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The propagator  f o r  a  one-dimensional o s c i l l a t o r  w i t h  t ime  de- 

pendent f requency i s  c a l c u l a t e d  by t h e  p a t h - i n t e g r a l  method. 

O propagador para um o s c i l a d o r  un id imensional  de f requênc ia  

dependente do tempo é c a l c u l a d o  p e l o  método das i n t e g r a i s  de caminho. 

1. INTRODUCTION 

The propagator  between t h e  s t a t e s  I x l , t ' >  an3 Ix",tl'> o f  s one 

-dimensional quantum system c h a r a c t e r i z e d  by a Hami l ton ian  

i s  g i v e n  byl. 
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where 

3: = xt.(til, to = t', X O  i 

where t i s  any v a l u e  
k, k- l  

)' tk, k-l 1 ( 4  

of  t be long ing  t o  t h e  i n t e r v a l  [tk-l, tk] (*I 

The e x p l i c i t  c a l c u l a t i o n  u s i n g  t h e  form (2) i s  l i m i t e d  t o  

some spec ia l  cases due t o  t e c h n i c a l  problems i n  t h e  e v a l u a t i o n  o f  t h e  

i n t e g r a l s  invo lved .  

One o f  these i s  t h e  one-dirnensional harrnonic o s c i l l a t o r  w i t h  

time-dependence f requency fQr  which 

V(x , t )  = w 2 ( t )  x 2  

As i s  w e l l  known, i n  t h i s  case t h e  propagator  i s  g i v e n  by A tez where 

A i s  t h e  n o r m a l i z a t i o n  f a c t o r  and S i s  t h e  c l a s s i c a l  a c t i o n .  So i t  c2 
i s  i n t e r e s t i n g  t o  reproduce, by t h e  p a t h - i n t e g r a l  method, t h i s  r e s u l t .  

The step- by- step i n t e g r a t i o n  i n h e r e n t  t o  t h i s  method leads t o  an ex- 

p r e s s i o n  f o r  t h e  propagator  i n v o l v i n g  f o u r  c o e f f i c i e n t s .  A c a l c u l a t i o n  

o f  these c o e f f i c i e n t s  has a l r e a d y  been performed by Khandekar and La- 

wande2. Three o f  them a r e  eas i  l y  ob ta ined  by t r a n s f o r m i n g  t h e  f i n i t e  

- d i f f e r e n c e  equat ions they  obey i n t o  d i f f e r e n t i a l  equat ions,  however 

(*) Usual l y  i s  taken as t h e  mean-value between xk and x k - I '  
But t o  o r d e r  E, one may take  f o r  t 

k ,k - l  
any v a l u e  o f  t h e  i n t e r v a l  

[tk-, ,tk w i t h o u t  changing t h e  i n t e g r a l ,  what amounts t o  t a k e  any va- 

l u e  f o r  x i n  t h e  i n t e r v a l  [xk-, ,xk]. 



the f o u r t h  c o e f f i c i e n t  sa t is f ies  a  much more complicated equations and 

i t s  so lu t i on  was not  der ived by the c i t e d  authors.  The major goal we 

pursued i n  the present a r t i c l e  i s  t o  ob ta in  r i go rous l y  the f o u r t h  coef- 

f i c i e n t ,  c a l l e d  pn by Khandekar and Lawande and C here. n 

The s t ra tegy  used was t o  r e w r i t e  the equation f o r  C as a  n 
truncated continuous f r a c t i o n  j u s t  l i k e  the equation f o r  A o n e o f  the n' 
other  c o e f f i c i e n t s .  Then we rea l i zed  tha t  C and A were re la ted  by t i -  

n n 
me-reversal and thus the so lu t i on  f o r  C fo l lowed from tha t  a l ready ob- 

n 
t a  ined f o r  An. 

Hence we showed r i go rous l y  t h a t  the path- in tegra l  method g  I ves 

the co r rec t  expression f o r  the propagator o f  the o s c i l l a t o r  w i t h  a  t ime 

-dependend frequency. 

The d e t a i l s  o f  c a l c u l a t i o n  a re  presented i n  next  sec t ion .  

2. CALCULATION OF THE PROPAGATOR 

We now consider the eva luat ion  o f  the i n teg ra l  i n  eq. (2) f o r  

the specia l  case o f  the po ten t i a l  o f  eq. ( 5 ) .  Choosing t 
- tk+tk- l  -- 

k, k-l 2 '  
eq. (4) becomes 

where 

W ' W  k, k- l 

By the repeated use o f  the Fresne 

1 

tk, 2-1) 

in tegra  

00 - 1 / 2  % ~ X P  -211 = (2. i r )  i-,, 
we get  a f t e r  n i n tegra t ions  



1 / 2  

I im ([$I ' I2 exp ( A ~ ~ ~ ~ ~  - 2B xl'z + C xr2) 
n n n-wx> 

It what follows we will show the expressions for N n7 AY17 
and C and calculate their limit when n+m. n 

Let us start defining 

The norrnalization factor N then satisfies the recurrence relation 
n 

with the initial conditions 

N-l = O  and No = 1 

Let V (tk+, 1 = E mk. (13) 

Then, taking the limit w, the finite-difference equation (1 1 )  and the 

initial conditions (12) take the following forms respectively: 

A solution at  the forrn 

~ ( t )  = s(t)sin(y(t) - y(tr)) (16) 



a u t o m a t i c a l l y  f u l f i l s  t h e  c o n d i t i o n s  M ( ~ ' ) = o .  A lso  eq. (14) i s  s a t i s -  

f i e d  i f  

and 

s2r = cons tan t  

The remain ing boundary c o n d i t i o n  i s  s a t i s f i e d  i f  

The equat ions (17)-(19) can be r e c a s t  i n  t h e  fo rm 

From (1 3) we have 

Lim E N  = ~ ( t ' ' )  = s ( t U ) s i n ( y  (tu) - Y  ( t ' ) )  , n (22) 

nxo 

and u s i n g  (19) and (21) we g e t  

L e t  us now t u r n  t o  c o e f f i c i e n t  A . A f t e r  n i n t e g r a t  i o n s  i t  n 
appears as:  



Using r e l a t i o n  (10) we can express A i n  terms o f  t h e  norma- 
n 

l i z a t i o n  f a c t o r  N : 
n 

i n  t h e  l i m i t  n- 

Next, t h e  c o e f f i c i e n t  B can be w r i t t e n  as 
n 

so t h a t  f rom (23) 

F i n a l l y  t h e  c o e f f i c i e n t  Cn i s  g i v e n  by 

f i c u l t  t a s k .  As we sa 

l a r  t o  An i n  eq. (24) 

To s o l v e  d i r e c t l y  t h i s  equa t ion  i n  a r i g o r o u s  way i s  a  d i f -  

i d  i n  I n t r o d u c t i o n ,  we w i l l  p u t  Cn i n  a form s i m i -  

, i .e., t r a n s f o r m  t h e  s e r i e s  (29) i n t o  a t runca-  



ted  con t inuous  f r a c t i o n .  To t h i s  aim, t h e  t r i c k  c o n s i s t s  i n  d e f i n i n g  

t h e  t r a n s f o r m a t i o n  

s (a) 

and a p p l y i n y  success ive ly  t h  

so t h a t :  

= 1 + a  w w i t h  p = 1,2 ... 
P 

i s  k i n d  o f  t r a n s f o r m a t i o n  and t a k i n g  

But remark t h a t  eq. (30) i s  e q u i v a l e n t  t o  

Then 

Eqs. (31) and (33) a1 lows us t o  c o n v e r t  t h e  s e r i e s  i n t o  a 

cont inuous f r a c t i o n .  Now, u s i n g  t h i s  f a c t  and t h e  recur rence  r e l a t i o n  

( I  0) , eq. (29) reads 

T h i s  compl icated l o o k i n g  express ion  can be eva lua ted  v e r y  s imp ly .  



By comparing (34) and (24) we see t h a t  Cn i s  e x a c t l y  what we 

o b t a i n  by r e v e r s i n g  t ime i n  express ion  (241, i . e . ,  by making the  f o l  l o -  

wing exchanges 

Thus i n  the  1 imi t n- we o b t a i n  Cn by t a k i n g  An as i n  (26) 

and exchanging t" and t '  and keeping i n  mind t h a t  t h e  exchange above im- 
d d p l i e s  - - +  - - dt dt '  

Hence when n-, 

Th is  g i v e s  t h e  f i n a l  r e s u l t  f o r  t h e  propagator  as 

exp g 1- + .(tf') c o t g y ( t ' r )  - y(t.)-j ;;r2 

s ( t " )  I 

Where s ( t ) ,  ~ ( t )  a r e  t o  be ob ta ined  by s o l v i n g  eqs. (20) and (21) 

once ~ ( t )  g i ven .  
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