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The v a l i d i t y  o f  t h e  a d i a b a t i c  approx imat ion  i n  t h e c a s e o f  the 

c o l l i s i o n  o f  a semi- c lass ica l  charged p r o j e c t i l e  and a t a r g e t  atom i n  a 

degenerate s t a t e  i s  examined. The t a r g e t  i s  Hydrogen atom i n  t h e  f i r s t  

e x c i t e d  s t a t e ,  which a l l o w s  c a l c u l a t i o n s  t o  be performed a n a l y t i c a l l y ,  

w i t h i n  t h e  d i p o l a r  i n t e r a c t i o n  and "no-quenching" assumptions. We con- 

f i r m ,  i n  a p r e c i s e l y  q u a n t i t a t i v e  way, t h a t  t h e  a d i a b a t i c  approx imat ion  

breaks down f o r  impact parameters l a r g e r  than  t h e  Weisskopf r a d i u s  and 

we supply  t h e  exac t  wave f u n c t l o n  d e s c r i b i n g  t h e  c o l l i s i o n .  

A va l idade do t r a  tamen t o  ad i a  bá t i c o  da c o l  i são de uma par  t ícu- 

I a  carregada com um a l v o  em estado degenerado é examinada, d e n t r o  das 

aproximações de i n t e r a ~ ã o  d i p o l a r ,  de t r a j e t ó r i a  semi- c láss ica  e de tran- 

s ições l im i  tadas ao grupo de sub-níve i  s degenerados ( " n ~ - ~ u e n c h i  ngU). O 

a l v o  é um átof io  de ~ i d r o g ê n i o  no p r i m e i r o  estado exc i tado ,  para o qual  

os c á l c u l o s  podem ser  f e i t o s  a n a l i t i c a m e n t e .  Confirma-se de forma quan- 

t i  ta t i vamente  p r e c i s a  que a aproximação a d i a b á t  i c a  de ixa  de v a l e r  quan- 

do o parâmetro de impacto se t o r n a  maior  que o r a i o  de Weisskopf e ob- 

tem-se a função de onda exa ta  que descreve a c o l  i s s o .  
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1. INTRODUCTION 

i e x t b o o k s  m o s t l y  d iscuss  the  ~ a l i d i t y  o f  the  a d i a b a t i c  appro- 

x i m a t i s n  o n l y  i n  the  non-degenerate case (see, f o r  instance,  s c h i f f l ) .  

The a p o r o x i n a t i o n  i s  nonet!?eless used i n  a s e s  o f  t a r g e t  degeneracy i n  

some c01 1 i s i o n  prcblems i n  o r d e r  t o  simpl i f y  ( c r  even make p o s s  i b l  e )  

c a l c u l a t i o n s :  such i s  t h e  case oF some i ine-broadening t h e ~ r i e s ~ ' ~ .  I t 

i s  thus w c r t h  d i s c u s s i n g  i t s  v a l i d i t y  i n  the  case o f  degeneracy as dee- 

p l y  as p o s s i b l e .  

The a d i a b a t i c  approx imat ion  depends e s s e n t i a l l y  on t h e  r a t i o  

o f  the  t ime d e r i v a t i v e  o f  t h e  t r a n s i t i o n  m a t r i x  slement t o  t h e  energy 

d i f f e r e n c e  betweer: s ta tes l :  when t h i s  r a t i o  i s  s m ~ l l l ,  we can s u p p o s e  

t h a t  each p o s s i b l e  i n i t i a l  s t a t e  o f  t h e  system sirnply undergoes a  phase 

sh i  f t  as t i n e  passes, t h e  p r o b a b i l  i t y  o f  "jurnping" t o  another  s t a t e  being 

n e g i i g i b l e .  I n  t h e  case o f  a  degenerate t a r g e t  s t a t e ,  the  s p i i t t i n g  i n  

energy i s  induced hy the  c o l l i s i o n a l  i n t e r a c t i o n  itseZf, thus r e q u i r i n g  

a  s p e c i f i c  t rea tment .  The problems connected w i t h  t b e  breakdown o f  t h e  

approx imat  i o n  have been r e c e n t l  y  r a  i sed and d i scu5sed by  osl lamber^ b u t  

they were a l r e a d y  d e a l t  w i t h  s i n c e  1959 by Margenau and ~ e w i s ~ ,  among 

o t h e r s .  

I n  the  case o f  a  Hydrogen atom undergoing c o l l i s i o n  w i t h  a  

charged p a r t i c l e  assumed t o  t rave1  a long  a s t r a i g h t  c l a s s i c a l  pa th ,  2nd 

w i t h i n  the  efec;r ic d i p o l a r  i n t e r a c t i o n  2nd no-quenching a s s u m p t  í o n s ,  

c a l c u l a t i o ~ i  o f  p r o b a b i l i t y  amp l i tudes  cari be performed a n a l y t \ c a l l y ,  

thus a l l o w i n g  ü r á t h e r  c l e a r  i n s i g h t  o f  t h e  p rob len .  These c a l c u i a t i o n s  

were f i r s t  made hy L i s i t s a  atíd S h o l i n 6  and p f e n n i g 7 ,  and were o b t a i -  

ned independent ly  by t h i s  a u t h o r .  



We r e f e r  t u  f i g .  1 f o r  t h e  geomet r i ca l  d e s c r i p t i o n  o f t h e c o l -  

l i s i o n  between a f i x e d  H atom i n  t h e  s t a t e n - 2  and a c l a s s i c a l  p a r t i c l e  

o f  charge 2: e, impact parameter and v e l o c i  t y  V. Two c o o r d i n a t e  sys- 
P 

tems a r e  used: t h e  f i x e d  (x,Y,z) system and t h e  r o t a t i n g  ( x , Y ? Y , z )  sys- 

tems. The ang le  0 descr ibes  t h e  c o l l i s i o n ,  as i t  takes va lues  f r m - ~ / 2  

t o  71/2. 

For each p o s i t i o n  o f  t h e  per tuber  we cons ider  t h e  S t a r k  s t a -  
.+ -+ 

t e s  (r). $2-$21- (r), $,: (qZ1  0 -$200) /J2 ,  Ji,: (ili2 lo+~j;.00)/J2, whe- 

r e  t h e  Ji a r e  labe led  i n  t h e  usual way. I n  t h e  f i x e d  re fe rence  system 
n h  -i 0; 

(x,Y,z) these wave f u n c t i o n s  a r e  w r i t t e n  4 .  = e y Qi, i = i ,  2, 3,4, 2. 

and t h e i i -  energy-eigenvalues a r e  c', = E, = I1 ( t e k i n g  t h e  u n p e r t u r b e d  

enzrgy as o r i g i r i  o f  the e r ie rg ies ) ,  E,=-3e (z, r, E, = 3 e  a, $ where 

F = Z e/ l i ? r f : ,~~  i s  the  i n t e r i s i t y  o f  the  e l e c t r i c  f i e l d  c r e a t e d  by t h e  
P 

p e r t u r ~ e r  o f  charge Z e. W r i t i n g  t h e  wave f u n c t i o n  o f  the atom as:  
F 

the  usual clevelopmentl ieads t o  t h e  se t  o f  coupled d i í f e r e n t i a !  equa- 

t i o n s :  

p r o p e r t y  S =S* and 
nm rnn ' 



The Jm m a t r i x  can be e a s i l y  c a l c u l a t e d ,  g i v i n g :  

Changing independent v a r i a b l e s  f rom t t o  8 and by 

to = -", we o b t a i n :  

('1 ( a l  - a,) d B = - y -  

The system (5) reduces t o  t h e  s i n g l e  equa t ion :  

where c and a depend on Lhe i n i t i a l  c o n d i t i o n s  through t h e  r e l a t i o n s :  



The s o l u t i o n  o f  (6) i s  t h e  w e l l  known express ion  

a, (0) = E  cos (m 0 + $C) + (5 .IC(K')/(K~+I) . (7)  

where E  and $, a l s o  depend on i n i t i a l  condi t i o n s .  As f o r  t h e  o t h e r  p r o -  

b a b i l i t y  ampl i tudes,  we f i n d :  

3. RESULTS 

Choosing a # ( - W 2 )  = 6 we p u t  t h e  H atom i n i t i a l l y  i n  s t a -  z i , l '  
t e  121 1>. Equations (7a), (7b) ,  (7c) and (7d) then  g i v e :  

We choose V i n  t h e  form o f  t h e  thermal v e l o c i t y  o f  a  p r o t o n  

V = (3kT/M ) 'I2 (M i s  t h e  mass o f  t h e  p r o t o n ) ,  t h a t  i s ,  V =  1 . 5 7 4 ~ 1 0 ~  JT 
P P 

rns-l. As f o r  b ,  we s h a l l  w r i t e  b = n úo where nb i s  an i n t e g e r  and bo b 
i s  t h e  atomic r a d i u s  4a0 = 2,116 x 1 0 - ' ~ m .  We take  Z = 1 .  

P 

Numerical r e s u l  t s  a r e  g i v e n  i n  f i g u r e s  2 and 3, where Ial  l 2  
and la212  a r e  r e s p e c t i v e l y  p l o t t e d .  

2 
l'he va lues  o f  parameters a r e :  f o r  curves labe led  ( l ) , T = 1 0  K, 

nb = 1 (ve ry  c l o s e  c01 1 i s i o n  a t  low speed); f o r  curves l a b e l e d  (21 ,  (31 ,  
(4) and ( 5 ) ,  4 = 1 04K and nb r e s p e c t i v e l y  equal t o  20, 50, 100 and 1000 



F i g . 2  I a ,  l Z  as  a P u n c t i o n  o f  6 

F o r  cu rve  ( 1 )  l a , I 2  = i. 

P i q . 2  I a ,  1 '  as a  f u n c t i o n  o f  6 

C u r v e s  ( 1 )  and ( 2 1  p r a e t i c a l l y  

c o i n c i d e  r i t h  t h e  0 a x i s .  



(noderate speed and i n c r e a s i n g  impact parameter) .  The parameter K g i v e n  

by (55 ) ,  which i s  the  r e i e v a ~ t  q u a n t i t y ,  takes t h e  va lues 1.043 x 1 0 3 ,  

5.21, 2.09, 1.94 and 0.104 r e s p e c t i v e l y  f o r  curves ( I ) ,  ( Z ) ,  ( 3 ) ,  (1r)and 

( 5 ) .  

I t  i s  wor th  remark ing t h a t  a  d i f f e r e n t  cho ice  oP i n i t i a l  con- 

c i i t i o ~ s  such as c.(-~/2j = E would lead  t o  t h e  same r e s u l t s ,  through i , S  
a r e- l a b e l  i ng o f  the  r e s u l  t i  ng curves .  

4. ANALYSIS AND COWCLUSIONS 

Orily curves ( I )  and (2) can be c o n s i d ~ r e d  a d i a b a t i c ,  t h a t  i s ,  

cri1 y  foi- :hera i s  the  i n i  t ia1  popu la t  i o n  o f  leve!  s  conserved approx imate-  

l y  throughout t h e  c o l l i s i o n  process.  

Curve ( 1 )  has l i t t l e  p h y s i c a l  meaning: i t  cnrresponds t o  a  

s low v e r y  c l o s e  c o l l i s i o n ,  f o r  which a l l  ou r  main assumptions ( d i ~ o l a r  

i n t e r a c t i o n ,  c l a s s l c a l  t r a j e c t o r y ,  no quenchinci)  breakdown. W i t h i n  a  s t a -  

t i s t i c a l  t rea tment ,  such as a  l i n e  broadening r a l c u ! a t i o n ,  i t  might s t i l l  

be u s e f u l ,  p rov ided  a  convenient  c o r r e c t i o n  i s  made i n  o r d e r  tu account 

f o r  t h e  e f f e c t s  j u s t  mentioried. 

Curves (4) ai-id (5) a r e  a t  f i r s t  s i g h t  d i f f  i c i i l  t t o  c n d e r s t a d :  

one migh t  expect  t h a t ,  as i t  i s  u s u a l l y  t h e  case, t h e  p e r t u r b a t i o n  would 

be more and more a d i a b a t i c  as t h e  per turber-  passes f a r t h e r  and f a r t h e r  

f rom t h e  t a r g e t .  A c t u a l l y ,  a s  i t  was p o i n t e d  o u t  i n  t h e  I n t r o d u c t i o n ,  i n  

the  degenerate case which i s  be ing  d e a l t  w i t h  t h e  energy s p l i t t i n g , w h i c h  

i s  due t o  the p e r t u r b a t i o n  i t s e l f ,  becames s m a l l e r  t h a t  t h e  v a r i a t i o n  o f  

t h e  t r a n s i t i o n  matr ix- e lement  d u r i n g  t h e  r e l e v a n t  i n t e r a c t i o n  t ime.  For 

f u r t h e r  d i s c u s s i o n  o f  t h i s  p o i n t ,  see r e f .  5. T h i s  f a c t  e x p l a i n s  the  r e -  

su l  t s  expressed by curves (4 )  and ( 5 ) .  

Curve (2) suppl i e s  t h e  r r i t e r i u i n  f o r  a d i a b a t i c i y  i n  our  p ro-  

blem: i t  shows t h a t  f o r  I( I S ,  o r  e q u i v a l e n t l y  bV/Z C 7 x l ~ - ~  h 2 / s  t h e  
P 

a d i a b a t i c  regime i s  v a l i d .  

Th is  l i m i t i n g  v a l u e  c o u l d  have been ob ta ined  f rom t h e  c o n d i -  

t i o n  b << bw, where b = n2Z2 / m  V i s  t h e  Weisskopf r a d i u s  For t h e  c o l -  u P e 



l i s i o n  w i t h  an i o n  o f  thermal v e l o c i t y  V (n i s  t h e  p r i n c i p a l  quantum 

number and me t h e  e l e c t r o n  mass) . T h i s  i s  t h e  1 imi t i n g  impact parameter 

f o r  s t r o n g  c o l l i s i o n s ,  and i t  c o u l d  be presumed t h a t  such c o l l i s i o n s  cau- 

se a s u f f i c i e n t l y  l a r g e  s p l i t t i n g  t o  be a d i a b a t i c .  Our c a l c u l a t i o n  sup- 

p l i e s  a p r e c i s e  v a l u e  f o r  t h e  l i m i t i n g  va lues  of t h e  parameters i n  t h i s  

p a r t i c u l a r  case. 
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