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We have found a  s imp le  r e l a t i o n  between t h e  c l a s s i c a l  Wi lson 

Loop and the  angu la r  p a r a l l e l  d isp lacement  a l o n g  a  c losed  p a t h  ( c i r c l e )  

f o r  t h e  case o f  the  i n s t a n t o n - l i k e  p o t e n t i a l s .  

Encontramos uma r e l a ç ã o  s imples e n t r e  o  " loop"  de W i  1 son clás- 

s i c o  e  o  deslocamento p a r a l e l o  angu la r  ao longo de curvas  fechadas ( c i r -  

c u l o )   para p o t e n c i a i s  t i p o  i n s t a n t o n .  

L a t e l y ,  t h e  Wi lson 1 0 o ~ " ~  has a r  i s e n  c o n s i d e r a b l e  i n t e r e s t  

i n  Gauge Theor ies because i t  i s  a  gauge i n v a r i a n t  q u a n t i t y  and i t  i s  

thought  t h a t  i t  can a c t  as a  dynamical v a r i a b l e  c o n t a i n i n g  a l l  in forma- 

t i o n  about t h e  Gauge ~ i e l d s ~ ' ~ .  

In a  recen t  paper, B o l l  i n i ,  Giambiagi and ~ i o m n o '  computed t h e  

c l a s s i c a l  Wilson loop  f o r  t h e  i n s t a n t o n  p o t e n t i a l  by u s i n g  t h e  s p i n o r  

r e p r e s e n t a t i o n  o f  t h e  r o t a t i o n  group. I n  t h e  f i r s t  p a r t  o f  t h i s  paperwe 

repeat  t h a t  c a l c u l a t i o n  f o r  t h e  i n s t a n t o n - l i k e  p o t e n t i a l  u s i  

t o r  r e p r e s e n t a t i o n  o f  the  r o t a t i o n  group. T h i s  c a l c u l a t i o n  i 

by t h e  f a c t  t h a t  i n  t h i s  case we have r e a l  r o t a t i o n s  and t h i  

t o  bear o u t  t h e  e f f e c t  o f  t h e  p a r a l l e l  t r a n s p o r t  o p e r a t o r ,  i 

ng t h e  vec- 

s  j u s t i f i e d  

s  a l l o w s  us 

n  t h e  i n -  
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terna1 space, for instanton-like potentials, on vectors that have va- 

nishing temporal cornponents. 

Now, let us proceed to the cornputation of the classical Wilson 

loop in the vector representation of the rotation group. 

Consider the instanton-like potentials 

For each a (real number) we have an instanton-l ike potential . 
For a=l, e.g., we have the instanton in the vector representation. 

The matrices V satisfy the following relations, 
lJv 

In the spec 

center at X: = ~2 = O 

ific case of instanton -like potentials with the 

, we have explicitly for i' on the (x,,X,)-plane, 

If we consider now polar coordinates in the (x,,x,) - plane 

and use (21, we f ind 



where 

r x3 + q21rene 7 + cose 5) r + rij. 

an ang le  i n t e r v a l  8 á 8 á 
i 

and use t h e  r e l a t i o n  

expEB(0)d8J = exp 

t o  express t h e  v a l u e  o f  exp [ 

I n  analogy w i t h  Bol l i n i ,  Giarnbiagi and ~ i o m n o ' ,  we cons ider  

8 s p l i t  i t  i n t o  N equal p a r t s  (8 -Oi)/N 
f' f 

$ B ( o ) ~ o ]  a t  t h e  corresponding p o i n t s  8% = 
n 
- (O.+.) (n = 1,2 ,..., N ) .  Then, t a k i n g  t h e  l i r n i t  N-tm, t h e  Wi lson ope- 

1 %  
r a t o r  

i s  g iven  by 

By rnaking use o f  t h e  r e l a t i o n  

we f i n d  

(12) 
where 

and 



E q .  (12) represen ts  t h e  v a l u e  o f  t h e  " i n t e g r a l 1'  (9) f o r  any 

a r c  o f  r a d i u s  r w i t h  8 .  < 0 < 8  f' 

I n  p a r t i c u l a r ,  f o r  a  complete c i r c l e  (Oi = O and 8  = 2II), E q .  f 
(12) reduces t o  

W27T, O 
( r )  = 1 + i M  sen ( ~ I I L )  + M~ [COS (2IIL) - I]. (15) 

I f  we take  t h e  t r a c e  o f  E q .  (15) we ge t  t h e  co r respond ing  W i l -  

son Loop, namely, 

L e t  us now p a r a l l e l  d i s p l a c e  t h r e e  v e c t o r s  and c a l c u l a t e  t h e  

cos ines  o f  t h e  angles between them and t h e  d i s p l a c e d  ones a long  c i r -  

c l e s .  

Consider t h e  f o l l o w i n g  normal ized v e c t o r s ,  

I f  we p a ' r a l  l e l  d i s p l a c e  each o f  t h e  v e c t o r s  a l o n g  a  

c i r c l e ,  t h e  f i n a l  v e c t o r s  a r e  g i v e n  by 

q i )  = w27T, o @ ( i )  

where 

i s  t h e  p a r a l l e l  d isp lacement  o p e r a t o r
g  

(a long c  i r c l e s ) .  

A s t h e v e c t o r s /  and / I  h a v e v a n i s h i n g t e m p o r a l  compo- 
( i )  (i) 

nents,  w e c a n d e f i n e r e a l  a n g l e s 9 a  b y m e a n s o f  
( i )  

cos (L(i) = '2n,o ' ( i )  



Ir1 Eq. (20) we have used the  f a c t s  t h a t  @ and + '  are nor- 
( i  ( i  ) 

mal i zed  t o  one and t h a t  the  m e t r i c  has s i g n a t u r e  (+,+,+). 

- 
I n  our  n o t a t i o n  c$ i s  t h e  t ranspose o f  

( i ) '  (i)' 

By u s i n g  Eqs. (15) and (20) we ge t  

A c a l c u l a t i o n  o f  cos a(i) ( i  = 1,2,3) g i v e s  

1 
cos a = 1 + 7 p: + ( ~ ~ + i  ) '1 (cos ( ~ H L )  - 1) 

( 1  - 
L 

1 
C ~ S  a = 1 + -p2 + (B~+I ) Lrj (COS (~IIL) - I ) 

( 2  L' 

Add i ng (221, (23) and (24) we f i nd 

3 
1 cos a = 1 + cos ( ~ I I L )  

i =  l ( i )  

Now, comparing (25) and (161, we conclude t h a t  

Ecl. (26) i s  theannounced r e l a t i o n  between t h e  c l a s s i f i c a 1  

Wi lson Loop and t h e  angles o f  p a r a l l e l  d isp lacement .  

N o t i c e  t h a t  Eq. (26) i s  v a l i d  independent ly  o f  t h e  v a l u e  o f  a,  

i .e., f o r  t h e  p o t e n t i a l s  o f  t h e  ins tan ton ,  meron and genera l  i n s t a n t o n  

- l i k e  p o t e n t i a l s .  Observe, however, t h a t  t h e  va lues  o f t h e a n g l e s  a r e  de- 

pendent on a. We know t h a t  t h e  va lues  o f  these ang les  a r e  a measure o f  

t h e  mean c u r v a t u r e .  Thus t h e  f i e l d  o f  t h e  i n s t a n t o n ,  f o r  example,"bendsi' 

space i n  a d i f f e r e n t  way f rom t h a t  o f  t h e  f i e l d  o f  merons and o t h e r  i n s -  

t a n t o n - l i k e  c o n f i g u r a t i o n s .  

The au thor  i s  indebted t o  P r o f s .  C .G.Bo l l i n i  and J.J.Giambiagi 

f o r  suggest ing t h e  present  work, and f o r  u s e f u l  d i scuss ions  on t h e  sub- 

j e c t .  
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