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An a lgor i thm f o r  generating so lu t i ons  t o  the E ins te in  equa- 

t i o n s  w i t h  a  nu11 f l u i d  source, from vacuum so lu t ions ,  i s  studied f o r  

space-times t h a t  admit an Abelian group o f  motions G 2  t ha t  ac t s  o r tho-  

gona l ly  t r a n s i t i v e l y .  

Estuda-se um a lgor i tmo para gerar soluções das equações de 

E ins te in  com fonte  de f l u i d o  nu lo  a  p a r t i r  de soluções para o  vácuo, 

nos espaço; tempos que admitem um grupo Abeliano de movimentos G 2  que 

atua ortogonalmente e  t ransi t ivamente.  

I n  a  recent paperlan a lgor i thm t o  generate s o l u t i o n s  t o  

E ins te in  equations coupled t o  a  massless sca lar  f i e l d  (or  a  pe r fec t  

f l u i d  w i t h  p = w equation o f  s ta te )  from so lu t ions  t o  vacuum E ins te in  

equations was studied f o r  the met r ic  

where k, r ,  f and q are  func t ions  o f  t and a only.  This me t r i cadmi t s  

an Abelian group o f  isometr ies G 2  t ha t  ac t s  or thogona l ly  t r ans i t i ve l yl .  

I n  t h i s  note we show tha t  a  s i m i l a r  a lgor i thm e x i s t ,  t ha tge-  

nerates so lu t ions  t o  E ins te in  f i e l d  equations coupled t o  a  nu11 f l u i d  

f r o m s o l u t i o n s o f  vacuum E ins te in  equations f o r  the samemetr ic  ( I ) .  

P a r t i c u l a r  cases o f  (1) have been wide ly  used t o  study g r a v i t a t i o n a l  

waves w i t h o n e o r  t w o d e g r e e s o f  f r e e d ~ m ~ ' ~ .  Solut ions t o  E i n s t e i n  

equations coupled t o  a  n u l l  f l u i d  source are  o f  some physical  i n t e r e s t  



because they  can be i n t e r p r e t e d  as met r  i c s  generated by shin i n g  objects
4
, 

i . e . ,  o b j e c t s  e m i t t i n g  d i r e c t e d  f l o w s  o f  e lec t romagnet i c  r a d i a t i o n 5 .  

L e t  us prove t h e  f o l l o w i n g  s o l u t i o n  g e n e r a t i n g  theorem: 

E i n s t e i n  f i e l d  equat ions w i t h  a  n u l l  f l u i d  source f o r  t h e  

m e t r i c  o b t a i n e d  by  r e p l a c i n g  k by k + fl i n  ( I ) ,  i .e . ,  

R ( L  + n, r ,  f ,  q) = - w a a,, %aa = o 
ab a (2) 

a r e  e q u i v a l e n t  t o  E i n s t e i n  vacuum f i e l d  equat ions f o r  t h e  m e t r i c  ( I ) ,  

I .e., 

r, f, q )  = O (3 )  

where fl i s  a  f u n c t i o n  determined by a  s i n g l e  quadrature.  

To prove t h e  theorem we f i r s t  n o t i c e  t h a t  f o r  m e t r  i c s  1 i k e  

( I )  we have Rty - RtZ O .Thus Eq. (2) impl i e s  t h a t  R RZ Z O .  
Y 

Hence, t h e r e  i s  no loss  o f  g e n e r a l i t y  i n  choosing !La = (1, '1, 0, O ) .  

The exp l  i c i t  form o f  t h e  R i c c i  tensor  f o r  m e t r i c s  i i k e  ( I )  can be found 

i n  re fe rences  1 ,  2 and 6.  The c o n t r a c t e d  B ianch i  i d e n t i  t i e s  f o r  (2) 

g i v e  us 

where t h e  s u b s c r i p t s  O and 1 i n d i c a t e  d i f f e r e n t i a t i o n  w i t h  respec t  t o  

t and x r e s p e c t i v e l y .  The genera l  s o l u t i o n  t o  ( 5 )  i s  

w = ( A / r )  exp ( - 4 k )  , (5) 

where A = A ( t  i x) 

Now t h e  E i n s t e i n  equa t ions  (2) a r e  e q u i v a l e n t  t o :  



The convent ions used i n  t h i s  n o t e  a r e  those o f  r e f e r e n c e  7 except t h a t  

we have taken c = 8~ G = 1 .  

Choosing a f u n c t i o n  R such t h a t ,  

r l  R. + r. R I  = A,' (7b) 

t h e  .., stem o f  equa t ions  (6) i s  e q u i v a l e n t  t o  t h e  E i n s t e i n  e q u a t  i o n s  

( 3 ) .  Equations (8) f o l  low f rom ( 6 f )  and ( 7 1 ,  and equa t ions  (7)  g i v e  

u S 

Q = - / A ( t  i x )  d ( t  i x )  

r. T r1 
(9a) 

2 
r: # r, (9b) 

Q.E.D. 



We n o t i c e  t h a t  i f  (g ,A) i s  a  s o l u t i o n  t o  ( 2 )  then  (Ag ,A) 
Fiv I.iv 

i s  a l s o  a s o l u t i o n ,  whenever X i s  a  cons tan t ,  s i n c e  we can always add 

a cons tan t  t o  R and r e s c a l e  t h e  c o o r d i n a t e s  y and z.  We a l s o  h a v e t h a t  

t h e  r o l e s  o f  t  and x  can be in terchanged by adding ir t o  R. I n  t h e  

p resen te  no te ,  we s h a l l  cons ider  I i n e  elements r e l a t e d  by t h e  above 

mentioned t r a n s f o r m a t i o n s  as e q u i v a l e n t .  

L e t t i n g  q + O and f -+ 1  i n  ( 6 ) ,  s o l v i n g  t h e  d i f f e r e n t i a l  

equat ions and making a change o f  v a r i a b l e s ,  we f i n d  

The m e t r i c  (1) w i t h  q = O and f = 1 i s  t h e  rnost genera? rne t r i c  tha t  ad- 

rn i ts  t h e  t h r e e  parameter group o f  symrnetries t h a t  c h a r a c t e r i z e s  p lane  

symmetrys. Thus, t h e  s o l u t i o n  (10) i s  t h e  genera l  s o l u t i o n  f o r  a  p lane  

syrnmetric s e l f - g r a v i t i n g  nu11 f l u i d .  T h i s  s o l u t i o n  i s  a  s p e c i a l  c a s e o f  

t h e  one d iscussed i n  r e f e r e n c e  8 .  

L e t t i n g  k + w - X + R ,  f -+ e2'/x, q -t x and r -+ x  i n  (1) and 

(9)  we g e t  

The f i e l d  equat ions (6) f o r  t h e  p resen t  case have been s t u -  

d i e d  by many au thors .  See f o r  ins tance  r e f e r e n c e  10 and re fe rences  the- 

r e i n .  The space- t ime (11) represen ts  a s e l f - g r a v i t i n g  nu11 f l u i d  w i t h  

c y l i n d r i c a l  symmetry and no r e f l e c t i o n  symmetry. Making x + O i n  ( l l a )  

we recover  t h e  w e l l  known E i n s t e i n  - Rosen m e t r i c" .  

-2X L e t t i n g  k -+ w - X + R ,  f + x  e , q + O and r +xt i n  ( 1  ) 

and (9) we f i nd 



The m e t r i c  (11) represen ts  t h e  m e t r i c  o f  a s e l f - g r a v i t i n g  nu11 f l u i d  

w i t h  c y l i n d r i c a l  symrnetry and r e f l e c t i o n  symmetry. Note t h a t  t h i s  me- 

t r i c  i s  a y e n e r a l i z a t i o n  o f  E i n s t e i n  - Rosen m e t r i c .  The equa t ions  (6)  

f o r  t h i s  case have been s t u d i e d  i n  re fe rences  12 and 13. 
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