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1. INTRODUCTION 

I n  a  p rev ious  paperl  we have analysed the  charge d i s t r i b u t i o n  i n  

o r b i t r o n s  and compared our  r e s u l t s  t o  t h e  exper imenta l  data ob ta ined  by 

Cybulska and ~ o u g l a s ~ .  Our bas ic  hypo thes is  was t h a t  t h e  e l e c t r o n s  would 

always e s t a b i l i s h  a  l o c a l  thermal e q u i l i b r i u m  i n  t h e  observed steady s t a -  

t e  o f  the  charge d i s t r i b u t i o n .  The f i l a m e n t  i n j e c t s  e l e c t r o n s  v e r y  f a r  

f rom t h i s  e q u i l i b r i u m  s i t u a t i o n  and our  h i p o t h e s i s  i s  e q u i v a l e n t  t o  say 

t h a t  t h e  r e l a x a t i o n  t ime f o r  t h e  i n i t i a l  d i s t r i b u t i o i i  i n j e c t e d  by t h e  f i -  

lament t o  reach t h e  steady s t a t e  d i ç t r i b u t i c n  descr ibed  by our  model i s  

s h o r t e r  than t h e  mean l i f e  t ime  o f  t h e  e l e c t r o n  i n  t h e  o r b i t r o n .  The op- 

pos i  t e  assumpt i o n  i s  behind t h e  c o n s i d e r a t i o n s  o f  ~ o o v e r r n a n ~ ,  Feaks e t  

a14 and ~ e  i che l  b o h r e r 5 .  

These au thors  assurned t h a t  t h e  e l e c t r o n  d i s t r i b u t i o n  i s  de te rmi -  

neb by t h e  i n d i v i d u a l  unper turbed o r b i t s  o f  t h e  e l e c t r o n s  t h a t  come f rom 

the  f i l a m e n t  r e g i o n .  There fo re  t h e  l o c a l  s t a t i s t i c a l  e q u i l i b r i u m  assumed 

by us i s  suposed never t o  be reached and e q u i v a l e n t l y  t h e  r e l a x a t i o n  t ime 

r e f e r e d  t o  above i s  suposed t o  be much longer  than t h e  mean l i f e  t i m e  o f  

the e l e c t r o n  i n s i d e  t h e  o r b i t r o n .  C a l c u l a t i c n s  o f  r e l a x a t i o n  t imes a r e  a  

d i f f i c u l t  t a s k  and we have r e l i e d  on t h e  agreement o f  ou r  rnodel t o  t h e  

exper imenta l  da ta  o f  C ibu lska  and ~ o u g l a s ~  t o  s e t  o u t  t h i s  c o n t r o v e r s i a l  

p o i n t .  Ex tens ive  a n a l y s i s  o f  P o r t o  pa to6  based on t h e  assumption o f  i n -  

dependent t r a j e c t o r i e s  o f  t h e  e l e c t r o n s  f rom t h e  f i l a m e n t  r e g i o n  h a v e  

shown t o  be unable t o  e x p l a i n  t h e  exper imenta l  data o f  Cybulska and Dou- 

g l a s 2 .  The s i t u a t i o n  w i t h  t h e  s t a t i s t i c a l  rnodel f o r  the  e l e c t r o n  d i s t r i -  

b u t i o n  i s  d i f f e r e n t .  We have ob ta ined  a  reasonably  good agreement w i th  t h e  

exper imenta l  data,  w i t h  a  s i n g l e  a d j u s t a b l e  parameter ( t h e  e q u  i 1 i b r i u m  

ternperature o f  t h e  e l e c t r o n s  i n  t h e  s teady s t a t e ) .  

I n  t h i s  paper we w i l l  improve o u r  p rev ious  c a l c u l a t i o n s  by con- 

s i d e r i n g  p a r t i a l l y  the  e f f e c t  o f  the  end p l a t e s  on t h e  d i s t r i b u t i o n .  We 

then c a l c u l a t e  t h e  e lec t romagnet i c  o s c i l l a t i o n s  generated by t h e  o r b i t r o n  

as p ressure  waves i n  the  e l e c t r o n  d i s t r i b u t i o n  and compared w i t h  t h e  ex-  

per imenta l  r e s u l  t s  o f  T r o i s e  e t  aZ. 7 .  



2. THE ELECTRON DENSITY FUNCTION 

As we have argued i n  re fe rence  1 ,  t h e  steady s t a t e  phase space 

d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  e l e c t r o n s  i n s i d e  t h e  o r b i t r o n  i s  g i v e n  by 

sub jec ted  t o  the  c o n s t r a i n t  t h a t  p  should be i n s i d e  a  domain D c a r a c t e r i -  

zed by t h e  o r b i t s  t h a t  do n o t  touch t h e  boundar ies o f  t h e  o r b i t r o n .  For  p 

o u t s i d e  D f i s  ze ro .  I n  eq. ( 2 . 1 )  H ( p , r )  i s  t h e  s i n g l e  p a r t i c l e  h a m i l t o -  

n i a n  f o r  the  e l e c t r o n :  

k i s  t h e  Boltzmann cons tan t ,  T t h e  temperature o f  t h e  e l e c t r o n s  i n  t h e  

steady and A a  normal i z a t i o n  cons tan t .  The p o t e n t i a l  ~ ( r )  can be c o n s i -  

dered as t h e  mean e l e c t r o s t a t i c  p o t e n t i a l  i n  which one takes  i n t o  account 

s e l f  c o n s i s t e n t l y  t h e  e f f e c t  o f  t h e  space charge o f  t h e  e l e c t r o n s .  For 

t h e  a p p l i c a t i o n s  we have i n  mind, we w i l l  n e g l e c t  t h e  space charge e f f e c t  

and s e t  

~ ( r )  = va l og ( r / b )  

l og ( a / b )  

where V  i s  t h e  anode e l e c t r o s t a t i c  p o t e n t i a l  and a and b a r e  t h e  anode 
a 

cathode rad  i i respec t  i v e l  y .  

The s p a t i a l  d i s t r i b u t i o n  i s  g i v e n  by 

and t h e  e s s e n t i a l  p o i n t  i n  our  model f o r  n ( r )  i s  t h e  s p e c i f i c a t i o n  o f  t h e  

domain D. Th is  domain i s  s p e c i f i e d  by t h e  k i n e m a t i c a l  c o n s i d e r a t i o n s  t h a t  

f o l l o w s .  I t  i s  w e l l  recognised t h a t  t h e  e l e c t r o n s  i n  o r b i t r o n s ,  have a  

ve ry  long  mean f r e e  pa th .  We assume t h a t  once t h e  t r a j e c t o r y  o f  t h e  e l e c -  

t r o n  i s  such as t o  be a b l e  t o  make c o n t a c t  w i t h  i t s  meta l  environment, t h e  

e l e c t r o n  i s  absorbed. We t h e r e f o r e  f i x  t h e  domain D by e x c l u d i n g  f rom 

f ( r , p )  every  momenta p  t h a t  l ead  t o  t r a j e c t o r i e s  t h a t  touch t h e  anode o r  

t h e  cathode. To p reven t  t h e  e l e c t r o n s  f rom touch ing  t h e  cathode i t s  enough 



to assume that their energies are negative. Using cylindrical coordina- 

tes we have 

The electrons that do not collide with the anode are those that 

theangular rnomentum L is larger than a rninimum value fixed by the radius 

a of the anode 

Let us introduce dimensionless quantities defining the variables: 

and the constants 

cl = e v a / ( M )  . (2.7) 

With these definitions eqs. (2.4) and (2.5) take the form 

u 2  + v 2  + t 2 < C L F ( X )  (2.8) 

and 

where we introduced 



One observed t h a t  the  i r i t e g r a t i o n  i n  eq. (2.3) transforrns i n t o  

i n t e g r a t i o n  over  the  (u,v,t)-space o f  the  transforrned dornain D. I t  i s  i n  

t h i s  space t h a t  D takes i t s  s!mples geomet r i ca l  meaning. Eq. (2.8) shows 

t h a t  D i s  i n s i d e  o f  a sphere o f  r a d i u s  F(X) and eq. (2 .9)  shows t h a t  the 

o t h e r  boundary o f  D i s  a h i p e r b o l i c  c y l i n d e r  w i t h  g e r a t r i x  p a r a l l e l  t o t h e  

t - a x i s .  

F i g .  1  shows t h e  t r a c e s  o f  these two sur faces  i n  t h e  p lane  t=O. 

D e f i n i n g  v,, V, and v, as i n  t h i s  f i g u r e ,  we have: 

and 

The d e n s i t y  d i s t r i b u t i o n  may now be w r i t t e n  as 

where 

u, (v )  = [(x2-x;)v2/x; - C1 

The cons tan t  o f  normal i z a t i o n  i n  eq. (2.13) i s  f i x e d  by 



Fig.1 - The traces of the  two boundaries of the domain defired by eqs. 

(2.8) and (2.9) in the plane t=O. rhe cwrdinates v l ,  v ,  and v $  are 
given by eqs. (2.101, (2.11) and (2.12). 

We observe f rom eq. (2.13) t h a t  n(x) depends on two parameters: 

X, , which i s  f i x e d  once the  geometry o f  t h e  o r b i t r o n  i s  g iven,  and a, 

which i s  r e l a t e d  t o  t h e  steady s t a t e  temperature o f  t h e  e l e c t r o n  c loud  

and has t o  be ad jus ted  t o  t h e  exper imenta l  da ta .  

F i g .  2  e x h i b i t s  n(x) p l o t t e d  f o r  d i f f e r e n t  va lues  o f  a. One ob- 

serves t h a t  t h e  l a r g e r  the  v a l u e  o f  a more sharp i s  t h e  maximum o f  t h e  

d i s t r i b u t i o n  near t h e  anode and s m a l l e r  i s  t h e  v a l u e  o f  x a t  t h e  maximum. 

Th is  can be eas i  l y  understood as a i s  i n v e r s e l y  p r o p o r t i o n a l  t o  T. (See 

e .  2 . 5 . )  The l a r g e r  t h e  v a l u e  o f  a sma l le r  i s  t h e  v a l u e  o f  T a n d  elec- 

t r o n s  w i t h  l e s s  k i n e t i c  energ ies  a r e  more s t r o n g l y  pushed towards theano- 

de. The v a l u e  o f  x , taken f o r  t h e  curves e x h i b i t e d  i n  F i g .  1  where those 

reported i n  ref.2. 1n Fig. 3 we e x h i b i t  the  e f f e c t  o f  v a r y i n g  x ,. By i n c r e a s i n g  

X, t h e  peak o f  t h e  d i s t r i b u t i o n  s h i f t s  away f rom t h e  anode. T h i s  i s  due 

t o  t h e  f a c t  t h e  o n l y  e l e c t r o n s  w i t h  l a r g e r  angu la r  momenta a r e  a l lowed i n  

t h e  d i s t r i b u t i o n .  Th is  e f f e c t  i s  v e r y  impor tan t  f o r  t h e  understanding o f  

t h e o r b i t r o n  as an i o n  pump. The t i t a n i u m c y l i n d e r 8  i s  what determines 

t h e  r a d i u s  o f  t h e  anode and be ing  a p p r e c i a b l y  l a r g e  i t  s h i f t s  t h e  peak o f  

the d i s t r i b u t i o n  away f rom t h e  anode hav ing  t h e  e f f e c t  o f  i n c r e a s i n g  the  

e f f e c t i v e  volume o f  t h e  o r b i t r o n .  



Fig.2  - The density d i s t r i b u t i o n  given by eq. (2.13) p l o t t e d  f o r  d i f f e -  

rent  values of a (eq. (2 .5) )  as indicated. 

Fig.3 - The same as i n  F ig.  2 p l o t t e d  f o r  two values o f  x = 0.01333 and 

0.1 and a as indicated. 



The d e n s i t y  o f  e l e c t r o n s  as a f u n c t i o n  o f  t h e  r a d i a l  d i s t a n c e  

r t o  t h e  anode was i n d i  r e c t l  y  observed by Cybul ska and ~ o u ~ l a s ~  hy mea- 

s u r i n g  t h e  energy spectrurn a/& o f  p o s i t i v e  íons c o l l e c t e d  a t  t h e  ca-  

thode i n  the  l i m i t  o f  ze ro  pressure.  This spectrurn can be connected t o  

the  i o n  c u r r e n t  (dT/dQ) produced by a n i t  o f  volume i n  t h e  e l e c t r o n c l o u d  

as 

On t h e  o t h e r  hand dI/& i s  g i v e n  by 

where N i s  t h e  t o t a l  number o f  e l e c t r o n s  per  u n i t  o f  l e n g t h  i n  t h e  o r -  

b i t r o n ,  no t h e  d e n s i t y  o f  t h e  neu t ra1  gas and a@) t h e  i o n i z a t i o n  c ross  

s e c t i o n  as a f u n c t i o n  o f  the  e ! e c t r o n  energy. We take  f o r  u(E)  t h e  same 

express ion  used i n  re fe rence  1.  

Ir: F i g .  4  we show t h e  exper imenta l  p o i n t s  o f  Cybulskaand Dou- 

g l a s  as d o t s  w i t h  t h e  corresponding e r r o r  bars.  The curves a r e  theore -  

t i c a l  p r e d i c t i o n s  u s i n g  t h e i i  v a l u e  o f  x o  = 0.06/4.5 and a = 8,10 and 

13. One observes f rom t h i s  f i g u r e  t h a t  a = 10, i .e . ,  kT = 80eV, g i v e s  

t h e  bes t  f i r  t o  t h e i r  data.  

Fig.  4 - l h e  experimental points o f  Cybulska and Douglas p l o t t e d  as dozts 

wi th  the correspondirig e r r o r  bars. The curves a r e  theoret ical  predictions 

for d i f ferer i t  values of a as indicatea. The abcissa 1s tlie voltage mea- 

sured t o  stop the ion a f t e r  passing the cathode. The ordinate  i s  the ion 

x r r e n t .  



I t  i s  impor tan t  t o  ment ion t h a t  o u r  c a l c u l a t i o n  described here  

g ives  a b e t t a r  f i t  than t h e  nne p r e v i o u s l y  repor ted  i n  r e f .  1 ,  where we 

dic! n o t  cons ider  t h e  c u t  o f f  imposed on P as g i v e n  by eq. (2 .4) .  The 
2 

improvement i s  b e t t e r  observed i n  t h e  low energy p a r t  o f  t h e  i o n  c u r r e n t  

spectrum. 

3. COLLEETIVE OSCILLATIONS 

One may l o o k  a t  t h e  steady s t a t e  o f  t h e  e l e c t r o n  c l o u d  i n s i d e  

t h e  o r b i t r o n  as a gas i n  thermal e q u i l i b r i u m .  Le t  be p, t h e  e q u i l i b r i u m  

mass d e n s i t y  o f  t h e  e l e c t r o n s  and p ,  t h e  co r respond ing  p ressure .  We 

have 

a+ t h e  equa t ion  o f  s t a t e  o f  t h e  e l e c t r o n  gas, rn i s  t h e  mass o f  t h e  e- 

l e c t r o n .  

We w i l !  now cons ider  t h e  d e v i a t i o n s  frorn these steady s t a t e  

va 1 ues : 

and we w i l  l show t h a t  these d e v i a t i o n s  p l ( r , t )  and p l ( r , t )  w i l  l propa- 

g a t e  i n s i d e  t h e  c l o u d  as p ressure  waves. To d e s c r i b e  these waves we 

w i l l  s t a r t  f rom t h e  two b a s i c  equat ions o f  f l u i d  dynamics: t h e  equa t ion  

o f  c o n t i n u i t y  

and E u l e r ' s  equa t ion  

aV + + 
p - = g-vp 
at 



-+ 
The v e c t o r  f i e l d  S ( r , t )  i s  t h e  v e l o c i t y  f i e l d  and g i s  t h e  

externa1 f o r c e  d e n s i t y  a p p l i e d  t o  t h e  gas. From t h e  e q u i l i b r i u m  v a l u e  

we must have 

I n  what f o l l o w s  we w i l l  d e r i v e  t h e  equa t ion  f o r  t h e  p ropaga t ion  o f  

-+ 
on t h e  assumption t h a t  u << 1 and v and p i / p  a r e  o f  t h e  same o r d e r  as 

2 4 .  

\de w i l l  f i r s t  assume t h a t  t h e  v a r i a t i o n  o f  u and p i n  t h e  e-  

l e c t r o n  c loud  a r e  a d i a b a t i c  and s e t  

We have 

where y = 5/3 i s  the  r a t i o  o f  the  s p e c i f i c  heat  a t  cons tan t  pressureand 

a t  cons tan t  volume. Making use o f  t h i s  f a c t  we t rans fo rm t h e  eq. (3.1) 

i n t o :  

where 

S i m i l a r l y  we can t r a n s f o r m  E u l e r ' s  eq. (3.2) we have 



where we made use o f  the f a c t  t ha t  

a t  equ i l ib r ium.  

-+ 
E1 iminat ing V between the eqs. (3.3) and (3.5) we f i n a l  l y  

have 

where 

i s  the v e l o c i t y  o f  the pressure waves i n  the e lec t ron  gas. 

For M = 80 eV t h i s  g ives 

where c. i s  the v e l o c i t y  o f  l i g h t .  

+ 
Because o f  the c y l i n d r i c a l  symmetry o f  the o r b i t r o n  q, except 

near the end p la tes ,  i s  a  rad ia l  vec tor  f unc t i on  o f  r only.  

To f i n d  the eigen rnodes o f  the o s c i l l a t i o n s  we assume 

i.e., u i s  separable i n  c y l i n d r i c a l  coordinates. 

are 

The boundary cond i t i on  

and 

u (O) = u (z,) = o 
Z z 

ug(0) = ue(2d 

ur(a) = ur(b) = O . 



We then have 

n TI 

u z = s i n  [e 
U 0  = s i  n  ( n  .em) 

0 

where n and n0 a r e  i n t e g e r s  and 2, i s  the l e n g t h  o f  t h e  o r b i t r o n .  

The equa t ion  f o r  ur takes t h e  forrn 

d2u duF 4 
-2 + p (x) .- + (A - --) ur = O 
dx2 dx 2 

w i t h  boundary c o n d i t i o n s  

LL(X~) = u ( 1 j  - O 

where x and x a r e  t h e  d imensionless v a r i a b l e s  p r e v i o u s l y  in t roduced ,  
O 

and 

Eq.  (3.7) was so lved  n u m e r i c a l l y  and t h e  

wnere found where n_ i s  t h e  nurnber o f  nodes o f  t h e  

( 3 . 8 )  

e i genva 1 ues i 
n,* 9 

r a d i a l  func t ions .The  
1- 

e igen  f requencies o f  t h e  o s c i l l a t i o n s  a r e  then g iven  by 
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Eq.  (3.7) was so lved f o r  d i f f e r i n t  va lues  o f  n 0 and t h e  e igen-  

va lues  o f  A where ob ta ined .  F i x i n g  x,, t h e  equa t ion  was i n t e g r a t e d  f rom 

xo towards 3 = 1 .  The values o f  u,(l) as a  f u n c t i o n  o f  A f o r  nO=O and 

n g  = 1  a r e  p i o t t e d  i n  F i g .  5.  The va lues  o f  A fsr which ?-(,(I) = O a r e  

t h e  e igenvalues looked f o r .  Table 1 g i v e s  t h e  v a l u e o f  An f o r  xo=1/30 
p * n O  

and c = 8 and 15. One observes t h a t  t h e  v a l u e  o f  a has an impor tan t  e f- .  

f e c t  o v e r  t h e  lower  va lues  and decreases i t s  i n f l u e n c e  f o r  t h e  h i g h e r  

va l ues 

Fig. 5 - Tha functior up (x=l) a s  a function of X for two values of ng as 
indicated. The zeros of u (1) are the eigenvalues of Xn . \(I) sa- 

~ 9 ~ 8  
ticfies eq. ( 3 . 7 )  and the equilibrium acnsity was calculated with a=1.5, 

s, = 0.033. 



Table I - The e igenvalues o f  X o f  eq. (3 .7)  f o r  two d i f f e r e n t  va- 

lues  o f  a as ind icatec i .  

i r o i s e 7  rneasured t h e  o s c i  1  l a t i o n  f requencies f o r  an o r b i  t r o n  

w i t h  the  f o l l o w i n g  pararneters: 

The f requenc ies  observed i n  MHz where t h e  f o l l o w i n g :  

The f o u r  h i g h  f requenc ies  observed a r e  i d e n t i f i e d  i n  Tab le  2. L e t  us ob- 

serve t h a t ,  frorn eq. (3 .9 ) ,  t o  o b t a i n  lower  f requenc ies  one would have t o  



F i g .  6 - The values o f  Xn piot ted as a function o f  a f o r  the vaiues 
r' 8 

o f  nr and ng as indlcated. 

Table 2 - The theoretical identification of the modes of the high fre- 

quencies observed by   roi se^. The f irst c01 lumn is the experimental va- 
lues, the second collumn the theoretical value and the third collumn is 

the mode o f  the vibration. We assume the following parameters ci = 15, 

a = 0.75 cm, b = 2.25 cm, z o  = 10.8 cm and V = 1000V. a 

Experimental 

Frequencies in MHz 
- 

Theoretical 



decresse c o r  e q u i v a l e n t l y  k Y ,  b u t  t h i s  impl ies i n  increasi i - ig  a .  A o  ,o 
increases as a increôses,  2nd t h e r e f o r e  one understands why i t  i s  im- 

p o s s i b l e  t o  p r e d i c t  a  fundamental f requency below 100 MHz i n  T r o i s e ' i o r -  

b i t r o n .  The dependence ofh,, on a i s  p l o t t e d  i n  F i g .  6 .  

l n  Tabie 2 we have ad jus ted  t h e  v a l u e  o f  a (a=15) t o  f i x  the  

fundarnentai mode i n  126.8 MHz. The o t h e r  f requenc ies  a r e  t h e r e f e r e  p re-  

d i c t i o n s  o f  our  theory .  I t  i s  i n t e r e s t i n g  t o  observe t h a t  these high f r e -  

quencies a r e  a l l  i d e n t i f i e d  w i t h  d i f f e r e n t  8-modes. T h i s  i s  j u s t i f i e d  by 

t h e  f u r t h e r  evidentes g iven  by T r o i s e .  He observed t h a t  these f requen-  

c i e s  v a r y  ve ry  l i t t l e  w i t h  z,. He ac tua  

v a r i a t i o n  w i t h  z o ,  the l e n y t h  o f  o r b i t  

quenciss w i t h  z o  can ease ly  be ob te ined  

l l y  d i d  n o t  d e t e c t a n y  s i g n i f i c a r i t  

ron.  The sens i t iveness o f  the f r e -  

f rom eq. ( 3 . 9 ) .  

We have 

I f  we i d e n t i f i e d  these f requenc ies  w i t h  d i f f e r e n t  va lues  o f  n we had 
z 

p r e d i c t e d  an inc rease  ir; s e n s i t i v e n e s s  t o z o w i t h  i n c r e a s i n g  t h e  frequen- 

cy, c o n t r a r y  to  what was observed. The way we have i d e n t i f i e d  t h e s e f r e -  

quencies, t h e  l a r g e r  s e n s i t i v e n e s s  i s  f o r  t h e  127 MHz Frequencyandeven 

f o r  t h i s  one we have 

wha: e x h i b i t s  a  v e r y  low s e n s i t i v e n e s s  t o  z , .  

F i g .  7 shows t h e  dependence a f  t i iese h i g h  f requenc ies  on t h e  

v o l t a g e  Va o f  the  anode, t h e  o t h e r  parameters o f  t h e  o r b i t r o n  be ing  f i -  

xed. The va lues o f  the  f requenc ies  do n o t  agree w i t h  those i n  Table i 

because T r o i s e  used a d i f f e r e n t  o r b i t r o n  aiid the  parameters o f  t h i s  o r -  

b i t r o n  has n o t  been r e p o r t e d .  One observes t h a t  these f requenc ies  a r e  

Q i r e c t l y  p r o p o r t i o n a l  t u  5. I t  i s  s imp le  t o  i n t e r p r e t  t h i ã  r e s u l t .  a 



One expects  t h e  parameter a t o  be cons tan t  f o r  a  g iven  o r b i t r o n  as a, 

t h e  r a t i o  o f  eV t o  kT,  measgres t h e  e f f i c i e n c y  w i t h  which a  g i v e n  o r -  a 
b i t r o n  t rans fo rms t h e  i n i t i a l  energy o f  t h e  e l e c t r o n s  ( e V  ) i n t o  k i n e -  

a 
t i c  energy i n  t h e  s t e i d y  s t a t e .  We t h e r e f o r e  assume t h a t  kT i s  p ropor -  

t i o n a l  t o  Va f o r  a  g i v e n  o r b i t r o n  and so, c, t h e  v e l o c i t y  o f  p ressure  

waves i n  t h e  e l e c t r o n  c loud  i s  p r o p o r t  i o n a l  t o  and so i t i sa lso  fo r  the 
a 

f requenc ies  f g i v e n  by eq. ( 3 . 9 ) .  The f i v e  low f requenc ies  r e -  n P n e ' n z  
p o r t e d  by T r o i s e  has a  d i f f e r e n t  e x p l a n a t i o n  as i t  has been p u t  fo rward  

fo r  t h e  f i r s t  t i m e  by ~ o c ~ e r i o ~ .  H i s  idea was t h a t  these low f requenc ies  

come f rom t t i e  beats o f  t h e  f requenc ies  o f  t h e  normal modes o f  v i b r a t i o n .  

The base o f  h i s  idea i s  t h e  w e l l  known r e s u l t  o f  mechanics t h a t  says 

t h a t  n o n- l i n e a r  terms consldered as p e r t u r b a t i o n s  o f  t h e  l i n e a r  wave e -  

q u a t i o n  generate f requenc ies  which a r e  a d d i t i o n s  o r  s u b t r a c t i o n s  o f  t h e  

non-per turbed f requenc ies .  I n  Tõble 3 we p u t  fo rward  t h e  e x p l a n a t i o n  o f  

t h e  Iuw f requenc ies  as d i f f e r e n c e s  o f  normal mode f requenc ies  c a l c u l a -  

ted  f rom our  l i n e a r  wave equa t ion .  We observe t h a t  the  twovery  low f r e -  

quencies come f rom t h e  beat  o f  z-modes o f  v i b r a t i o n .  The t h F r d  f requen-  

c y  (34.0 MHz) may come e i t h e r  f rom t h e  beat  o f  z-modes o r  8-modes and 

t h e  o t h e r  two (58.5 and 8 5 . 0 ~ ~ ~ )  como f rom beats o f  t h e  9-modes as  i n -  

d i c a t e d  i n  t h e  above mentioned Table.  

V (VOLTS) 'c 
F i g .  7 - The dependence of tm> h igh  f requenc ies  on t h e  anode v o l t a g e  Va. 
The a b c i s s a  i s  t h e  JYã. The numbers ind jca ted  a r e  t h e  va iues  o f  Va.  The 

o r d i n a t 4  i s  t h e  frequency i n  HHz. The d a t a  were taken  from   roi se'. 



Table 

quenc 

l ues, 

b o t h  

3  - The t h e o r e t i c a l  i d e n t i f i c a t i o n s  o f  t h e  beat  mode o f  t h e  l o w f r e -  

es observed by   roi se^. The f i r s t  c o l  lumn i s  t h e  e x p e r  i r n e n t a l  va- 

t h e  second co l lumn t h e  t h e o r e t i c a l  p r e d i c t i o n  f o r  the  f requenc ies  

n  MHz. The t h i r d  co l lumn i s  the  corresponding beat  mode. 

I n  F i g .  8  we show t h e  r e s u l t s  o f  T r o i s e  f o r  t h e  dependence on 

z, o f  t h e  low f requenc ies  o f  an o r b i t r o n  d i f f e r e n t  f rom t h e  one where 

t h e  f requenc ies  r e p o r t e d  i n  Table 3  were measured. We observe a  s t r o n g  

dependence on z,, t h e  l e n y t h  o f  t n e  o r b i t r o n .  T h i s  can be p a r t i a l l y  

understood as a  consequence o f  these f requenc ies  be beats o f  normal mo- 

des o f  v i b r a t i o n .  We w i l l  cons ider  two cases cor respond ing  t o  beats i n  

t h e  z-rnode and 8-mode. 

L e t  us cons ider  t h e  beat  f requency f g i v e n  by 

Bea t 

(n,,n,,nz)-(n,,ne,nz) 

(O, O ,  3) - (0, 0, 1) 

(O, o ,  4) - (0, 0, 1) 

(0, o ,  5) - (O, 0, 3) 

(O, 2, 1) - (0, 1 ,  1) 

(O, o, 5 )  - (O, o, 1) 

( 1 ,  2, 1) - (1, 0, 1) 

(O, 3, 1) - (0, 0, 1) 

Frequencies i n  MHz 

Exp . I Theor. 

13.6 2 0.2 12.6 

I 22.7 I 2.2 i 22.8 

7 = f'-f . 
From eq. (3.9) we have 

34.0 ? 2.4 

58.5 i 2 .6  

85.0 ? 2.8 

- - 2 n f 2  n 2  
Z Z af=-c - --  

azo 4  L f 1  f 1 

22.3  

33.0 

34.9 

58. O 

86. O 

T h i s  e q u a t i o n  shows t h a t  t h e  s i g n  o f  v a r i a t i o n  o f  f w i t h  z o  depends on 

t h e  f a c t  t h a t  7 comes f rom 8-mode (11; = nZ)  o r  z-mode (n; > nz )  . One 



Fiq.  8 - The dependence o f  low frequencies on z O .  The experimental points 

and the curves plot ted were taken from Troise '. The abcissa i s  the length 

z ,  of the o r b i t r o n  add the ordinate  i s  the frequency i n  HHz. The reported 

anode voltage f o r  t h i s  set o f  data was 600 V.  

observes then t h a t  8-mode p r e d i c t s  t h a t  t h e  f requency increases w i t h  z o  

as i t  has been observed by T r o i s e .  To make a q u a n t i t a t i v e  comparison l e t  

us take  z o  = 3.5 cm, as can be seen f rom F i g .  8. The r e p o r t e d  Va was 

600V and we assume t h e  o t h e r  geomet r i ca l  dimensions t o  be t h e  same, t h a t  

i s  a = 0.075 and b = 2.25. We a l s o  assume a = 15. Under these cons ide-  

r a t i o n s  t h e  beat  between t h e  two modes (0, 1 ,  1) and (0, O, I )  g i v e s  t h e  

f requency f = 11.8 MHz i n  t h e  r e g i o n  observed by T r o i s e .  From eq. (4.2) 

we have 

and we o b t a i n  

From F i g .  8 we should have a v a l u e t e n t i m e s  l a r g e r  than  t h i s  one. We 
-2 

nowobserve  t h a t  t h e  sens i t i veness  o f  f i s  p r o p o r t i o n a l  t o z ,  and so 



v e r y  s e n s i t i v e  t o  t h e  v a l u e  o f  z, used. The end p l a t e s  has the  e f f e c t  

o f  r e p p e l l i n g  the  e l e c t r o n  c loud  and so shor ten  the  e f f e c t i v e  l e n g t h  o f  

the  o r b i t r o n .  As T r o i s e ' s  o r b i t r o n s  i s  a l r e a d y  v e r y  s h o r t  (srnal ler  than 

i t s  d iamete r )  we a r e  n o t  s u r p r i s e  a t  t h e  disagreement o f  t h e  s e n s i t i v e -  

ness o f  f t o  z , .  I f  we ssy t h a t  t b e  end p l a t e s  decreases z, o f  2.5cm, 

we would g e t  t h e  v a l u e  f o r  (~f/,~)/(~z~/z,) observed i n  F i g .  8. 

We may conclude by say ing t h a t  rnost o f  the  exper imenta l  i n f o r -  

rnation o f  C i  bu jska and ~ o u ~ l a s '  and   roi se^ has been t h e o r e t i c a l  l y  ex- 

p l a i n e d  on the  b a s i s  t h a t  the  e l e c t r o n  c l o u d  ii:side t h e  o r b i  t r o n  rea-  

ches a  steady s t a t e  c h a r a c t e r i z e d  by an e q u i l i b r i u r n  temperature.  The os-  

c i ! l a t i o n s  observed by T r o i s e  has been exp la ined  as pressure waves i n t h e  

e l e c t r o n  c loud .  I t  i s  i n t e r e s t i n g  t o  observe t h a t  due t o  t h e  l a c k  o f  a  

t h e o r e t i c a l  background a c  the  t ime T r o i s e  took  r h e  rneasuremeots o f  these 

o s c i l l a t i o n s ,  h i s  da ta  has n o t  been e x t e n s i v e l y  recorded t o  g l v e  a  deep 

i n s í g h t  on t h r  behavior  o f  the  e l e c t r o n  c loud.  Never the less we a r e  a b l e  

t o  s u s t a i n  t h a t  the  steady s t a t e  thermai e q u i l i b r i u m  o f  the  e l e c t r o n s  

g ives  a  good understanding o f  t h e  behavior  o f  o r b i t r o n s .  

l t  i s  i n t e r e s t i n g  a l s o  t o  observe t h a t  o r b i t r c n s  can m a i n t a i n  

an e l e c t r o n  c loud  a t  temperatures o f  t h e  o r d e r  o f  106 OK i n  the  absence 

o f  rnagnstic f i e l d s  and any p o s i t i v e  chorge t o  n e u t r a l i z e  r h e  e l e c t r o s t a -  

t i c  r e p u l s i o n  among t h e  e i e r t r o n s ,  The c l o u d  o f  e !ec t rons  make a good l a -  

b o r a t o r y  áev ice  f o r  s t u d y i n g  atomic and mo lecu la r  behavior  under suchex- 

treme c o n d i t i o n  w i t h  t h e  temperature c o n t r o l l e d  by t h e  anoae vo l tage,  as 

by v a r y i n g  t h e  anode v o l t a g e ,  we v a r y  d i r e c t l y  t h e  ternperature o f  t h e  

c l o u d  bu t  n o t  i t s  s p a t i a l  d i s t r i b u t i o n .  
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