tm Se be ing  one excep t ion )  b u t  t h e  suscep t i  b i  

b u t  cons tan t  v a l u e .  

The i n t e r m r d i a t e  va lence compounds a r e  usua 

n o t  show ordered 

i t y  tends t o  a h i g h  

1 y descr ibed  by a 

l a t t i c e  o f  ions wi t h  two s t a t e s  o f  charge p l u s  a band o f  conduc t ion  e lec-  

t rons t h a t  i n t e r a c t  w i t h  the  ions  through an h y b r i d i z a t i o n  terrn. One 



e l e c t r o n  o f  t h e  more n a g a t i v e  s t a t e  o f  charge can thus be t r a n s f e r e d  

fi-om t h e  i n t e r m e d i a t e  va lence i o n  t o  the  conduc t ion  band and v i c e v e r s a .  

A  model f o r  i n te rmed ia te  va lence compounds t h a t  has a narrow conduc t ion  

b a n d 9 a s  been sucess fu l  l y  employed7 t o  study magnet i c  p r o p e r t  ies a t  T=OK 

i n  t h  i 3  moclel  t h e  h y b r i d i z a t i o n  term i s  reduced t o  d iagona l  forrn, and 

the  "hoppirig term", t h a t  g i v e s  a  w i d t h  t o  t h e  conduc t ion  bands, has been 

t r e a t e d  as a  p e r t u r b a t i o n .  When a  broad band i s  considered,  t h e  h y b r i d i -  

z a t i o n  terni  i s  u s u a l l y  t r e a t e d  as a  p e r t u r b a t i o n  and t h e  method o f  t h e r -  

modynamics p e r t u r b a t i o n 8 ' 9  bas been employed t o  c a l c u l a t e  t h e  s u s c e p t i -  

b i l i t y  f rom l h e  h i g h  t e n p e r a t u r e  s i d e 5 ' l o - 1 2 .  The sarne p r o p e r t y  has a l s o  

b e e n c a l c u l a t e d b y p e r t u r b a t i o n m e t h o d s u s i n g G r e e n ' s f u n c t i o n s ' 3 .  I n  

t h i s  paper, we focus o u r  a t t e n t i o n  i n t o  t h e  method o f  thermodynamic p e r -  

t u r b a t i o n ;  t h e  expansion parameter i s  A/kT, where A i s  t h e  "s t rengh t "  o f  

the  h i b r i d i z a t i o n  term as d e f i n e d  i n  s e c t i o n  3. We s h a l l  e r p l o y  t h e  An- 

derson model o f  a  magnetic i m p u r i t y 1 4  t o  d e s c r i b e  t h e  r a r e  e a r t h  ions;  

t h e  thermodyriarnic p e r t u r b a t i o n  o f  t h e  s i n g l e  Anderson i m p u r i t y  has been 

r e c e n t l y  re-examined by ~ a l d a n e ' ~  as a cornplement o f  t h e  scal  i n g  theory  

he'has b r i e f l  y  r e p o r t e d I 6 .  Two e x c i  t a t i o n  energ ies ,  named E and 11' i n  d 
t h i s  paper, c h a r a c t e r i z e  t h r  Andersori i m p i i r i t y ,  and t h e  method should be 

v a l i d  when A/kT i s  s n a l l  even f o r  l a r g e  va lues  o f  /E / k ~ l  and I u ' / ~ T I .  d 
When A i s  no t  t o o  l a r g e ,  t h i s  range o f  temperature wou!d be , u f f i c i e n t l y  

low t o  be i n t e r e s t i n g .  By a  s imp le  m o d i f i c a t i o n  we have extended t o  t h i s  

parameter r e g i o n  t h e  v a l i d i t y  o f  t h e  m e t h o d  e m p l o y e d  i n  p r e v i o u s  
workl  1 - 1 2  ( these two re fe rences  w i l l  be r e s p e c t i v e l y  named I and I I  i n  

what f o l l o w s )  ana we have thus  been a b l e  t o  d i s c u s s  c o n t r i b u t i o n s  t o  t h e  

magnetic s u s c e p t i b i l i t y  t h a t  do n o t  appear i n  s i m i l a r  t rea tments  oF t h e  

problem. 

I n  t h e  Anderson model o f  a  magnetic i m p u r i t y ,  a  s i n g l e i o n w i t h  

t h r e e  s t a t e s  o f  charge i s  considered t o g e t h e r  w i t h  t h e  conduc t ion  band. 

I n  t h e  p resen t  paper, we shal l s tudy  a  l a t t i c e  w i t h  a  v a r i a b l e  concentra- 

t i o n  c o f  Anderson magnetic i m p u r i t i e s :  t h e  s i n g l e  magnetic i m p u r i t y  i s  

then ob ta ined  i n  t h e  l i r n i t  c+O, and t h e  pure compound when c = l .  An e x t r a  

c o n t i - i b u t i o n  t o  the  magnetic s u s c e p t i b i l i t y  appears when t h e  concentra-  

t i o n  changes f rom c=O t o  c = l ,  because t h e  e l e c t r o n i c  ?hemical p o t e n t i a l  

Fi, v a r i e s  w i t h  t h e  magnetic f i e l d  li when c i s  a p p r e c i a b l y  d i f f e r e n t  f rom 

zero.  Fmploy i n g  Greeri 's f u n c t i o n s ,  ~ e \ v s 5 n ' ~  has ob ta ined  d i f f e r e n t  values 



of  X f o r  t h e  two extreme cases c=O and c = l :  t h i s  d i f f e r e n c e  i n  x i s  p r o-  

p o r t i o n a l  t o  the  d e r i v a t i v e  o f  ve w i t h  respec t  t o  A. The c o n c e n t r a t i o n  

dependence we have ob ta ined  i s  ins tead  p r o p o r t i o n a t  t o  the  second d e r i -  

v a t i v e  o f  p  w i t h  respec t  t o  H: by employing thermodynamic techniques we e 
have been a b l e  t o  prove t h a t  these two a p p a r e n t l y  d i f f e r e n t  c o n c e n t r a -  

t i o n  dependent c o n t r i b u t i o n s  a r e  t h e  same, and t h i s  r e s u l t  i s  presented 

i n  Appendix I I I .  

The t h r e e  s t a t e s  o f  charge i n  t h e  Anderson model can be des-  

c r i b e d ,  i n  the  absence o f  h y b r i d i z a t i o n  and rnagnetic f i e l d ,  by a  i o n i c  

c o r e  p l u s :  i )  ze ro  e l e c t r o n s  ( s t a t e  IP>, energy E'), i i )  one s e l e c t r o n  
P 

wi t h  s p i n  up o r  down ( s t a t e s  Iva> wi t h  a = I l  and energy E'), and i i i )  two 
V 

s e l e c t r o n s  ( s t a t e  [ T >  and energy E'), and t h e r e  a r e  f o u r  a v a i l a b l e  ion ic  
T 

s t a t e s  per  i m p u r i t y .  

I n  each o f  t h e  examples o f  i n t e r m e d i a t e  va lence ions cons ide-  

red above (Ce, Sm, Tm), t h e  m u l t i p l i c i t y  o f  o n e o f  t h e  two s t a t e s  o f  

charge i s  l a r g e r  than two, because t h e  io r r i c  e l e c t r o n  shared w i t h  t h e  

band i s  an f e l e c t r o n .  Our c a l c u l a t i o n s  a r e  e a s i l y  extended i n  h i g h e r  

m u l t i p l i c i t i e s  a t  the  c o s t  o f  some e x t r a  a l g e b r a  p a r t i c u l a r l y  i f  one 

wants a  h y b r i d i z a t i o n  term w i t h  t h e  r i g h t  symmetry p r o p e r t i e s 1 7 .  The im- 

p o r t a n t  aspect  o f  t h e  Anderson i m p u r i t y  i s  t h e  

- e l e c t r o n i c  Coulornb r e p u l s i o n  U  i n  t h e  s t a t e  w  

energy necessary t o  add a  Fermi leve1 e l e c t r o n  

r o  e l e c t r o n s  i s  E = E{ - E' - p  i n  t h i s  model d P e 
Fermi- leve1 e l e c t r o n  i t  i s  needed an e x t r a  ene 

presence o f  the  i n t e r -  

t h  two e l e c t r o n s .  The 

t o  t h e  i m p u r i t y  w i t h  ze- 

w h i l e  t o  add a  second 

gy u1 = E + u = E O - E O - ~  d T v e' 

Wi th  o u r  model o f  i n t e r m e d i a t e  va lence w i t h  t h r e e  s t a t e s  o f  

charge, we have found t h e  c o n d i t i o n s  t h a t  must be s a t i s f i e d  t o  n e g l e c t  

t h e  e x t r a  s t a t e  o f  charge: i t  i s  n o t  enough t o  f o r b i d  t h e  thermal e x c i -  

t a t i o n  o f  conduc t ion  band e l e c t r o n s  i n t o  t h e  IT> s t a t e ,  i .e. U' >>kT, b u t  

more s t r i n g e n t  c o n d i t i o n s  a r e  necessary. The e f f e c t  o f  IT> i s  n e g l i g i b l e  

when U1>> Wt+Wb, where Wt and -Vb a r e  t h e  energ ies  o f  t h e  t o p  and b o t t o n  

o f  t h e  conduc t ion  band r e s p e c t i v e l  y, b u t  when U1<W -p ( s t a t e  T " ins ide l '  t e  
the  band) t h e  e x t r a  s t a t e  g i v e s  a  c o n t r i b u t i o n  t o  t h e  s u s c e p t i b i l i t y t h a t  

i s  p r o p o r t i o n a l  t o  Rn(U1/kT) when U1>> kT, and i s  t h e r e f o r e  impor tan t  a t  

s u f f i c i e n t l y  low 1; i t  produces a l s o  a  c a n c e l l a t i o n  o f  a  t e r m  w i t h  

Rn [B(W +v )I t h a t  appears when T i s  neg lec ted  o r  when Ur>W -p When T b e t e '  



i s  i n s  

t i v e  h  

conduc 

de t h e  band, i t  i s  t h e r e f o r e  U and n o t  W t h a t  p rov ides  an e f f e c -  

gh-energy c u t - o f f ,  as has been p o i n t e d  o u t  by Haldane15. 

I n  t h e  in te rmed ia te  va lence compounds E:-E~ i s  w e l l  w i t h i n  t h e  

i o n  band, b u t  U can be l a r g e  enough t o  t a k e  E:-E{ we l l  o u t s i d e  t h e  

conduc t ion  band ( i  .e. U1+u,>>Wt and t h e  s t a t e  T i s  " ou ts ide  t h e  band") . 
I n  t h i s  case a  term p r o p o r t i o n a l  t o  Rn( r  ) w i t h  r = ( V ' - w  +p )/(U1+W +u ) u u t e  b e  
g i v e s  t h e  re~nnant  e f f e c t s  o f  s t a t e  T on t h e  magnetic s u s c e p t i b i l i t y .  

Both when T i s  i n s i d e  o r  o u t s i d e  t h e  band, a l l  t h e  l o g a r i t h m i c  

c o n t r i  b u t  ions 

o u t  i n  the pu 

o n l y  a  p a r t i a  

The 

p o s s i b l e  phys 

t h a t  a r e  p resen t  i n  t h e  i m p u r i t y  case (c=O) a r e  c a n c e l l e d  

e  compound ( c = l )  as p o i n t e d  o u t  by tiewson13 f o r  SmS, and 

c o n t r i b u t i o n  appears f o r  i n t e r m e d i a t e  va lues  o f  c .  

symmetric problem w i t h  n e g a t i v e  U' would a l s o  c o r r e s p o n d t o  

c a l  s i t u a t i o n ,  b u t  w i l l  n o t  be considered i n  t h i s  work. 

Haldane15 has employed a  d iagramat i c  technique up t o  f o u r t h  

o r d e r  p e r t u r b a t i i n  t o  c a l c u l a t e  t h e  s u s c e p t i b i l i t y  o f  Anderson's impur i -  

t y ,  and h i s  c a l c u l a t i o n  r e l i e s  on the  i n f i n i t e  bandwidth m 0 d e 1 ' ~ ' ' ~  . I n  

our  models we have c a l c u l a t e d  o n l y  up t o  second o r d e r  p e r t u r b a t i o n  b u t  

we have considered a r b i t r a r y  va lues  o f  t h e  energ ies  Wt and -Vb. 

To compare o u r  r e s u l t s  w i t h  those d e r i v e d  w i t h i n  t h e  i n f i n i -  

t e  bandwidth model the  e x c i t a t i o n  energ ies  E'-E' and E:-E{ must be w e l l  
v P 

w i t h i n  t h e  conduc t ion  band (-Wb,Wt). 

I n  the  s p e c t r a l  ranges o f  temperature considered by Halda- 
1 5  ne we reproduce h i s  r e s u l t s  (up t o  second o r d e r )  f o r  r= (Wt -~e) /@b+~e)  

= 1 ,  b u t  when the  chemical p o t e n t i a l  p i s  n o t  symmet r i ca l l y  p laced i n  
e  

the band, a  c o n t r i b u t i o n  p r o p o r t i o n a l  t o  h ( r )  appears. The f a c t ,  p o i n -  

ted  o u t  by Haldane15, t h a t  e l e c t r o n s  o r  ho les  t h a t  have energ ies  much 

l a r g e r  than U can be considered as e f f e c t i v e l y  f r e e ,  i s  n o t  r e l e v a n t  

t o  t h e  e x i s t e n c e  o f  the term p r o p o r t i o n a l  t o  Rn(r )  whenU# 0: i n  Appen- 

d i x  3 we employ a  d i f f e r e n t  method t o  prove t h a t  t h i s  term i s  a l r e a d y  

p resen t  i n  t h e  e x a c t l y  s o l u b l e  model o f  f r e e  e l e c t r o n s  (U=O) w i t h  hy- 

b r i d i z a t i o n .  Note t h a t  Rn(r )  i s  n o t  a  d i v e r g e n t  c o n t r i b u t i o n :  i t s  v a l u e  

remains cons tan t  when bo th  W and W keeping r = ( ~  -v )/(W +p ) a  cons-  b t t e  b e  
t a n t .  Terms o f  the  t ype  Rn (W/kt) appear i n  the  second o r d e r  c o r r e c t i o n  



t o  X, b u t  o n l y  when t h e r e  a r e  i m p u r i t y  s t a t e s  o u t s i d e  the  band: t h i s  

s i t u a t i o n  i s  c l e a r l y  i n ~ o m p a t i b l e  w i t h  W and W * u n l e s s  t h e  energy o f  b 5 
the i m p u r i t y  a l s o  d ive rges .  From our  express ion  f o r  the  s u s c e p t i b i l i t y ,  

f o l l o w ç  t h a t  i )  the  ásymmetric p o s i t i o n  o f  ;i ( i . e  when 4 1 1 ,  ; i) the e 
v a r i a t i o n  o f  > I  wi t h  h' ( i . e .  when ( a 7 u e / a ~ 2 ) f O )  2nd i i i )  the presence 

' e  
o f  the  t h i r d  s t a t e  o f  charge, g  

te rmed ia te  va lence r e g i o n  ( i . e .  

and j p >  s t a t e s  a r e  simu!taneous 

t i o n .  

i v e  in ipor tant  c o r r e c t i o n  o n l y  i n  t h e  i n -  

/ E ~ ; / ~ T  > 5).  namel y  when b o t h  t h e  Ivu> - 'L 

l y  occupied i n  the  absence o f  h y b r i d i z a -  

I n  s e c t i o n  2 o f  t h i s  paper we b r i e f l y  d iscuss  the  model em- 

ployed, and g i v e  the  change &!' i n  t h e  Helrnholtz f r e e  energy when the  

h y b r i d i z a t i o n  t e m  i s  added t o  t h e  unper turbed Hami l ton ian.  I n  s e c t i o n  

3 we o b t a i n  the  magnetic s u s c e p t i b i l i t y  u i i n g  the f r e e  ef iergy d lscussed 

i n  the  p rev ious  sec t ion ,  and a d i s c i i s s i o n  o f  ttie formula (3.1)  employed 

t o  c a l c u l a t e  the  m a g n c t i z a t i o n  i s  g i v e n  i11 Appcndix 1. The genera l  ex-  

p ress ion  oF AF i s  p a r t i c u l a r i z e d  f o r  t h e  niodel d iscussed i n  t h i s  i n t r o -  

duct icm, and the  r e s u l  t; a r e  express id  i n  terms o f  t h r e e  f u n c t i o n s  Y,(Z), 

Y, (z) and Y,(x) t h a t  a r e  s t u d i e d  i n  appendix 2.  I n  s e c t i o n  4 we g i v e a p -  

p rox imate  a n a l y t i c a l  express ions o f  x f o r  s p e c i a l  l i m i t s  oF E /KT and 
d 

[ i r /kT,  and they a r e  shown t o  agrt-e, f o r  the  a p p r o p r i a t e  va lues  o f  con- 

c e n t r a t i o n  c and U r ,  w i t h  rhose o b l a i n e d  by Haldane16. The concentra-  

t i o n  dêpendence o f  AX i s  a l s o  d iscussed i n  t h i s  s e c t i o n  and r e s u l t s  o5 

the  nurnerical c a l c u ! a t i o n  o f  the  secona o r d e r  c o r r e c t i o n  a r e  p l o t t e d .  

Summary and conc lus ions  a r e  presented i n  s e c t i o n  5, where the  

method used i n  t h i s  paper i s  compared & i  t h  those employed by ~ e w s o n ' ~  

and by t(alda11e'~ t o  t r e a t  t h r  same type  o f  pro5lern. 

2. HYBRIDIZATION CORRECTIQN TO TME FREE ENERGY 
IR1 SECOND ORDER 

The tecltniques we employ i n  t h i s  paper a r e  z s s e n t i a l  l y  t h e  

sane used i n  I  and ! I ,  where a more d e t a i l e d  d iscuss io i r  was g i v e n .  The 

unper turbed Hami l t o n i a n  i s  



where B+.act:s l i k e  a c r e a t i o n  o p e r a t o r :  when t h e r e  i s  a  re fe rence  i o n .  
'v + .  

i n  i t s  ground s t i t e  o f  eneryy E, a t  s i t e  n, i t  i s  t ransformed hy B i n  
n j  

an impur i  t y  i n  quantum s t a t e  I j' c f  energy E': t h e  inverse  process i s  
d '  

acomp! i shed by 

The f o l l o w i n g  r u l e s  c f  p roduc t  f o l l o w  from sirnple p h y s i c a l  

arguments f o r  a  f i x e d  s i t e  n (c f .  1 .§2) .  

+ 
and t h e  p roduc t  BniBnk i s e q u i v a l e n t  t o  t h e  s tandard b a s  i s o p e r a t o r  

In j>+k  employed by Haldane15 2nd Hewson' ( c f  . l §§2,3),  wtiere j and k 

a r e  quantum s t à t e s  t h a t  d i f f e r  by one o r  ze ro  e l e c t r c n i c  charges. 

commute) when the  s t a t e s  I j >  and 

fermions, and the  same r u l e  appl  

p a r t i c u l a r  problem considered i n  

i f f e r e n t  s i t e s  n and rn commute ( a n t i -  

I k>  d i f f e r  by an even (odd) number o f  
+ + + 

i e s  f o r  B R j, BmS and B nj, Bmk ! f o r  t h e  

t h i s  paper, one c o u l d  assume t h a t  a l l  
f 

t h e  B and B a t  d i f f e r e n t  s i t e s  commute, h u t  i t  i s  more c o n s i s t e n t  t o  

use the  def  i n i t i o n  enployed h r r e ,  c t .  1 ~ 2 ) .  Ttie terms BnlBil iii ( 2 . 1  ) 

count  those c r y s t a l  s i t e s  i n  which a re fe rence  i o n  ( r a t h e r  than an im- 

p u r i t y )  i s  p resen t  i n  i t s  ground s t a t e ,  and we n e g l e c t  e x c i t e d  s t a t e s o f  
+ 

the  re fe rence  ions .  The Rnl Gni terrns can be e l i m i n a t e d  f rom (2.1),  and 

t h e  E !  a r e  then rep laced  by E = E!-Eo, which i s  t h e  energy necessaryto 
3 j 3 

s u b s t i  t u t e  a re fe rence  i o n  by an impur i  t y  i n  s t a t e  i j > .  The o p e r a t o r s  
+ 

b and b a r e  t h e  usual Fermion opera to rs ,  and t h e  subindex x i d e n t i -  x x 

f i e s  the  conduc t ion  s t a t e  Ix>=lka>.  They commute (anticommute) w i t h  
Bn,i 

and 8; when t h e  number o f  e l e c t r o n s  iii s t a t e  i s  even (odd) .  The l a s t  

t e m  i n  (2.1)  descr ibes  the  Coulomb i n t e r a c t i o n  between the  magnetic ions 

and t h e  conduc t ion  e l e c t r o n s  t h a t  was employed hy Ramirez and Fal i c o v Z 0  

t o  s tudy t h e  m e t a l - i n s u l a t o r  t r a n s i t i o n .  We s h a l l  c a r r y  t h e  G i n  t h e  

genera l  express ions o f  t h e  f r e e  energy and s u s c e p t i b i l i t y ,  b u t  we s h a l l  



p u t  G =O i n  the  model d iscussed i n  t h e  p resen t  paper. The h y b r i d i z a t i o n  
i x  

term, which w i l l  be employed as a p e r t u r b a t i o n  i n  o u r  c a l c u l a t i o n ,  i s  

and charge conserva t ion  impl i e s  t h a t  ckjx=O un less  t h e  s t a t e  IR> has one 

more e l e c t r o n i c  charge than the  s t a t e  I j > .  Under t r a n s l a t i o n a l  i n v a r i a n -  

n k j x  = Vkix exp ( - Z k . R  n ) and then IVnkjx~=~Vkjx~ . 
As was d iscussed i n  1 (55) t h e  use o f  B o p e r a t o r s  makes  i t  

p o s s i b l e  t o  cons ider  an ensemble c l o s e l  y  r e l a t e d  t o  t h e  grand canonica l  

f o r  the  i m p u r i t y  ions.  The chemical p o t e n t i a l  o f  t h e  i m p u r i t i e s  i n  s t a t e  

i j >  i s  then ob ta ined  f rom the  assumed v a l u e  o f  the  ensemble average <N.> 
3 

o f  the  number o f  i m p u r i t i e s  i n  t h a t  s t a t e ,  and by t h e  same procedure we 

o b t a i n  t h e  e l e c t r o n i c  as  a f u n c t i o n  o f  the  ensemble average o f  t h e  t o -  e 
t a l  number N o f  conduc t ion  e l e c t r o n s .  The V'. and p a r e  n o t  a r b i t r a r y ,  

e 3 e 
b u t  they must s a t i s f y  t h r e e  t y p e  o f  r e l a t i o n s  d iscussed below. 

a)  A l l  s t a t e s  j j >  belong t o  t h e  same chemical element ( o r  t o  

a reduced number o f  elements i n  more complex problems n o t  d i  s c u s s e d  i n  

t h i s  paper) ,  so t h a t  i n  thermodynamic e q u i l i b r i u m  i t  i s  

where we have gener i c a l  l y denoted wi t h  / p> a 

t o  the  most p o s i t i v e  s t a t e  o f  charge t h a t  wi 

11 t h e  s t a t e s  t h a t  correspond 

1 1  be considered f o r  the  im- 

p u r i t y ,  and by V the  e x t r a  number o f  e l e c t r o n s  t h a t  t h e  s t a t e  j j >  has. 
j 

The pj= V$ -v, i s  the  chemical p o t e n t i a l  o f  s t a t e  I j >  minus t h a t  o f  t h e  

re fe rence  ions (p , )  . 

I n  our  model t h e  t o t a l  number of s i t e s  i s  n o t  s u b j e c t  t o  t h e  

grand canon ica l  f l u c t u a t i o n s  b u t  has a f i xed  v a l u e  N, and t h e  number No 
o f  re fe rence  ions  i s  determined by t h e  r e l a t i o n s h i p  



As a consequence, the  chemical p o t e n t i a l  uo i s  n o t  an a r b i t r a r y  v a r i a b l e  

but  can be expressed as a f u n c t i o n  o f  the  pressure P o f  the  system ( c f .  

1 1 9 5 4 , s ) .  

11) The t o t a l  number o f  i m p u r i t i e s  i s  N =N.c so t h a t  
t 

where 

c )  L e t  C=N.nc  be the  t o t a l  number o f  conduc t ion  e l e c t r o n s  

t h a t  would be p resen t  i f  a l l  t h e  i m p u r i t i e s  were i n  s t a t e s  o f  t ype  p ; 

one should then s a t i s f y  the  equa t ion  

where n =N /A'. With  (2.4) ,  (2.5) and (2.6) one should be a b l e  t o  f i n d  Pe 
e e 

and t h e  !.I. and express u, as a f u n c t i o n  o f  t h e  t o t a l  pressure P. 
.I 

W i  t h  

U.=)ll.-Uo one then  w r i t e s  t h e  Gibbs f r e e  energy per  s i t e  o f  t h e  system as  
3 3 

1 
S = Pe<n,> + 11, + C <n .>!-I 

i 3 i  
(2.8) 

We have ob ta ined  & a t  cons tan t  V, T, N, N and N as t h e  t c 
d i f f e r e n c e b e t w e e n t h e  G c a l c u l a t e d f r o m  (2.8) w i t h a n d w i t h o u t t l  r e s -  

hyb 
p e c t i v e l y .  I n  the  c a l c u l a t i o n  we have o n l y  kep t  terms q u a d r a t i c  i n  the  

\Vnai1 
and neg lec ted  i n  the  f i n a l  r e s u l  t q u a d r a t i c  and h i g h e r  o r d e r  terms 

i n  the  v a r i a t i o n s  Ai? o f  any q u a n t i t i e s  R t h a t  appear i n  AG, as  w e l l  as 

terms o f  the  t y p e  I V  l 2  (A<n .>) . The express ion  ob ta ined  i s  Rix 3 

where 



and 

where @(2)  i s  t h e  5tep f u n c t i o n .  The genera l  express ion  o f  yjb i c ,  g i v e n  

i n  1 1  ( 4 . 5 )  and when a11 G =O 
J-x 

- @(E,-E .-E ) (2.12) 
3 x  

where b l / k T .  Both <n .>, and <n >, correspond t o  the  p r o b l e n ~  w i t h o u t  hy-  
3 x  

b r i d i z a t i c n ,  b e c a u s e  we h a v e  n e g l  ec  t e d  c o r r e c t i o n ~  o f  t h e  f o r m  

S ~ ' ( A < ~ ~ > )  and V I2(A<n.>) ,  so t h a t  f rom (2.4) and (2.6) f o l i o w r  
J-k 3 

and 

where t h e  E. correspond t o  ze ro  h y b r i d i z a r i o n  b u t  t o  an a r b i t r a r y  magne- 
3 

t i c  f i e l d .  These a r e  severa1 i rnpor tant  p o i n t s  t o  n o t i c e  about  ( 2 . 9 ) .  

i )  The irnprovement o f  t h e  p resen t  t rea tment  over  t h e  p rev ious  one i n  I ! ,  

i s  t h a t  AG i n  (2.9) can be smal 1 even f o r  l a r g e  va lues o f  I y  1 when Rjx 
t h e  B V , ~ ~ ~ ~  a r e  rnodrrate ly  s m a l l .  I n  I I  ( 4 . 1  the  d e f i n i t i o n  o f  

;"j i s  j u s t  

T h i s  g ( z )  i 

I i k e  ( 2 . 1 0 )  b u t  w i t h  gC(x )  rep laced by 

g ( x )  = Cl+[exp(-1- l ] /x I /x  (2 

s  v e r y  l a r g e  when x<<-1, and the  p h y s i c a l  e x p l a n a t i o n  

t h i s  c o n t r i b u t i  

t y  much i a r g e r  

quantum m i x i n g  

l a r g e r  probabi  i 

on i s  t h a t  a  h i g h l y  e x c i t e d  s t a t e  can have a p r o b a b i l i -  

than be expected f rom i t s  Boltzrnann f a c t o r  because o f  

w i t h  s t a t e s  o f  a  much lower energy, and t h e r e f o r e a m u c h  

i t y .  The l a r g e  exponen t ia l  i n  g(z) i s  then compensated 

i n  the  p a r t i t i o n  f u n c t i o n  by the  v e r y  smal 

o v e r a l l  e f f e c t  i s  reasonably  bounded. We d 

t h i s  f a c t  i n  the p rev ious  d e r i v a t i o n  o f  AG 

1 Bol tzmann f a c t o r ,  and the  

i d  n o t  take  a d v a n t a g e  o f  

, and t h e  r e s u l t  i n  I I  i s  



o n l y  

OU r 

and 

r e s t  

v a l  i d  when a l i  the  arguments o f  g ( x )  a r e  s u f f i c i e n t l y  sma l l :  i n  

n te rmed ia te  va lence model t h i s  requi rement  means t h a t  ! E  I << k T  d 
~ ' l < < k ~ ,  arid t h e  range o f  a1 lowed va lues  o f  7' i s  then severe l  y  

I c t e d  t o  r a t h e r  h i g h  va lues.  The express ion  i n  (2.10) was o b t a i -  

ned by s imple rearrangements o f  t h e  terms i n  the  p a r t i t i o n  f u n c t i o n ,  

t h a t  were s ~ g g e s t e d  by t h e  p h y s i c a l  arguments g i v e n  above. I n  (2.10) 

both 1 ~ ~ ;  and /u'/ can be much l a r g e r  than k T  and the  h y b r i d i z a t i o n  

s t r e n g t h  A, and the  o n l y  r e s t r i c t i o n  i s  t h a t  A/kT be s u f f i c i e n t i y  

smal I. 

i i )  The meaning o f  the  quantum numbers t h a t  i n  t h e  unper turhed system g i v e  

:he occupa t ion  number o f  s t a t e  Ij> a t  s i  t e  n and o f  e l e c t r o n  i n  s t a t e  

Ix>, i s  somewhat a l te i -ed  by t h e  rearrangement o f  terrris e r n p l o y e d  t o  

d e r i v e  (2.10), and t h e  va iues  o f  <n.> and <n > a r e  d i f f e r r n t  i n  t h e  
3 x  

two t reat inents .  Never the less as a consequence o f  charge conserva t ion  

and (2.4) ,  (2.6) and (2.7) t h e  li;i, and G remain lunchanged i n  t h e  e 
range o f  v a l i d i t y  o f  t h e  two rnetnods. 

i i i )  The AG obta ined  f rom (2.9) and (2.10) i s  c o r r e c t  t o  second o r d e r  i n  

t h e p e r t u r b a t i o n  parameters and i t  i s  t h e f i n o l  r e s u l t  o f  a  

c a l ç u l a t i o n  i n  which h igher  o rder  terms have been neg lec ted  f rom the  

f i n a l  express ion.  When t h e  h y b r i d i z a t i o n  i s  added t o  t h e  system, one 

should n o t  add e x t r a  c o r r e c t i o n  t o  t h e  unper turbed G,,, (e.g. l i k e  t h e  

(23) i n  r e f .  13) because these have been a l r e a d y  c a n s i s t e n t l y  cons ide-  

red  . 

i v )  As we have c a l c u l a t e d  AG a t  cons tan t  V and T, t h e  l e f t  hand s i d e  o f  

(2 .9)  g i v e s  t h e  change i n  t h e  Helmhol tz  f r e e  energy, and t h i s  wocld be 

t h e  thermodynamic f u n c t i o n  we s h a l l  use t o  c a l c u l a t e  t h e  magnetic sus- 

c e p t i b i l i t y .  T h i s  f u n c t i o n  i s  more convenient  than t h e  Gibbs f r e e e n e r -  

gy a t  cons tan t  pressure,  because one would then have t o  cons ider  how 

a l l  t h e  parameters i n  t h e  ~ a h i l t o n i a n  (2.1) and (2.3) change w i t h  t h e  

volume ( c f .  the  d i s c u s s i o n  o f  t h i s  problem i n  1155). 



3. MAGNETIC SUSCEPTIBILITY IN SECOND ORDER 

From t h e  Helmhol tz  f r e e  energy F=G - PV one can c a l c u l a t e  the  

magnet i za t ion  M 

I n  t h i s  express ion  and i n  a11 t h e  o t h e r  p a r t i a 1  d e r i v a t i v e s t h a t  

appear i n  the  t e x t ,  i t  i s  t h e  v a r i a b l e  V, T, N, Nt, N t h a t  remain cons- 
C 

t a n t ,  u n l e s s  e x p l i c i t l y  s t a t e d  o therw ise .  

A t  ze ro  magnetic f i e l d  i t  must be M=O i f  t h e  systern i s  paramag- 

n e t i c .  The s u s c e p t i b i l i t y  i s  

and we can use ( 2 . 9 )  t o  c a l c u l a t e  t h e  second o r d e r  c o r r e c t i o n s .  We assu-  

me t h a t  the  s t a t e  Ij> has an unper turbed energy 

where b P g i v e s  the  magnetic moment induced i n  t h e  s t a t e  I j> by the  mag- 
j - 

n e t i c  f i e l d  A'. We than o b t a i n  

where AX i s  g i ven  per  s i t e ,  i . e .  i s  t h e  t o t a l  AX d i v i d e d  by N. Both <n.> 
3 0  

and f. depend on ue, and t h i s  can be a f u n c t i o n  o f  H. If we assume t h a t  
3 .  

a t  I - 0  and f o r  each s t a t e  o f  charge o f  the  i m p u r i t y  i s  

where the  summation i s  over  a11 the  j o f  t h a t  s t a t e  o f  charge, we f i n d  

f rom ( 2 . 7 )  t h a t  (ape/a~)v,T = O a t  H = 0, and t h a t  



I n  t h i s  formula 

",' 
plYve) 

R ( T )  = k T  1 + - ( k ~ ) ' )  -- 
P (v,) 

where p(ve)  and p1'(1ie) a r e  t h e  d e n s i t y  o f  conduc t ion  e l e c t r o n s  and i t s  

second d e r i v a t i v e  a t  the  energy v . For a r e c t a n g u l a r  d e n s i t y  o f  s t a t e s  e 
i t  i s  R ( T ) ~ / N ~ ~ T / ( w  +W ) ,  which f o r  a  t y p i c a l  conduc t ion  band i s  a  v e r y  t b 
small  q u a n t i t y  even a t  roorn ternperature. I t  then f o l l o w s  f rom (2.13) t h a t  

(3.5) goes t o  ze ro  when c 4  b u t  t h a t  a t  v e r y  small  va lues  o f  c i t  i s  a l -  

ready v e r y  c l o s e  t o  t h e  v a l u e  i t takes a t  c= l  and then ( a 2  v / W 2 )  con-  e 
t r i b u t e s  t o  AX through b o t h  ( a 2 < n . > o / a ~ 2 )  and (a2f ./aH2). I n  Appendix 3 

3 3 
we show t h a t  t h i s  c o n t r i b u t i o n  has the  same o r i g i n  as  t h e  t y i n g  o f  t h e  

e f f e c t i v e  f l e v e l s  t o  t h e  Fermi leve1 i n  t h e  i n t e r m e d i a t e  va lence com- 

pound and t h e  l a c k  o f  such s t r o n g  c o n s t r a i n t  f o r  the  i ~ n ~ u r i t ~ ' ~ ' ~ ~ .  Using 

thermodynamic techniques we a l s o  show t h a t  t h e  corresponding concen t ra -  

t i o n  dependent c o n t r i  b u t i o n  t o  x i s  equal t o  t h a t  ob ta ined  by ~ e w s o n ' ~  

by employing a r a t h e r  d i f f e r e n t  approach. 

From (3.3) we o b t a i n  e s s e n t i a l l y  the  same express ion  g i v e n i n  I I  

(bu t  n o t e  t h e  l / c  f a c t o r s  and t h e  c o n t r i b u t i o n  o f  (a2v  /aH2) t h a t  were 

i n a d v e r t e n t l y  l e f t  o u t  i n  1 1  (4.17)) 

where 

b u t  n o t i c e  t h a t  f i n  (2.10) i s  d e f i n e d  w i t h  gc (x )  
j 

g ( x )  employed i n  1 1 .  

The express ion  (3.7) i s  v e r y  genera l ,  and 

( 3 . 8 )  

r a t h e r  than  w i t h  t h e  

c o u l d  be employed f o r  

any system w i t h i n  t h e  s p e c i f i c a t i o n s  d iscussed i n  5 2; i n  what f o l l o w s  

we a p p l y  (3.7) t o  t h e  model d iscussed i n  t h i s  paper, namely, a  l a t t i c e  



o f  Anderson i m p u r i t i e s .  We sha:l  n e g l e c t  p o i a r i z a t i o n  e f f e c t s  i n  ( 3 . 2 ) ,  

and take  E =E' E: =E\ t n  E and d =Eo so t h a t  o n l y  the  / va>  s t a t e s  
p p '  V 0  V T T 

a r e  rnagnetic i n  the unper turbed s i a t e ;  n o t i c e  a l s o  t h a t  (3.4) I s  s a t i s -  

f i e d .  i4e assune Eka= E + GH f o r  the  conduc t ion  e l e c t r o n s ,  anci t h a t  t h e  
k - 

o n l y  non-zero c o e f f i c i e n t s  7 . .  a r e  V 
(vo) p (ko) 

and Vd (va) C7C ;) wtiei-e a 
ZJX 

i s  the  s p i n  cornponect o p p o s i t e  t o  a a long  the  magnetic f i e l d .  ' rh i s  r e s -  

t r i c t i o r i  rneans t h a t  fi ' conserves the  s p i n  component a long  t h e  f i e l d .  hy b 
'de a l s o  assume t h a t  a l l  these c o e f f i c i e n t s  have the  same dependènce w i t h  

-f 

the  wave v e c t o r  k o f  the  conduc t ion  e i e c t r o n s ,  g i v e n  by a s i n g l e  function 

V ( k ) .  Kany c a n c e l l a t i o n s  o f  terms o f  t h e  type R ~ ( w / ~ T )  t h a t  occur  i n  our  

model would n c t  be complete i f  t h i s  sssumption were re laxed .  As the  cne- 

- e l e c t r o n  wave f u n c t i o n s  o f  the  i m p u r i t y  (say the  4f o r b i t a t s  i n  the  r a -  

r e - e a r t h  ~ rob !e rn )  probably  chõnge t h e i r  ex tens ion  w i t h  the  i o n i c  s t a t e  

o f  charge, the  h y b r i d i r a t i o n  w i l l  be d i f i e r e n t  and we should then expect 

p a r t i a !  c a n c e l l a t i o n s  o n l y .  

I n  the c a l c u l a t i o n  o f  f fva and f T  we r e p l a c e  the  sums over  
-> P '  
k by i n t e g r a t i o n s  over  the B r i  l l o u i n  zone, and o n l y  t h e  a v e r a g e  o f  

-t 

/ ~ ( 4 )  / over  ~ u t - f a c e s  i f  cons tan t  e l e c t r o n i c  energ ies  a r e  requ i red:  

r 
rn .A(~)  = n (v / '8n3) j  

3 (2)  

so t h a t  A(x)=O when x i 5  o u t s i d e  

~ a l d a n e ' % e  assume t h a t  A(z)=d 

t h e  conduct i o n  band (-wb,hit). Fo 

s  a cons tan t  i n s i d e  t h e  band b u t  

I lowing 

we de- 

p a r t  f rom h i  s " i n f  i n i  t e  bandwidth" model by l e t t i n g  u be anywhere in  t h e  e 
band, i . e .  we do n o t  se t  W -1i. =h1 +1i. =V. To w r i t e  a convenient  express ion 

t e  b e  
f o r  the  f; we in t roduce  

cl 

and W 
I -exp ( - t )  P x p ( t - x )  + I]-' dt 

(3.11) 

t h a t  w i l l  be s t u d i e d  i n  appendix 2 ,  and f o r  W>>I the  d i f f e r e n c e  between 

Y,(x,w) and Y,(x)=Y,(x,~) i s  v e r y  sma l l .  I f  we assume t h a t  - @ W  << @(E + 
b d 

+ u,) << BWt we f i n d  



As discussed i n  the  i n t r o d u c t i o n  t h e r e  a r e  severa1 q u a l i t a t i v e l y  d i f f e -  

r e r t  reg ions  of va lues  o f  U ' :  we s h a \ l  cons ider  

We s h a l l  say t h a t  "T i s  i n s i d e  (ou ts ide)  the  band" i n  case i 

(case i i ) .  When T i s  i n s i d e  t n e  band t h e  second term i n  f vanishes be- 
v0 

c a u s e ~ ( x ~ ~ )  = O f o r  nega t i ve  W, and when-r i s  o u t s i d e  the  band f =O and -r 
t h e  two f i r s r  terins i n  fva n e a r l y  c a n c e l l  each o t h s r ;  t h e  s t a t e  -r g i v e s  

t h e r e f o r e  r z t h e r  d i f f e r e n t  c o n t r i b u t i o n s  t o  AX i n  t h e  two cases. 

3.1. Stale I T > inside Phe band 

: n  t h e  express ion  below, we have neg lec ted  c o n t r i b u t i o n s p r o p o r -  

t i o n a l  t o  ( k l ' / ~ )  and I t s  square, as  w e l l  a5 Ed/W and U1/W, where W=W +?.I b e 
o r  W=Wt-Ue. We have kept  terms w i t h  a  <nr>, f a c t o r  t o  i n c l u d e  t h e  case 

o f  m a l  1  va lues  o f  the  Couiomb r e p u l s i o n  LI, and we have used (2.6) t o  

o b t a i n  a  more 

AX = 

compact formula 



where Yl (x)  and Y 2 ( x )  a r e  the  f i r s t  and second d e r i v a t i v e s  o f  Y o ( z )  r e s-  

p e c t i v e l y ,  F = ( w ~ - ~ ~ ) / ( w ~ + ~ , )  andM i s  t h e c o n t r i b u t i o n p r o p o r t i o n a l  t o  
1-i 

(a2~e/a~2). 

I n  cases o f  i n t e r e s t  i t  i s  u s u a l l y  BUr >> 1 ,  so t h a t  <n >, 'L O 
-i 

and the  second term i n  (3.13) can be neg lec ted .  The f i r s t  term i s  propor-  

t i o n a l  t o  < n  >, < n  >, , and c o n t r i  butes o n l  y  when t h e  corresponding s t a t e s  
O v 

o f  charge a r e  bo th  a p p r e c i a b l y  populated;  i . e .  i n  t h e  i n t e r m e d i a t e  va-  

lente regime, which corresponds approx imate ly  t o  /E ( ; 5kT. I n  t h i s  r e-  d 
gime there  i s  near degeneracy o f  unper turbed s t a t e s  assoc ia ted  t o  d i f f e -  

r e n t  s t a t e s  o f  charge, and t h e i r  r e l a t i v e  p r o b a b i l i t y  would be a  sens i -  

t i v e  f u n c t i o n  o f  t h e i r  energy d i f f e r e n c e ,  which i n  o u r  problem is a f f e c -  

ted by changes i n  the  magnetic f i e l d .  We t h e r e f o r e  expect  i n  t h e  i n t e r -  

mediate va lence regime some l a r g e  c o n t r i b u t i o n s  t o  x and o t h e r  d i f f e r e n -  

t i a 1  p r o p e r t i e s  t h a t  would van ish  when <n > <n >, goes t o  zero, i .e . ,  i n  
v 0  P 

the s i n g l e  va lence regime. The thermodynamic p e r t u r b a t i o n  method shows 

i n  t h i s  problem i t s  s u p e r i o r i t y  over  t h e  o r d i n a r y  p e r t u r b a t i o n  t h e o r y ,  

because t h e  use o f  t h e  t r a c e  i n  t h e  c a l c u l a t i o n  o f  t h e  p a r t i t i o n  f u n c t i o n  

a u t o m a t i c a l l y  c o r r e c t s  t h e  d i f f i c u l t i e s  assoc ia ted  w i t h  degeneraccy. 

Two impor tan t  e f f e c t s  appear i n  t h e  i n t e r m e d i a t e  v a l e n c e r e g i o n .  

The f i r s t  i s  r e l a t e d  t o  t h e  term R n ( r ) ,  t h a t  vanishes i n  t h e  " i n f i n i t e  

bandwidth"  c a l c u l a t i o n  o f  ' ~ a l d a n e l ' .  I t  seems then c l e a r  t h a t  h i s  method 

corresponds t o  t a k i n g  a  p r i n c i p a l  v a l u e  around i n f i n i t y  and t h a t  t h e r e  

i s  a  non-zero b u t  f i n i t e  c o n t r i b u t i o n  when b o t h  W and W tend t o  i n f i -  
b t 

n i t y  bu t  keeping cons tan t  t h e  r a t i o  . E a r l i e r  i n  t h i s  s e c t i o n  we d i s -  

cussed t h a t  terms o f  t h e  t ype  R ~ ( w / W )  would a l s o  be p resen t  i f  t h e  hy- 

b r i d i z a t i o n  cons tan t  between d i f f e r e n t  s t a t e s  o f  charge were n o t  the  sa- 

me: t h e i r  c a n c e l l a t i o n  seems t h e r e f o r e  more an a r t i f a c t  o f  t h e  model than 

an e s s e n t i a l  p r o p e r t y  o f  the  system. 

T h e s e c o n d e f f e c t  i s p r o d u c e d  by t h e  s t a t e  t h r o u g h  t h e  

Y , ( B u ' )  presen t  i n  t h e  f i r s t  term o f  (3.13). When BUf>>l i t s  c o n t r i b u -  



t i o n  i s  p r o p o r t i o n a l  t o  t n ( 6 U r ) ,  and t h e  Y, ( 6 ~ ' )  and Y,(Bu') appear ing i n  

t h e  remain ing terms o f  (3.13) can be neg lec ted .  

I t  i s  t h e r e f o r e  c l e a r  t h a t  e x c i t e d  s t a t e s  t h a t  a r e  i n s i d e  t h e  

conduc t ion  band should n o t  be f o r g o t t e n  even when they  a r e  n o t  t h e r m a l l y  

e x c i t e d ,  and we remark t h a t  t h e  two e f f e c t s  d iscussed above v a n i s h  i n  

the  s i n g l e  va lence reg ion .  

I n  t h e  c o n t r i  b u t  i o n  p r o p o r t i o n a l  t o  ( a 2 u e / a ~ 2 )  we assume aga i n  

t h a t  BUr>>1, because then <n >,,'L O and t h e  express i o n  o f  M i s s  impl i - 
T 1-i 

f ied :  

here 8 i s  equal t o  (3.5) d i v i d e d  i n t o  6a2, and v a r i e s  f rom c =O a t  c=O 
1-i 1-i 

t o  c = - 1 at: c=l.  I t  i s  then c l e a r ,  t h a t  M would produce s i g n i f i c a n t  
1-i u 

c a n c e l l a t i o n s  i n  (3.13) i n  the  i n t e r m e d i a t e  va lence compound ( c f .  d i s -  

cuss ion  a f t e r  (3 .6 ) ) :  i n  p a r t i c u l a r ,  a1 1 t h e  l o g a r i t h m i c  c o n t r i b u t i o n s  

van ish  f o r  c = l .  

3.2. State I T > outside the band 

We assume here t h a t  T i s  w e l l  o u t s i d e  t h e  b a n d  i . e .  t h a t  

6(Ur+ue-Wt)>> 1 ,  and we have neg lec ted  IEdl/W. We have kep t  smal l  terms 

i n  kT/W, because they  correspond t o  those o f  t h e  t ype  kT /u r  t h a t  a r e  p re -  

sen t  when T i s  i n s i d e  t h e  band and kT/Ur i s  v e r y  sma l l :  



Y = 0.57721 . . .  i s  E u l e r ' s  cons tan t  and 

i t i s  then c l e a r  t i i a t  when O'>> (Wl+k7 ) i t i s  r  =1 an3 t h e  s t a t e  T can De. b u 
! e f t  comp le t l y  o u t  o f  the  c a l c u l â t i o n .  Even i f  r # I ,  t h e  c o n t r i b u t i o n  o f  

U 

h ( r  ) would n o t  be t o o  l a r y e  when U '  >> v - The c o n t r i b u t i o n  
U. i; l-ie.  

R~>I/(W~+~,)] i s  p resen t  hoth when T i s  o u t s i d e  t h e  baiid o r  when t h i s  

s t a t e  i s  neg lec ted .  j e f f e r s o n  and stevensg ob ta ined  t h i s  ter in w i t h  a  

c o e í f  i c i e n t  5/6, because they cons ide ied  t h e  ground s t a t e  o i  sm3+, which 

i s  s i x F o l d  degenerate. I n  o u r  case the c o e f f i c i e n t  i s  1/2 tecause w o n l y  

cons ide red  two magrietic s t a t e s  Ivm.  

Only 1/2 o f  the  c o n t r i b u t i o n  p r o p o r t i o n a l  t o  R n b )  remains when 

T i s  o u t s i d e  t h e  band, and the  c o n t r i b u t i o n  p r o p o r t i o n a l  t o  (a2pe/M2) i s  

When c=l t h e  

e f f e c t  wâs a  

f i r s t  term c a n c e l l s  e x a c t l y  t h e  f i r s t  term i n  (3 .15 ) ,  t h i s  

I ready noted by ~ e w s o n '  i n the  case o f  SrnS. 

3.3. Unperturbed susceptibility 

I n  o u r  model t h e  unper turbed s u s c e p t i b i l i t y  i s  X, = 
Xoc + Xop' 

where x i s  the  P a u l i  s u s c e p t i b i l i t y  per  s i t e  o f  the  unper turbed con- 
OP 

d u c t i o n  e l e c t r o n s ,  and 



i s  t h e  Cur ie  s u s c e p t i b i l i t y  o f  t h e  ~ n p e r t u r b e d  rnagnetic ions.  I n  our  

theory  a l  l chariges producec! by flhyb a r a  a l r e a d y  inc luded  i n  (3.3) and 

t h e r e f o r e  i n  (3.13) and (3.15) .  

4. THE SUSCEPTIBILITY IR1 VARIOUS LIMITS AND NUMERICAL 
RESULTS 

I t  i s  now easy t o  d e r i v e  a n a l y t i c a l  approx imat ions t o  (3.13) 
7- 

and (3.15) i n  v a r i o u s  i n t e r e s t i n g  l i m i t s  by use o f  t h e  r e s u l t s  presen- 

ted  ir1 Appendix 1 .  We s h a l l  cons ider  i n  each l i m i t  t h e  two cases o f  -r 

i n s i d e  o r  o i i t s i d e  t h e  band, and compai-e i n  t h e  f i r s t  case w i t h  t h e  r e -  

s u l t s  ob ta ined  by b!aldane15 f o r  t h e  Anderson i m p u r i t y .  

We expand a11 t h e  f u n c t i o n s  i n  (3.13) as a  s e r i e s  i n  BEdand 

f3ur about  the  v a l u e  zero, and we f i n d  

f 

--  + - (2 ( Y ,  (O: + Y, ( O) )  v - 
8 ( k ~ )  'lT OP 

Th is  express ion  corresponds t o  t h e  s t a t e  T i n s i d e  t h e  band, and when 

1-1 c o i n c i d e s  t o  f i r s t  o r d e r  i n  A w i t h  t h e  expansion o f  fo rmu la  (23) 

o f  Haldane, p rov ided  t h a t  2 ( ~ ,  (O) + ~ ~ ( 0 ) )  be equal t o  t h e  cons tan t  

A=0.85255 t h a t  appears i n  t h a t  express ions :  our  numer ica l  c a l  cu1.a t i o n  

g i v e s  t h e  v a l u e  0.8525568; and i n  what f o l l o w s  we s h a l l  w r i t e  2(Y1(0)+ 

+ Y,(O)) := A. We have assumed t h a t  T i s  s u f f i c i e n t l y  small  so t h a t  t h e  

P a u l i  s u s c e p t i b i l i t y  x s t i l l  d e s c r i b e s . t h e  conduc t ion  e l e c t i o n s .  
O P  

n o t  

a  na 

compa 

l y t i c a  

When t h e  s t a t e  T 

t i b l e  wi t h  BU' <<1 

1 express ion  i n  t h  

i s  o u t s i d e  t h e  band i t  i s  U1>W -v which i s  t e  
and B(wt-pe) >> I, so we s h a l l  n o t  g i v e  an 

I s case. 



4.2. Intermediate Temperature Asymmetric limit, U :, > kT > > 1 E, 1 

T h i s  i s  the  most i n t e r e s t i n g  case f o r  the  i n t e r m e d i a t e  va lence 

problem. We neg lec ted  E /U a g a i n s t  1 ,  and f o r  t h e  s t a t e  .r i n s i d e  t h e  d 
band we f i nd 

where 

When r=l, the  d e f i n i t i o n  (4.3) o f  V ,  c o i n c i d e s  w i t h  Haldane's, p rov ided  

t h a t  exp(~~(O))=.rr/Z. Wi th  t h e  Yo(0 )  ob ta ined  by numer ica l  i n t e g r a t i o n  we 

have found 1.570796334 r a t h e r  than 7r/2 = 1.570796327, which serves t o  

v e r i f y  t h e  accuracy o f  o u r  numer ica l  method. The o n l y  d i f f e r e n c e s  w i t h  

Haldane t o  f i r s t  o r d e r  i n  A a r e  t h e  7r2/18 i n  t h e  f i r s t  term, t h a t  comes 

f rom t h e  l / x 2 term i n  (1.6) and a minus s i g n  r a t h e r  than  a p l u s  i n  the  

term w i t h  30 E Because o f  the  agreement w i t h  the  r e s t  o f  the  formula, d' 
we b e l i e v e  t h a t  t h i s  i s  o n l y  a t ypograph ica l  e r r o r  i n  Haldane's  paper. 

When t h e  s t a t e  T i s  o u t s i d e  the  band we f i n d  



(W, was d e f i n e d  i n  (3.16)).  

Comparing (4.3) w i t h  (4.4) we see t h a t  when s t a t e  T goes f rom 

i n s i d e  t o  o u t s i d e  t h e  band, U' i s  rep laced  by Wt-v, ar Wb+p, as was 

p o i n t e d  o u t  by ~ a l d a n e ' ~ .  

4.3. Low-Ternperature Kondo Limit - E', U' >> kT 

I n  t h i s  l i m i t  <nV>, * /2  and <n > = < n  >,=O. When T i s  i n s i d e  
P O  ,r 

t h e  band 

and t h i s  X c o i n c i d e s  up t o  l i n e a r  terms w i t h  Haldane's  r e s u l t  when ve ne- 

g l e c t  against  ( E d ) - ' .  The express ion  f o r  T i n  (4.5) and t h e  s t a t e  

T cou ld  have been l e f t  o u t  f rom t h e  c a l c u l a t i o n  because these terms can 

be neg 1 ec ted . 

4.4. Low Temperature Asymmetric Singled Limit U' > > E, > > k T 

l t  i ç  now <n >,=c and <n > = <n > =O, and when T i s  o u t s i d e  
P V 0  T O  

the  band we f i n d  

When r i s  i n s i d e  t h e  band, t h e  second te rm i n s i d e  t h e  b racke t  d isappears 

and we o b t a i n  Haldane's r e s u l t  up t o  f i r s t  o r d e r  i n  A .  As i n  t h e  prev ious 

case the  s t a t e  T can be neg lec ted  i n  t h i s  regime. 

4.5. The Intermediate Valence Compound 

As we d iscussed i n  s e c t i o n  3 f a i r l y  l a r g e  c a n c e l l a t i o n s  i n  X 

a r e  produced by a term p r o p o r t i o n a l  to (a2ue/a~') a t  r a t h e r  smal 1 va lues  

o f  c when c increases f rom c=O t o  c=l.  When H=O i t  i s  (ap /aH)=O, b u t  e 



t h e  second d e r i v a t i v e  i s  g iveq  by ( 3 . 5 )  and I s  o f  the  o r d e r  f3a2 when a t  

l e a s t  two s t a t e s  o f  charge a r e  a p p r e c i a b l y  occupied i n  the  unper turbed 

system. 

I n  the  h i g h  temperature l i m i t  <n  >o=<nv>o=<n > =1/4, and o n l y  
P T 0 

t h e  case o f  .r i n s i d e  the  hand i s  i n t e r e s t i n g .  When r # 1  t t i e r e  i s  a  con- 

t r i b u t i o n  p r o p o r t i o n a l  t o  ~ - ~ R n ( r )  and t h e  l a r g e s t  co r i -ec t ion  i s  p ropor-  
- 4 

t i o n a l  t o  S wben r = l ;  the  e f f e c t  i s  t h e r e f o r e  n o t  impor tan t  i n  t h i s  

temperature range. The case PU1>>1 i s  more i n t e r e s t i n g :  i t  i s  <nT>, = O 

and f rom (3 .5 )  we f i n d  

SG t h a t c  can h e c l o s e  t o  - 1  on!y  when <ny'o<n > o  i s  much l a r g e r  than 
1-i P 

"R('?) 3 ( p e ) l i v ,  which i s  f a i r l y  smal l  ( c f .  d i s c u s s i o n  a f t e r  ( 3 . 6 ) ) .  Th is  

c o n t r i b u t i o n  t o  x 1s t h e r e f o r e  impor tan t  o n i y  i n  the  i n t e r m e d i a t e  va len-  

ce reg ion .  For temperatures i n  the  r e g i o n  IEd I<<~T<<u t h e  c o r r e c t  i o n  t o  

x w5en T i s  i n s i d e  t h e  band i s  

and wheri i s  o u t s i d e  t h e  band i t i s  equal t o  

The express ions (4.8)  and (4.9) should be added t o  (4 .2 )  and 

(4 .4 )  r e s p e c t i v e l y  which then have some o f  t h e i r  terms, and i n  p a r t i c u -  

l a r  a11 t h e  l o g a r i t h m i c  ones, c a n c e l l e d  o u t .  I n  t h e  low temperature r e-  

g ions  d iscussed i n  s e c t i o n s  4.3 and 4.4 o n l y  one s t a t e  o f  charge i s  ap-  

p r e c i a b l y  populated,  so t h a t  c =O and t h e  corresponding c o r r e c t i o n  t o  X 
li 

vanishes.  



4.6. Numerical calcuiations 

W i  t h  t h e  numer ica l  va lues  o f  Y o ,  Y1 2nd Y, discussed i r )  Appen- 

d i x  1 we can c a l c u l a t e  t h e  AX g iven  i n  (3.13) and (3.16) f o r  a r b i t r a r y  

va lues o f  E U' and T. We s h a l l  o n l y  g i v e  t h e  va lues  f o r  the  s i n g l e  irn- 
0' ' 

p u r i t y  case when T i s  i n s i d e  t h e  band. The curves should r e t a i n  t h e i r  

q u a l i t a t i v e  f e a t u r e s  when i s  o u t s i d e  t h e  band, b u t  w i t h  Wb + lJe and 

Wt-ve t a k i n g  t h e  p l a c e  o f  U'; t h i s  r e l a t i o n s h i p  i s  c l e a r l y  seen when 

(4.4)  i s  compared w i t h  ( 4 . 2 ) .  As d iscussed i n  s e c t i o n  4.5, t h e r e  a r e  im- 

p o r t a n t  c a n c e l l a t i o n  i n  t h e  i n t e r m e d i a t e  

q u a l i t a t i v e  f e a t u r e s  o f  t h e  curves should 

t i o n  f rom C=O t o  C=l .  

I n  f i g u r e  1 we p l o t  ~ ' . A x  ( i n  un 

a f u n c t i o n  o f  Ed/kT f o r  severa1 va lues  o f  

a lence  cornpound, b u t  aga in  t h e  

be ma in ta ined  i n  t h e  t r a n s i -  

t s  o f  c (2a12  A / ( n k  / ) as 

t h e  cons tan t  r a t i o  (U/Ed); t h i s  

procedure corresponds t o  g i v e  TAX as a f u n c t i o n  o f  1/T when U arid Ed 

a r e  kep t  cons tan t .  

Tne va lues Ed/kT <<-1 correspond t o  the  low- temperature Kondo 

1 i m i t ,  and t h e  o r d i n a t e  i n  f i g .  I i s  c l o s e  t o  -1/2 when I u / E ~ ~ > > I ,  i n  

agreement w i t h  ( 4 . 5 ) .  I n  t n e  low temperature s i n g l e t  l i m i t  (Ed/kT>>l) t h e  

v a l u e  TAx tends t o  ze ro  as the  i n v e r s e  o f  t h e  absc issa Ed/kT. The va-  

lues lEd/k91'5 correspond t o  t h e  i n t e r m e d i a t e  va lence r e g i o n ,  and t h e  

dependenceof  T.& w i t h  I ~ J / E ~ ~  i s c l e a r l y  shown. T h e c o n t r i b u t i o n  o f  

R n ( r ) ,  t h a t  was s e t  equal t o  ze ro  i n  f i g u r e  1 ,  would a i s o  a f f e c t  t h e  sus- 

c e p t i b i l  i t y  b u t  o n l y  i n  t h i s  reg ion .  

The neighbourhood o f  t h e  o r i g i n  i n  f i g u r e  1 i s  desc r ibed  b y t h e  

terms p r o p o r t i o n a l  t o  A i n  (4.2) when U/M=(U/Ed). (Ed/ki") >> I and t o  

those i n  (4.1) when U / m  << 1. As t h i s  r e g i o n  corresponds t o  v e r y  l a r g e  

T Ax T, b o t h  f o r  p o s i t i v e  and nega t i ve  va lues  o f  Ed, t h e  behaviour  o f  

near t h e  o r i g i n  i s  n o t  s u r p r i s i n g .  

The r a t h e r  spec ia1 case U=O has been c a l c u l a t e d  both w i th  (3 

and w i t h  t h e  express ion  ( 3  .8) t h a t  i s  ob ta ined  i n  Appendix 3 by 

d i f f e r e n t  method. There i s  p e r f e c t  agreement between t h e  two numer 

r e s u l t s ,  and the  curve  i s  symrnetrical i n  Ed/kT a s  i t  i s  show i n  

graph. 
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E,, / k T  

Fig. 1 - F u i i  i ines represent TAx (where AX i s  the second order correc- 

t i o n  t o  the suscep t ib i l i t y )  as a funct ion of Ed/kT fo r  constant values 

10'. 104, i 02  and O o f  the r a t i o  u / I E ~ I .  The dashed i ine represents the 

unperturbed ion i c  s u s c e p t i b i l i t y  n( a t  constant u / ~ E ~ ( .  This curve 
OC 

takes the value 0.125 a t  the o r i g i n  and the p l o t  has a d i p  i n  thatneigh-  

bourhood that  i s  not  represented i n  the f i gu re  and depends on the value 

o f  U//E 1 The u n i t s  a re  c í 2 d 2  d/í lrklEdl) f o r  TAx and cíZa)*/k fo r  'i'x ; 
d ' oc 

note the d i f f e r e n t  scaies empioyed i n  the f i gu re .  

The curves a t  constant u / ( E ~ ~  correspond t o  p lo t s  of TX and TAx a t  OC 

constant O and Edas a funct ion i /T .  

I n  f i g .  1 we have a l s o  p l o t t e d  Qoc i n  u n i t s  o f  ~ ( 2 a ) ~ / k  as 

g i v e n  i n  (3.18) b u t  n o t e  t h e  d i f f e r e n t  sca le .  The p l o t  i s  a  f u n c t i o n  o f  

1/T a t  cons tan t  Ed and U, and takes t h e  v a l u e  0.125 a t  t h e  o r i g i n  ( i . e .  

f o r  T-). I n  t h i s  neighbourhood t h e r e  i s  a  d i p  t h a t  i s  more pronounced 

when ~ U / E ~ \  i s  l a r g e r  and can n o t  be d i s t i n g u i s h e d  c l e a r l y  i n  t h e  s c a l e  

used t o  draw f i g .  1 .  

I n  a11 cases, t h e  per tu rbed  va lues o f  x a r e  a reasonable ap- 

prox i rnat ion o n l y  f o r  s u f f i c i e n t l y  smal l  va lues o f  BA. 



k i g .  2 - F u l l  l i n e s  represent T'A% as a f unc t i on  o f  E  kT f o r  constant  d 
values 10'. 104, 102 and O  o f  the r a t i o  u / ( E ~ / :  they correspond t o  the 

p l o t  of T ~ A X  as a f unc t i on  o f  I / T  w i t h  E  and U  kept  constant, and a l l  d  
take t he  va iue -0.21314 a t  the o r i g i n .  

The dashed l ines represent  T2b% but  f o r  constant  values ) o 8 ,  104, 10' 

of  U / k T :  they correspond t o  a p l o t  o f  T2Ax  as a f unc t i on  o f  Ed w i t h  U  

and T  kept  constant .  When U=O the curve a t  constant  U/kT  co inc ides w i t h  

t h a t  a t  constant  u / ( E ~ [ .  

The two types o f  curves are i nd i s t i ngu i shab ie  f a r  from the o r i g i n .  The 

u n i t s  employed here a re  c ( 2 ~ ) ~ b / n k ~ .  

I n  f i g u r e  2 we p l o t  T'AX as a f u n c t i o n  o f  E /!i' i n  adequate 
d 

u n i t s ;  the  f u l l  l i n e s  correspond aga in  t o  cons tan t  va lues  o f  U/ Ed , i.e., 

t o  v a r i a b l e  1/T and cons tan t  U and Ed. The v a l u e  a t  t h e  o r i g i n  i s  - A / k  

= -0.21314 i r 1  t h e  u n i t s  employed, and t h e  same t y p e  o f  s lope  d i s c o n t i -  

n u i t y  observed i n  f i g .  1 i s  present  here.  

I n  t h e  r e g i o n  I E ~ / ~ T ) > ~ ,  t h e  p l o t s  o f  T2AX a t  cons tan t  U/kTare 

p r a c t i c a l l y  c o i n c i d e n t  w i t h  those a t  cons tan t  U/[E I ,  b u t  c l o s e  t o  t h e  ex 
o r i g i n  they a r e  r a t h e r  d i f f e r e n t ,  and have been drawn as dashed l i n e s .  

The curves have con t inuous  s lope a t  t h e  o r i g i n ,  and they represen t  ?'*AX 

as a f u n c t i o n  o f  E a t  cons tan t  T and V .  The neighbourhood o f  the  o r i g i n  d 



then corresponds t o  an a r b i t r a r y  v a l u e  o f  T b u t  f o r  s u f f i r i e n t l y  smal l  

Ed. The values l ~ ~ / k T / < 5  correspond t h e r e f o r e  t o  v e r y  d i f f e r e n t  phys i c a l  

pa ramr te rs  i n  t h e  two cases (cons tan t  WkT. vs.  cons tan t  U/IE~I), b u t  i t  

i s  i n  t h i s  r e g i o n  o f  E /k2: t h a t  the  va lues  o f  U and Rn(i.) a f f e c t  AX d 
when -c i s  i n s i d e  t h e  band 

The case U=O i s  a l s o  p l o t t e d  i n  f i g .  2 and the  sârne graphs a r e  

ob ta ined  a t  cons tan t  U/IE / and czonstant U/kT. d 

5. SUMMARY AND CONCLUSIBNS 

We have employed t h e  rnethod o f  thermodynamic p e r t u r b a t i o n  up t o  

second o rder  t o  c a l c u l a t e  the  change o f  t h e  Helmhol tz  f r e e  energy and 

the  magnetic s u s c e p t i b i l i t y  when t h e  h y b r i d i z a t i o n  term i s  considered as 

a p e r t u r b a t i o n  and V T N N and N a r e  kep t  cons tan t .  
C t 

We have employed a s o r t  o f  grand canon ica l  ensemble in t roduced  

p rev ious ly1" '2 ,  b u t  we have rearranged t h e  summation i n  t t ie  grand ca-  

non ica l  p a r t i t i o n  f u n c t i o n  t o  extend t h e  v a l i d i c y  o f  our  express ions t o  

i a r g e  va iues  o f  I E ~ ~ / ~ T .  

I t  i s  i n t e r e s t i n g  t o  compare our  technique t o  those employed by 

~ e w s o n ' ~  and Haldane" i n  the  s tudy  o f  s i m i l a r  problerns. Both Hewson 

and Haldane use t h e  s tandard b a s i s  o p e r a t o r s  X =Inp><nq/ o f  Hubbardz2 
P-7 

t o  w r i t e  t h e  model Hami l ton ian;  we employ ins tead  c r e a t i o n  aad d e s t r u c -  

t i o n  o p e r a t o r s  f o r  i rnpur i t i es11 '12  d e f i n e d  through (2.2) and r e l a t e d  t o  

t h e X  byXn,pq=Bnp + B Our e x t e n ç i o n  has t h e  advantage t h a t  a r b i -  
n ,pq 

t r a r y  c s n c e n t r a t i o n s  o f  i m p u r i t i e s  a r e  t r e a t e d  n a t u r a l l y  w i t h  t h e B  ope- 

r a t o r s ,  which a r e  w e l l  s u i t e d  t o  an ensernble w i t h  v a r i a b l e  number o f  

e l e c t r o n s  and i m p u r i t i e s .  

The t h r e e  techniques a r e  r a t h e r  d i f f e r e n t :  Hewson uses Green's 

f u n c t i o n s  t o  t r e a t  t h e  c - l  case o f  SmS, w i t h  o n l y  two s t a t e s  o f  charge 
2+ 

(5m3+ and Sm ). Haldane cons iders  t h e  impur i  t y  Anderson 's  model (c+ O) 

w i t h  a i l  t h e  t h r e e  p o s s i b l e  s t a t e s  o f  charge and uses a d i a g r a m a t i c  

technique assuming an "i nf i n i  t e  bandwidth".  OU^ express ions (3 .3 )  was 

ob ta ined  by a r a t h e r  s t r a i g h t f o r w a r d  c a l c u l a t i o n  w i t h  the  thermodynamic 



p e r t u r b a t i o n  method, and i s  a p p l i c a b l e  t o  any o f  t h e  two o t h e r  model s ;  

we have employed (3 .3 )  t o  s tudy the  Anderson 's  nodel  f o r  a r b i t r a r y  con- 

c e n t r a t i o n  c  and f o r  a  r e c t à n g u l a r  band. Our method agrees p e r f e c t !  y  

w e l l  w i t h  the  o t h e r  two i n  the  p roper  l i m i t s .  I n  t h e  i m p u r i t y  case(c+O) 

we o b t a i n  a p e r f e c t  agreement when we employ Haldanels symmetric " i n f i -  

n i t e  bandwidth" model. I n  t h e  c = l  case we o b t a i n  an e x t r a  c o n t r i b u t i o n  

t o  x t h a t  c o i n c i d e s  n u m e r i c a l l y  w i t h  the  c o r r e c t i o n  p r e d i c t e d  by Hew- 

son 's  technique f o r  our  model: t h e  a n a l y t í c  express ions seem r a t h e r  d i f -  

f e r e n t ,  bu t  we have been a b l e  t o  prove u s i n g  thermodynamic a rgurnen  t s  

t h a t  the  two a r e  equal .  

A l l  these r e s u l t s  g i v e  con f idence  i n  o u r  method, and i t  i s  i n -  

t e r e s t i n g  t o  cons ider  depar tu res  f rom the  c o n d i t i o n s  s e t  by t h e  o t h e r  

two methods. A new c o n t r i  b u t i o n  p r o p o r t i o n a l  t o  h ( r )  wi  t h  r =(wt-l-i,)/ 

/(W~+V,) appears i n  our  c a l c u l a t i o n ,  b u t  i t  vanishes when t h e  e l e c t r o -  

n i c  chemical p o t e n t i a l  i s  j u s t  i n  t h e  rniddle o f  t h e  conduc t ion  band 

(-w ,W ) as should be t h e  case w i t h  the  " i n f i n i t e - b a n d w í d t h"  model em- 
b t 

ployed by ~ a l d a n e ' ~ .  The two c a l c u l a t i o n s  then g i v e  t h e  same r e s ~ l  t s  up 

t o  second o r d e r  and i t  seems t h e r e f o r e  c l e a r  t h a t  t h e  method o f  Haldane 

f o r c e s  t h e  system t o  a symmetry, which i n  genera l  i s  n o t  p resen t  i n  phy- 

s i c a l  s i t u a t i o n s .  I t  has been argued t h a t  s t a t e s  t h a t  a r e  near t h e  t o p  

o r  t h e  bot tom o f  t h e  conduc t ion  band have such a l a r g e  energy d i f f e r e n -  

ces w i t h  the  Fermi energy t h a t  a r e  e f f e c t i v e l l y  f r e e  w i t h  regard  t o  the  

Coulomb r e p u l s i o n  U, and t h a t  t h e r e f o r e  a te rm l i k e  Rn( r )  should n o t  be 

p resen t .  T h i s  argument i s  i n v a l  i d a t e d  by t h e  presence o f  t h e  Rn( r )  even 

í n  t h e  f r e e  e l e c t r o n  case (u=o) w i t h  h ~ b r i d i z a t i o n .  

I n  i n t e r m e d i a t e  va lence problem o n l y  two s t a t e s  o f  charge a r e  

u s u a l l y  considered,  on t h e  grounds t h a t  i t  i s  necessary a v e r y  l a r g e  

energy t o  c r e a t e  those t h a t  a r e  neg lec ted .  As we have s t u d i e d  a l a t t i c e  

o f  Anderson i m p u r i t i e s  t h a t  have t h r e e  s t a t e s  o f  charge, we have been 

a b l e  t o  analyse t h e  approx imat ion  o f  c o n s i d e r i n g  o n l y  two o f  t h e m  i n  

the  c a l c u l a t i o n .  The energy d i f f e r e n c e  between t h e  neg lec ted  s t a t e  ( T  ) 

and those w i t h  one e l e c t r o n  l e s s  (va) i s  U r + ~  =E'-E' and we a s s u m e  e ~ v  
BU'>>l: t h i s  guarantees t h a t  t h e r e  i s  a  negl  i g i b l e  thermal o c c u p a t  i o n  

o f  the  s t a t e  T i n  t h e  unper turbed problem.Two p h y s i c a l  s i t u a t i o n s  a r e  

poss i b l  e  



1) U'+U >W i .e. t h e r e  a r e  s t a t e s  o f  the  band w i t h  energy equal t o  
e t '  

2) U'+y <W i .e. t h e r e  a r e  no such s t a t e s  
e t ' 

It i s  enough t o  cons ider  BIU'+U - W t l ~ > l .  I n  case I )  we have e 
found t h a t  the  t h i r d  s t a t e  o f  charge has two e f f e c t s  on t h e  s u s c e p t i b i -  

l i t y :  I a )  i t  g ives  a c o n t r i b u t i o n  p r o p o r t i o n a l  t o  R ~ ( B u ' ) ,  I b )  produces 

a c a n c e l l a t i o n  o f  a  term w i t h  R n l : ~ ( ~ ~ + p ~ ) ]  l e a v i n g  o n l y  a c o n t r i b u t i o n  

t o  t h e  Rn( r )  d iscussed above. 

I n  case 2 )  the  e x t r a  s t a t e s  has v e r y  l i t t l e  e f f e c t  on  t h e  sus- 

c e p t i b i l i t y :  i t  c o n t r i b u t e s  a term w i t h  Rn( r  ) ,  b u t  because o f  t h e  ab- 
U 

sence o f  I a )  and I b) , t h e r e  i s a term p r o p o r t i o n a l  t o  Rn B(wb+p,) i n s -  

tead o f  the  R n ( f 3 ~ ' ) .  I t  i s  then c l e a r  t h a t  e x t r a  s t a t e s  o f  charge can 

be neg lec ted  i n  case 2) b u t  n o t  i n  case I ) .  We should remark t h a t  a l l  

these terms w i t h  Rn!r), Rn(r  ) ,  Rn(BUr) and R n @ ( ~ ~ + p ~ ) ]  a r e  p r o p o r t i o -  
u 

na1 t o  <np>o<ny>, and t h e r e f o r e  c o n t r i b u t e  o n l y  i n  t h e  in te rmed ia te  va-  

lente regime. We have a l s o  concluded t h a t  t h e  c a n c e l l a t i o n  I b )  would be 

o n l y  a p a r t i a l  one i f  the  h y b r i d i z a t i o n  c o e f f i c i e n t s  between d i f f e r e n t  

p a i r s  o f  s t a t e s  o f  charge were n o t  t h e  same. 

I t  has been p o i n t e d  o u t  by ~ e w s o n ' ~ ,  t h a t  some o f  t h e  Rn(W/kT) 

terms t h a t  appear i n  t h e  i m p u r i t y  case a r e  c a n c e l l e d  o u t  i n  t h e  pure 

cornpound. I n  our  case a l i  the  l o g a r i t h m i c  terms a r e  c a n c e l l e d  o u t  a t  

c = l  and they g i v e  a p a r t i a l  c o n t r i b u t i o n  t h a t  i s  n o t  l i n e a r  i n  c a t  i n -  

te rmed ia te  va lues  o f  c o n c e n t r a t i o n .  

I would l i ke t o  express my g r a t i  tude t o  P r o f .  Leo Fal i c o v  f o r  

many e n l  i g h t e n i n g  comments and f o r  c r i  t i c a l  l y read ing  t h e  manuscript:  

APPENDIX I 

The Helmhol tz  f r e e  energy and s u s c e p t i b i l i t y  i n  t h e  grand cano- 

n i c a l  ensemble. 



Sonietimes i t  i s  found i n  the l i t e r a t u r e  tha t  the Helmholtz f r e e  

energy F i s  equal t o  -kTQnz, where z i s  the grand p a r t i t i o n  f u n c t i o n ;  

the co r rec t  expression f o r  a system w i t h  a s ing le  component i s  ra ther  

where we w r i t e  N t o  i nd i ca te  <N> ( i n  t h i s  Appendix o n l y  < N >  should ap- 

pear) and use V f o r  the t o t a l  volume o f  the system. Nevertheless, the 

use o f  a formula tha t  would be wrong f o r  F gives the correctexpression 

f o r  the magnetization when kTRnz i s  employed: 

To express M i n  terms o f  F, we take the p a r t i a l  d e r i v a t i v e  o f  

(1 . I )  a t  constant N, V, T 

We assume tha t  the equation 

can be solved i n  p, t o  g ive  

and we apply the chain r u l e  o f  p a r t i a l  de r i va t i ves  t o  the l a s t  term i n  

( I  . 3 )  

so tha t  together w i t h  (11.2) and (11.4) we ob ta in  



and r e p l a c i n g  (1.7) i n t o  (1.3) 

[E] - -. 
ali, NVT - 

T h i s  i s  a v e r y  w e l i  known r e l a t i o n s h i p ,  and i s  g i v e n  here o n l y  t o  i n d i -  

c a t e  t h e  idea behind a s i m i l a r  b u t  more invo lved  d e r i v a t i o n  o f  equa t ion  

(3.1) f o r  a system w i t h  one type  o f  i m p u r i t y  ions  i n  severa1 s t a t e s  o f  

charge j. The concen t ra t ions  correspondi i tg  t o  t h e  d i f f e r e n t  s t a t e s  o f  

charge i s  n o t  a r b i t r a r y ,  b u t  the  r e l a t i o n s  (2.4) must be s a t i s f  i e d .  

There a r e  l e f t  o n i y  two independent c o n c e n t r a t i o n s  and we chose N =N.c 
t 

(c:. (2 .6 ) )  and N = N . n  ( c t .  (2 .7) )  t o  d e s c r i b e  t h e  s t a t e  o f  systern. 
C C 

From the  genera l  express ion  ( c f .  (5.9) i n  r e i e r e n c e  1 1 )  

and 

F = fluo + N u + N 1 ~ -  - kl'Rnz 
t p  c e  

one d e r i v e s  t h e  equa t ion  t h a t  corresponds t o  (1.8) narneiy 

which i s  j u s t  (3 .1 ) .  I t  i s  then c I e a r  t h a t  ( 3 . 1 )  i s  e q u i v a l e n t  t o  ( 1 . 9 ) ~  

and n o t  incornpat ib le  t o  t h a t  express ion  o f  M. 

The p r o p e r t i e s  o f  X(x,W) and Y , ( x ,W)  d e f i n e d  i n  (3.10)and!3.11) 

a r e  s t u d i e d  here.  They a r e  b o t h  r e l a t e d  by 



where y = 0.57721 . . .  i s  E u l e r ' s  cons tan t ,  and 

E, (V) = e x p ( - t )  .d Rn t r W 

When W > > I .  one can use t h e  asympto t i c  expansion g i v e n  by A b r a m o w i  t z  

and s tegunZ3 

The E,(w) appears a l s o  i n  t h e  r e l a t i o n s h i p  between Y,(x,W) and 

Y, (x,m) : 

Y0 (2, W) = Y0 (2) - exp (x )  . E ~  ( V )  + [I +exp (-x)] . 

and we can then r e p l a c e  Y, ( 2 , ~ )  by Y0 (x) i n  a1 l t h e  X ( Z , W )  o f  (3.12) 

when f3 ( ~ ~ - 1 - i ~ )  >> 1 . 

For negat i v e  $<<- I  we have 

( i  i . 5 )  

and f o r  p o s i t i v e  x > > +  1 

Thz f u n c t i o r i s  Y,(x,w) and Y,(x,w), d e f  ined r e s p e c t i v e l y  as t h e  f i r s t  

and second d e r i v a t i v e s  o f  Y, ( x , ~ )  wi t h  respec t  t o  x, a r e  a l s o  expressed 

as i n t e g r a l s ,  and s i m i l a r  r e l a t i o n s h i p s  t o  Y,(x) and Y,(x) and a p p r o x i -  

mate a n a l y t i c a l  express ions f o r  l a r g e  1x1 can be eas i  1 y  found. 

We have a l s o  c a l c u l a t e d  y 0  (x ) ,  Y~ (2) and Y, ( x )  by numer ica l  i n -  

t e g r a t  i o n  up  t o  a l a r g e  W and subsequent use o f  ( ~ . 4 )  f o r  Y,'(x) and t h e  



e q u i v a l e n t  r e l a t i o n s h i p s  f o r  Y, (3) and Y, ( x )  . The va lues  a r e  presented 

i n  F i g u r e  3,  where Y o ( x )  has been p l o t t e d  i n  a  d i f f e r e n t  s c a l e  than  

Y,(x) and Y , ( x ) .  

Fig.  3 - The f unc t i on  Y o ( z )  and i t s  two d e r i v a t i v e s  Y , ( x )  and Y 2 ( x )  are 

p l o t t e d  i n  t h i s  greph. Note the d i f f e r e n t  sca le  used f o r  Y o ( s ) .  

APPENDIX III 

The case o f  a  s i n g l e  i m p u r i t y  w i t h  no c o r r e l a t i o n  (U=O) can be 

so lved e x a c t l  y  (see e.g. 2 4  ) and one can express t h e  suscept i b i  I i t y  i n  

a  c losed  forrn. T h i s  express ion  can be expanded i n  a  power s e r i e s  o f  the  

parameter A  employed i n  the  t e x t  and compared w i t h  t h e  r e s u l t s  o b t a i -  

ned by thermodynamic p e r t u r b a t i o n  i n  t h e  case U=O. 

Fo l low ing  ~ a l d a n e " ,  we ob ta ined  the  exac t  Greenls f u n c t i o n s  o f  

Zubarev t h a t  a r e  r e l e v a n t  t o  t h e  problern, and employed t h e  H e l  l m a n n -  

Feynman theorem t o  express t h e  l o g a r i  

z(u,A) as an i n t e g r a l  over  t h e  h y b r i d  

A = I T P ( P ) ~  as parameter,  where p  i s  the 

g u l a r  band assumed i n  t h e  p resen t  der 

b r i d i z a t i o n  cons tan t .  We f l n d  

hm o f  the  grand p a r t i t i o n  f u n c t i o n  

z a t i o n  cons tan t  ?. We s h a l l  use 

d e n s i t y  o f  s t a t e s  i n  the  r e c t a n -  

v a t i o n ,  and 7 i s  an average hy- 



where 

and r i s  t h e  con tour  (-A-iq)+(+A-irl)+(+A+in)+(-A+iq)+(-A-iq) . Both A  and 

rl a r e  r e a l  p o s i t i v e  numbers, rl i s  s m a l l e r  than IT (so t h a t  t h e r e  a r e  

no s i n g u l a r i t i e s  o f  f i n s i d e  r) a n d w e  p r e s e n t l y  t a k e A w .  I n  ze ro  

f i e l d  t h e  energy o f  an e l e c t r o n  i n  t h e  band s t a t e  o r  i n  t h e  i m p u r i t y  

a r e  E$ and E r e s p e c t i v e l y ,  and EzE-',. For s u f f i c i e n t l y  smal l  A  we can 

expand t h e  l o g a r i t h m  i n  (111.1) as a  s e r i e s  o f  powers i n  A  when w i s  on 

r ;  i n  lowest  o r d e r  we o b t a i n  

where i s  the p r i n c i p a l  v a l u e  o f  the  i n t e g r a l  and k 

An impor tant  p o i n t  n o t i c e d  by ~ e w s o n ' ~  i s  t h a t  when the  h y b r i -  - 
d i z a t i o n  cons tan t  changes f rom zero  t o  i t s  f i n a l  v a l u e  V, the  chemical 

p o t e n t i a l  ue must change f rom uo t o  p=po+Apo i f  t h e  t o t a l  n u m b e r o f e l e c -  

t r o n s  i s  t o  be kep t  cons tan t ,  and t h a t  Ap, i s  o f  o r d e r  A. The Ap, and 

the  corresponding change i n  the  suscept i b i  1  i t y  Ax,=x(p,O) -x(po,O) depend 

on t h e  i m p u r i t y  c o n c e n t r a t i o n  c and they a r e  n e g l i g i b l e  when c tends t o  

zero, as i t  i s  the  case o f  a  s i n g l e  i m p u r i t y  and a  l a r g e  number N o f  s i -  

tes .  Never the less,  we shal l  g i v e  Ax,, f o r  two purposes: 1) t o  compare w i t h  



the  r e s u l  t d e r i v e d  i n  t h e  t e x t  arid 2) t o  see how smal l should be c t o  

n e g l e c t  A x 0 .  I t  should be emphasized t h a t  t h e  corresponding c o r r e c t i o n t o  

AG has been inc luded  i n  t h e  d e r i v a t i o n  o f  (2.9) as i m p l i e d  i n  t h e  com- 

rnent i i i  neãr the  end o f  s e c t i o n  2. 

W i  t h  thp  use o f  (1 .2)  we c a l c u l a t e d  t h e  t o t a l  change o f  x per  

where the  terms p r o p o r t  iona l t o  

appear when we cons i d e r  t h e  Av,  d i scussed above, and we have used f=flBEdj 

t o  shor ten  t h e  formulas.  When terms of t h e  o r d e r  Ed/(wt-v,) and Ed/(wb+ 

+v ) a r e  ney lec ted ,  the l o g a r i t h n i  i n  (111.8) i s  equal t o  t h e  Rn( r )  t h a t  
e 

appears i n  (3 .13) ,  and i t  i s  indeed p resen t  i n  AX when C, i s  negl  i g i b l e .  

To compare (111.8) w i t h  (3.13) we n o t i c e  t h a t  wtisn U=H=O i t  i s  

where as Defore f = f ( ~ ~  1 .  
d 

I n  t h e  equa t ion  (3.14) f o r  i- we have neg lec ted  <n >, and i n  
1-i 'r 

the  p resen t  c a l c u l a t i o n  we have t o  use (3.5) and (3 .7)  i ns tead .  The ex-  

p r e s s i o n  f o r  AX i s  then ob ta ined :  



where 

I n  t h e  s i n g l e  i m p u r i t y  case i t  i s  c = l / ~  and then C,=C2. From 

( 1 I 1 . 1 1 )  we see t h a t  C, i s  a p p r e c i a b l y  d i f f e r e n t  f rom zero  when 

i .e .  when t h e  change i n  t h e  occupã t ion  number o f  t h e  N =N..c i m p u r i t i e s  
t 

per u n i t  v a r i a t i o n  o f  t h e  i m p u r i t y  energy i s  much l a r g e r  than t h e  d e n s i -  

t y  o f  band s t a t e s .  I n  t h i s  case, a  change i n  t h e  energy E o f  t h e  impu- 

r i t y  r e q u i r e s  an approx imat l y  equal change i n  1_i so t h a t  t h e  t o t a l  num- 

ber o f  e l e c t r o n s  be a  cons tan t  (E-V then remains p r a c t i c a l  1 y  t h e  same). 

For t h e  usual d e n s i t i e s  p, t h e  o p o s i t e  s i t u a t i o n  i s  t r u e  when A7 -1, and t- 
t h e  change o f  the  i m p b r i t y  p o p u l a t i o n  because o f  the  v a r i a t i o n  o f  E i s  

e a s i l y  absorbed by t h e  band s t a t e s .  I n  t h i s  case 11 remains a p p r o x i m a t l y  

cons tan t  t o  keep unchanged t h e  t o t a l  number o f  e l e c t r o n s .  

We have compared formulas ( !  11.8) and ( 1  11.10) a n a l y t i c a l l  y  i n  

t h e  two extreme l i m i t s  !$Ed1<<l and If3Ed1>>l, and n u m e r i c a l l y  f o r  i n t e r -  

mediate va lues  o f  f3Ed : the  r e s u l t s  c o i n c i d e  f o r  a11 
Wdd. 

Al though t h e  mechanism by which t h i s  c o n c e n t r a t i o n  dependence 

appears i n  kx v a r i e s  w i t h  t h e  mode o f  c a l c u l a t i o n ,  t h e  f i n a l  c o n t r i b a -  

t i o n  should be t h e  same, as i t I s  indeed t h e  case. In ( 1  11.8) t h e  energy 

o f  the  i m p u r i t y  i s  a l t e r e d  by t h e  h y b r i d i z a t i o n  w i t h  t h e  band s t a t e s ,  

and a  AV, ( n e g l i g i b l e  f o r  usual va lues o f  P i n  the  s i n g l e  i m p u r i t y  case) 

i s  necessary t o  keep the  t o t a l  number o f  e l e c t r o n s  cons tan t ;  when M i s  



c á l c u l a t e d  w i t h  (1.21, o n l y  ( a ~ / a H ) ~ = 0  appears i n  x and ( a 2 p / a ~ 2 ) N  does 

n o t  c o n t r i b u t e .  I n  the  d e r i v a t i o n  o f  (111.10) we employ (1.8) t o  o b t a i n  

M ,  and ( a 2 y / a ~ 2 ) N  c o n t r i b u t e s  t o  Ax: i n  t h i s  case i t  i s  t h e  v a r i a t i o n  

w i t h  h' o f  the  energy leve1 o f  t h e  i m p u r i t y  t h a t  causes t h e  c o n c e n t r a -  

t i o n  dependence ( t h e  changes i n  p  produced by changes i n  A have a l r e a d y  

been inc luded  i n  AF, whictt i s  g i v e n  a t  a  cons tan t  number o f  e l e c t r o n s ) .  

The f a c t  t h a t  depending on t h e  mode o f  d e r i v a t i o n  t h e  concen- 

t r a t i o n  dependence i s  g iven  by two d i f f e r e n t  express ions,  seems t o  i n -  

d i c a t e  t h a t  t h e r e  should be some r e l a t i o n s h i p  between (a2p/aB2) A,N and 
(a~/aA), ,. We have indeed ob ta ined  t h i s  r e l a t i o n s h i p  by c a l c u l a t  i n g  

1 -  , 

(ax/aAjNR i n  two d i f f e r e n t  ways, and we have found 

and 

where 

FA = [g] 
Nli 

The two r e l a t i o n s  (1 11.12-13) were ob ta ined  by t h e  usual  techniques em- 

p loyed  i n  thermodynamics, and a r e  v a l i d  a t  B=O i n  t h e  paramagnetic case 

(we have used ( a ~ / a H ) ~  = O i n  t h e  der  i v a t  i o n  o f  (1 1 1 .12-13)).  The d e r i  - 
v a t i o n  i s  sornewhat invo lved  and s h a l l  n o t  be g iven  here.  The rneaning o f  

these formulas i s  apparent  when we n o t e  t h a t  i n  the  l i n e a r  approximation, 

A  t imes (ax/aA) c a l c u l a t e d  a t  A  = O g i v e s  t h e  change i n  x a t  cons tan t  
Nli 

N produced by t h e  h y b r i d i z a t i o n  and t h a t  A.FA g i v e s  t h e  AF t h a t  c o r r e s -  

ponds t o  (2 .9 ) .  Equat ing (111.12) t o  (111.13) we f i n d  

which p rov ides  t h e  r e l a t i o n  t h a t  would be expected t o  h o l d  between t h e  

two d e r i v a t i v e s  o f  p  a t  cons tan t  N. The l e f t  hand s i d e  ( t imes A) -i s  t h e  



c o n t r i b u t i o n  M t o  (3.13) and t h e  r i g h t  hand s i d e  ( t imes  A) i s  t h e  c o r -  
Fi 

r e c t i o n  (22) employed by ~ e w s o n l ~  i n  h i s  d e r i v a t i o n .  

We iiave a l s o  extended the  p r o o f  o f  ( 1  i i . l 5 )  t o  t h e  rnode l em- 

ployed i n  the  t e x t ,  i n  which t h e r e  i s  a v a r i a b l e  nurnber o f  i m p u r i t i e s  i n  

d i f f e f e n t  s t a t e s  o f  charge: t h e  t o t a l  number o f  impur i  t i e s  i s Nt=N.c and 

the  t o t a l  nurnber o f  e l e c t r o n s  i s  N =N.n We have been a b l e  t o  prove the 
C c' 

equal i t y  

where 

F~ = [E] NtN,Ng 

The (111 .16)  i s  t h e  n a t u r a l  e x t e n s i o n  o f  (111.15), and aga in  i t  

i s  ( a ~ i , / a H ) ~  = O f o r  H = O i n  t h e  paramagnetic phase. 
t. c 

From t h i s  appendix, l i t t l e  doubt  can remain t h a t  t h e  te rm w i t h  

Rn(r )  i s  p resen t  i n  t h e  i m p u r i t y  case, as w e l l  as t o  t h e  e x i s t e n c e o f  t h e  

c o n c e n t r a t i o n  dependent term. T h i s  l a s t  te rm appears even i n  t h i s  " s i n -  

g l e  ion"  approx imat ion  i n  which t h e  i n t e r a c t i o n  between i m p u r i t i e s  i s  ne- 

g l e c t e d .  Depending on  t h e  mode o f  c a l c u l a t i o n  t h e  express ions  o b t a i n e d  

s e e m d i f f e r e n t ,  b u t  (11!.16) shows t h a t  t h e c o n t r i b u t i o n  i s  indeed t h e  

sarne i n  t h e  two cases. 
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