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The so c a l  l e d  "Quas i - Po ten t  ia1 equat ions" a r e  exp la ined  i n  

the  sirnple c o n t e x t  o f  t h e  n o n - r e l a t i v i s t i c  Bethe-Salpeter  Equation. The 

many ways o f  deal i n g  w i t h  r e t a r d a t i o n  e f f e c t s  appear v e r y  c l e a r l y  i n  

t h e  p resen t  c o n t e x t  as t h e  r e s p o n s i b l e  f o r  t h e  p o s s i b i l i t y  o f  hav ing  an 

i n f i n i t e  nurnber o f  "on s h e l l  e q u i v a l e n t "  such equat ions.  

As assim chamadas equações quas i- po tenc ia is  são exp l i cadas  

usando a equação não r e l a t i v í s t i c a  de Bethe-Salpeter .  O f a t o  de e x i s t i r  

um n ú m e r o  i n f i n i t o  de equações des te  t i p o ,  todas equ iva len tes  "ori 

shel 1 "  aparece rnu i t o  c laramente no presente con tex to .  

I n  a p rev ious  paperl one o f  us argued, arnong o t h e r  t h i n g s ,  

t h a t  a  co r i s ide ra t ion  o f  t h e  n o n - r e l a t i v i  s t  i c  Bethe-Sal pe te r *  equa t ion  

cou ld  h e l p  s tudents t o  understand the  v a s t  l i t e r a t u r e  on t h e  so c a l l e d  

"Quasi - p o t e n t i a l  equat i o n ~ " ~  (a1 so c a l  l e d  three-dirnensional r e l a t  i v i s -  

t i c  e q u a t i o i i s 3 ) .  Such three-dimensional  equat ions have been appl ied siic- 

* By n o n - r e l a t i v  

E ins ten ian  Invar  

i s t i c  we rnean G a l i l e a n  I n v a r i a n t .  By R e l a t i v i s t i c w e r n e a n  

i a n t .  



c e s s f u l l y  i n  problems rang ing  f rom bound s t a t e  problems i n  Quantum Elec-  

t rodynamics4 t o  in te rmed ia te  energy nuc lear  p h y s i c s 5 .  

The v a r i e t y  o f  q u a s i - p o t e n t i a l  equat ions i s  o f t e n  astounding 

i f  one does n o t  understand t h a t  d i f f e r e n t  equat ions merely r e p r e s e n t d i f -  

f e r e n t  "o f f - the-mass-shel l "  e x t r a p o l a t i o n s  o f  t h e  two p a r t i c l e  s c a t t e -  

r i n g  ampl i tudes .  Th is  was shown v e r y  c l e a r l y  by A . K l e i n  and T . H . L ~ ~ '  who 

showed how t o  d e r i v e  f rom t h e  R e l a t i v i s t i c  Bethe-Salpeter equat ion,  t h e  

Gross equat ion 7,  the  Fronsdal equat i o n 8  and t h e  ~ e v ~ - ~ a c k e - ~ l  e i n 9  equa- 

t i o n .  

I n  t h i s  paper we a p p l y  t h e  A . K l e i n  and T.H. Lee method t o  t h e  

n o n - r e l a t i v i s t i c  Bethe-Salpeter  equa t ion .  The pedagogical advantage o f  

do ing t h i s  i s  t h a t  we have s imp le r  n o n - r e l a t i v i s t i c  k inemat i cs  andavoid 

p o s i t i v e  energy p r o j e c t i o n s  and hence y- m a t r i x  c o m p l i c a t i o n s .  

I n  t h e  second s e c t i o n  we use t h e  n o n - r e l a t i v i s t i c  Bethe-Salpe- 

t e r  equat ion t o  i n t r i d u c e  our  n o t a t i o n  and t o  show t h a t  i f  one assumes 

the  i n t e r a c t i o n  between t b e  p a r t i c t e s  as instantaneous then we have a  

reduct  i o n  t o  t h e  L i  ppmann'-~chwi nger equat ion .  

I n  t h e  t h i r d  s e c t i o n  we e x p l a i n  and a p p l y  t h e  method d e s c r i -  

bed i n  r e f . 5  t o  t h e  n o n - r e l a t i v i s t i c  Bethe-Salpeter  equa t ion .  

F i n a l l y  í n  t h e  f o u r t k s e c t i o n  we b r i e f l y  rev iew the  problem 

o f  o b t a i n i n g  a  r e l a t i v i s t i c  three- dimensional  t h r e e  body formal ismwhich 

have n o t  been so lved  s a t i s f a c t o r i l y .  I t  i s  suggested t h a t  c o n s i d e r a t i o n  

o f  t h e  three-body n o n - r e l a t i v i s t i c  Bethe-Salpeter  e q u a t i o n  c o u l d  be 

h e l p f u l l  i n  c l a r y f y i n g  t h i s  problem. 

2. THE NON RELATIVISTIC BETHE-SALPETER EOUATION 

I n  t h i s  paper we cons ider  a  s imp le  sys tem:a two p a r t i c l e  sys- 

tem whose h a m i l t o n i a n  i s  g i v e n  by 



-f 
where P, (ni, 

-+ + 
and V(r1-ya2 

-f -I- 
ce o f  r,-rz2 

-f 

) and P2(m2) a r e  t h e  momentum (masses) o f  p a r t i c l e s  1 and 2 

) i s  t h e  i n t e r a c t i o n  between then. AI though o n l y  a dependen- 

i s  i n d i c a t e d  i n  equa t ion  ( I ) ,  V can depend on o t h e r  va- 

r i a b l e s  such as  sp in .  

I f  we decompose t h e  S-matr ix  as 

then < f l T l i >  s a t i s f y  t h e  f o l  l ow ing  N o n- R e l a t i v i s t i c  Bethe - Sa lpe te r  

Equat i o n  

where t h e  Bethe-Sal p e t e r  ke rne l  <$,E~P,E, J~JP;E;~:E:> i s g iven,  i f  t h e  

i n t e r a c t i o n  i s  instantaneous (see r e f .  I ) ,  by 

The p roduc t  

i s  r e f e r e d  t o  as t h e  propagator  o f  t h e  Bethe-Salpeter  Equat ion.  

Equat ion (3) desc r ibes  t h e  s c a t t e r i n g  o f  p a r t i c l e s  which a r e  
-+ 

" o f f  t h e  nass shel I", t h a t  is, P:-# 2m1E1, e t c .  The phys ica l  ampl i tude 

i s  ob ta ined  by p u t t i n g  the  p a r t i c l e s  "on t h e  mass she 
-f 

t a k i n g  P: = 2mlE1 , e t c .  

The form o f  t h e  i n t e r a c t  i o n  (4 )  suggests tha 

I 1 ' , t h a t  is,  by 

T has t h e  form 
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Replac ing (5)  i n  ( 2 ) ,  and i n t e g r a t i n g  i n  t h e  energy v a r i a b l e s  
+ +  - + +  

we g e t  f o r  <P,P, ITIP:P:> t h e  . resul  t 

That i s , t h e  Bethe-Salpeter  equa t ion  reduces t o  t h e  Lippmann- Schwinger. 
+ +  - + +  

To i n d i c a t e  t h a t  <PIP, ITIP;P;> depends on t h e  v a r i a b l e  E,+E2 we rew- 

r i t t e  (5)  as 

3. TRI-DIMENSIONAL EQUATIONS DERIVED 
FROM THE NON-RELATIVISTIC BETHE-SALPETER EOUATION 

I n  f i e l d  theory  however, t h e  r e d u c t i o n  rnentioned above does 

n o t  t a k e  p l a c e ' O ,  t h a t  i s ,  we do n o t  have a Lipprnann-Schwinger equa t ion  

and have t o  be con ten t  w i t h  t h e  Bethe-Salpeter  equa t ion  o r  a  "Quasi-Po- 

t e n t  i a l "  Equat ion.  

The reason why i t  i s  n o t  p o s s i b l e  t o  have a Lippmann- Schwin- 

ger  equa t ion  can be seen c l e a r l y  i f  we t rans fo rm t o  o t h e r  v a r i a b l e s  



and s i m i l a r l y  f o r  t h e  primed q u a n t i t i e s .  The v a r i a b l e  w i s  c a l l e d  " re-  

l a t i v e  energy". I t  i s  the  appearance o f  t h i s  v a r i a b l e  t h a t  does n o t  

a l i o w  t h e  r e d u c t i o n  expressed i n  equa t ion  (6) t o  take  p lace,  and g i v e s  

r i s e  t o  the  so c a l  l e d  " spur ious s o l u t i o n s l '  t o  the  Bethe-Salpeter  equa- 

t i o n " .  

Invar iance  w i t h  respec t  t o  space and t ime t r a n s l a t i o n  a ~ l o w s ' ~  

one t o  w r i t t e  

( i f  t h e  i n t e r a c t i o n  i s  assumed instantaneous then we would have 

The form (8) f o r  t h e  i n t e r a c t i o n  suggests 

and r e p l a c i n g  (9) and (10) i n  (3) and u s i n g  (8) we g e t  t h e  non r e l a t i -  

v i s t i c  Bethe-Salpeter Equat ion i n  ' I r e l a t i v e  v a r i a b l e s"  

-k r +  + - +  
Again i f  < q w / ~ / q ' w ' >  = < q l v l q r >  , t h a t  i s ,  i f  t h e  i n t e r a c t i o n  

i s  instantaneous then  t h e  i n t e g r a t i o n  i n  w '  can be performed and we r e -  

ç a i n  t h e  Lippmann-Schwinger equa t ion .  

I n  t h e  R e l a t i v i s t i c  Be the-  S a l  p e t e r  e q u a t  i o n  h o w e v e r ,  



<qw(?(q 'wr> i s  g iven  by t h e  sum o f  t h e  two p a r t i c l e  i r r e d u c i b l e  Feynman 

diagrams and depends exp l  i c i  t l y  on and w' . Equat ion (10) i s  i n  t h i s  

case a f o u r  dimensional equa t ion  ins tead  o f  three- dimensional  as the  

Lippmann-Schwinger equat ion.  

-+ 
I n  the  c e n t e r  o f  mass system P=O so t h a t  equa t ion  (10) sim- 

p l i f i e s  cons iderab ly .  From now on we s h a l l  t h e r e f o r e  assume t o  be i n  t h e  

cen te r  o f  mass frame. To o b t a i n  a d d i t i o n a l  s i m p l i f i c a t i o n  we s h a l l  a l s o  

assume f rom now on t h a t  m,=m,= m .  With  t h i s  simpl i f  i c a t i o n  (10) becomes 

d3q" dw" <qo/!Flqrwr> = <qw/Piqrwr> + - <q,,[l?lqrrwv> x 

The.phys ica l  amp l i tude  i s  ob ta ined  f rom (11) by making E equal 

t o t a !  i n i t i a l  o r  f i n a l  k i n e t i c  energy. 

(11) 

t o  t h e  

Al though equa t ion  (11) i s  i n t r i n s i c a l y  f o u r  dimensional i t  i s  

p o s s i b l e  t o  d e r i v e  an approx imate three- dimensional  i n t e g r a l  equa t ion  

(hence,Lippmann-Schwinger l i k e )  which f o r  t h i s  reason i s  c a l l e d  quas i -  

- p o t e n t i a l  o r  three- dimensional  " r e l a t i v i s t i c "  equat ion.  The procedure 

f a c t  an i n f i n i t e  number o f  equat ions r e -  

i v e  the  same "on s h e l l  ampl i tudes"  i f  s o l -  

however i s  n o t  un ique and i n  

s u l t ,  a11 o f  which however, g  

ved e x a c t l y .  

To e x p l a i n  how t h i s  

simbol i c  form as 

i s d o n e w e  f i r s t  w r i t t e e q u a t i o n  ( 1 1 )  i n  

Equat ion (12) i s  e q u i v a l e n t e  t o  another  equa t ion  where t h e  i n t e r a c t i o n  

? i s  rep laced  by v and t h e  propagator  G by g 

i f  v and g s a t i s f i e s  
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v = v ^ +  P ( G - g )  v 

T h i s  can be shown s o l v i n g  f o r  v i n  (14) and rep  

We now d e f i n e  g as 

l a c i n g  i n  (13 ) .  

-+ 
where P i s  e p r o j e c t i o n  opera to r  t h a t f i x e s  the  v a l u e  o f  t h e  w v a r i z  

-+ 
t o  a c e r t a i n  va lue .  For exarnple P can be taken simpl y as 

wh ich f i xes  t l i e v a l u e  w=O which i s  t h e  v a l u e  o f  w "on t h e  mass s h e l l "  i n  

t h e  c e n t e r  o f  mass f rame. 

To see how t h e  procedure works we n o t e  t h a t  i f  we p r o j e c t  

equat ions (13) l e f t  and r i g h t  we g e t  

which i s  a  Lippmann-Schwinger l i k e  equa t ion .  

To g e t  <qw=Olv lq  'w=O> we have t o  so lve  equa t ion  (14) because 

i f  we p r o j e c t  i t b e f o r e  s o l v i n g  we g e t  



whi'ch i n v o l v e s  the  unknown q u a n t i  t y  9 rrwr'lT^/q 'wr=O> so t h a t  t h e  i r i te- 

g r a t i o n  i n  w" can n a t  be c a r r i e d  o u t .  

O f  course t o  s o l v e  (14) i s  as d i f f  i c u l t  as t o  s o l v e  t h e  o r i -  

g i n a l  equa t ion  (11) .  I f  however t h e  p e r t u r b a t i v e  s o l u t i o n  o f  (14) i s  

good we can, by p r o j e c t i n g  i t ,  g e t  < q o ) = ~ j v J q ' w = ~ >  . 

I n  f a c t  the  p e r t u r b a t i v e  s o l u t i o n  o f  (14) i s  

v = - ? + v  (C-g) ? + c  (G - g )  C; ( G  - g )  -;+ ... !19) 

This  can now be p r o j e c t e d  t o  g i v e  

and the  i n t e g r a t i o r i  i n  o" can be c a r r i e d  s i n c e  q w = O / f l q ' b " >  i s  known 

and so i s  <c;rrwrriYlq I=O>. i f  t h e  s e r i e s  converge i t i s  then possi b l e  t o  

ge t  %w=0 lvlq 'w=O> and s o l v e  t h e  three-din iens ional  " r e l a t i v i  s t i c "  equa- 

t i o n  (16) 

t h a t  i s ,  

reduces i 

+ 
F i n a l l y  one should note,  again,  t h a t  i f  < q o  

í f  t h e r e  i s  no dependence on r e l a t i v e  energy 

mmediately t o  

+ - +  
j l? lq 'wt> < q I v l q r  > 

, then ecpration (18) 

t h a t  i s ,  one rega ins  once aga in ,  the  Lippmann-Schwinger equa t ion .  
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A q u e s t i o n  t h a t  immediately occurs  i s  i f  i t  i s  p o s s i b l e  t o  

c h o o s e f o r  g a f o r m d i f f e r e n t  froni t h e o n e g i v e n  by equa t ion  (15) 

t h a t  would rnake t h e  s e r i e s  c 0 )  t o  converge f a s t e r .  The answer t o  t h a t  
A 

depends o f  course on t h e  form o f  <qw 1 viq 'w '> b u t  even g i  ven t h a t ,  a ge- 

n e r a l  answer t o  t h i s  q u e s t i o n  i s  n o t  known. P a r t i a 1  answers can befound 

i n re fe rences  (3)  and (4) . 

4. THE THREE-BODY CASE 

C o r r e c t  i n t e g r a l  equa t ion  f o r  t h r e e  p a r t i c l e  s c a t t e t i n g  pro-  

blems, were g i v e n  by Fadeev 1 3 .  Those equat ions (3 coupled equa t ions )  r e -  

p l a c e  f o r  t h e  t h r e e  body case t h e  Lippmann-Schwinger equa t ion .  

I t  i s  t h e r e f o r e  i n t e r e s t i n g  t o  i n q u i r e  i f  i t  i s  p o s s i b l e  t o  

g i v e  r e l a t i v i s t i c  g e n e r a l i z a t i o n s  o f  t h e  Fadeev-equations, t h a t  i s ,  t o  

g i v e  three- dimensional  Fadeev l i k e  equa t ions  which a r e  c o n s i s t e n t  w i t h  
14 Loren tz  invar iance .  Many such a f o r m u l a t i o n  can be found i n  t h e  l i -  

t e r a t u r e ,  b u t  those equat ions were n o t  d e r i v e d  f rom t h e  t h r e e  p a r t i c l e  

Bethe-Salpeter  equat ion.  I t  i s  a l s o  k n ~ w n l ~ ' ~ ~  t h a t  t h e r e  a r e  d i f f i c u l -  

t i e s  i n  c a r r y i n g  o u t  t h i s  program. Those d i f f i c u l t i e s  seen t o  be c o n s i -  

d e r a b l e  reduced i f  one cons iders  t h e  problem i n  terms o f  t h e  non- re la -  

t i v i s t i c  t h r e e  p a r t i c l e  Bethe-Salpeter  equat ion.  We hope t o  demonstrate 

t h i s  i n  a f u t u r e  paper. 
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