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C,oupled o s c i l  l a t o r s  a r e  chosen as convenient  models i n  o r d e r  

t o  show t h e  p r a c t i c a l  u t i l i z a t i o n  o f  t h e  S e l f  Cons is ten t  F i e l d  Method 

and t h e  A d i a b a t i c  Approx imat ion f o r  i n s t r u c t i o n a l  purposes. Resu l t s  

a r e  compared w i t h  e x a c t l y  va lues  and a  good agreement i s  found i n  eve- 

r y  case. 

1. INTRODUCTION 

The S e l f  Cons is ten t  F i e l d  (sCF) Method i s  so much impor tan t  i n  

d i f f e r e n t  Phys ica l  f i e l d s  t h a t  i t  deserves t o  have severa1 pedagogical 

examples i n  o r d e r  t o  be a b l e  t o  show them i n  those i n t r o d u c t o r y  courses 

o f  Quantum Mechanics. There have been pub l i shed  some i n t e r e s t i n g  a r t i -  

c l e s  on the  theme up t o  now: t h e  unid imensional  He atoml, and harmonic 

coupled o s ~ i l l a t o r s . ~ ' ~  The A d i a b a t i c  Approx imat ion (AA) i s a n o t h e r  w e l l  

known method which i s  c u r r e n t l y  a p p l i e d  t o  s tudy t h e  e l e c t r o n i c  d i s t r i -  

b u t i o n  i n  molecules and so l  i d ~ . ' ' ~  However, t h i s  method has n o t  r e c e i -  

ved an a p p r o p r i a t e  c a r e  f rom t h e  pedagogical p o i n t  o f  v iew because t h e r e  

a r e  n o t  s imp le  enough models t o  show i t s  appl  i c a t i o n .  I t  i s  w e l l  known 

t h a t  hamonic and anharmonic o s c i l  l a t o r  rode1 have been w i d e l y  used as 

i l l u s t r a t i v e  ways t o  p resen t  t h e  fundamental p r i n c i p l e s  o f  t h e  Quantum 

Mechanics. The purpose o f  t h i s  paper i s  t o  choose o s c i l l a t o r s  i n  o r d e r  

t o  c a l 1  a t t e n t i o n  about t h e  p o s s i b l e  u t i l i z a t i o n  as an i n s t r u c t i o n a l  a i d  

f o r  a n a l y s i n g  t h e  SCF method and t h e  AA. For t h a t  purpose we have chosen 

harmonic o s c i l l a t o r s  w i t h  anharmonic c o u p l i n g  terms. Such se lec t ion  r e s t s  



upon t h e  t h r e e  f o l  lowing main reasons: a )  these models appear i n  a  natu-  

r a l  way i n  mo?ecular  theory  and t h e  s o l u t i o n  through SCF e ~ u a t i o n s  have 
6 - 9  

been r e c e n t l y  g i v e n  , 5) f o r  c e r t a i n  coupl  ing p o t e n t i a l s ,  the  r e s u l -  

t i n g  equat ions can be so lved i n  an i t e r a t i v e  way w i t h  t h e  ass is tance  o f  

an o r d i n a r y  manual c a l c u l a t o r ,  and C )  i f  m e  hss a  s e r i e s  o f  e x a i n p l e s  

which can be so lved w i t h  g r e a t  accuracy, then i t  i s  p o s s i b l e  t o  examine 

the  numerical methods ~ h i c h  a r e  c u r r e n t l y  used and so t o  know t h e i r  de- 

qrees o f  conf idence.  

The p l a n  o f  t h e  paper i s  as f o l l o w s :  i n  Sec t ion  2 we deduce 

the  SCF equat ions we app ly  thcm t o  ar1 anharmonic p o t e n t i a l  f o r  which 

t h e r e  a r e  exact  s n l u t i o n s .  Nuniei-icai r e s u l t s  a r e  compared w i t h  exact  

ones which were ob ta ined  p r e v i o u s l y .  I n  Sec t ion  2 we rnake use o f  t h e  AA 

t o  c a l c u i a t e  a p a i r  o f  o s c i l l a t o r s  which a r e  coupled by an harmonic po- 

t e n t i a l .  Again, we compare w i t h  exact  va lues,  and t h e  c o n d i t i o n s  o f  t h e  

a p p l i c a b i l i t y  o f  the  approx imat ion i s  d iscussed.  

2. SCF EQUATIONS 

where 

We s t a r t  froin a  Hami l ton ian  li g iven  by 

'v 
H = fiI(xi) + L7(z,,x2,. . . ,xm) 

i =  l 

As approx imate e i g e n f u n c t i o n s  o f  H we choose 

such t h a t  



The method c o n s i s t s  i11 searching f o r  an extremum o f  the  znergy E 

N "V N 

through a1 l p o s s i b l e  ~ a r i a t i o n s 6 @ ~  f o r  i = 1 ,. . . .,U, and t a k i n g  i n t o  

account the condi  t i o n  ( 5 ) .  Consequentl y, we a r e  l e d  t o  i n t r o d u c e  t h e  La- 

grange m i i l t i p l i e r s  ei and t o  cons ider  t h e  i n c o n d i t i o n a l  extremum o f  t h e  

f u n c t i o n a l  J ( $ )  g i v e n  by 
N 

J ( @ )  = E($) - 1 gi <$i I @i> 
,. - (7 )  
L-1 

The v a r i a t i o n  6J i s  equal t o  

where c .c? denotes t h e  complex con juga te  o f  a1 l terms i n  t h e  r. h.s. o f  

Eq. (8) .  The p rev ious  equa t ion  can be arranged i n  the f o l l o w i n g  way 

w i th  gij = g ji 
. We now d e f i n e  the  SCF opera to rs  F as i 

s i n c e  the  v a r i a t i o n s  64; a r e  a r b i t r a r y .  Then, Eq.(8) w i l l  be s a t i s f y  

f o r  those @n which a r e  e igen func t ions  o f  F 
i i >  ' .e .  



Eqs. (10) a r e  e a s i l y  so lved f o r  t h e  case where 

because now the  SCF o p e r a t o r s  a r e  i d e n t i c a l  w i t h  t h e  corresponding t o  

s h i f t e d  harmonic o s c i l l a t o r s  

where 

Energies e a r e  equal t o  
n 
i 

The t o t a l  energy o f  t h e  system i s  c a l c u l a t e d  f rom Eq.(6), which can be 

w r i  t t e n  as 

I n  o r d e r  t o  exempl i f y  t h e  procedure i n  a prec 

manner, we p resen t  a coupled o f  b id imensional  

Exarnple I .  T h i s  case has p r e v i o u s l y  been cons 

t h e  SCF method
g 

se and s e l f -  exp lana to ry  

exampl es : 

dered w i t h  the  h e l p  o f  



The func t ions  + (i=1,2) a re  eigenfunct ions o f  a Harniltonian operator  
"i 

corresponding t o  harrnonic o s c i l l a t o r s  w i t h  e f f e c t i v e  frequencies Wi = 
= (w; + 2 a so tha t  the eigenvalues are  

The reso lu t i on  i s  cornpleted by apply ing the v i r i a 1  theorem 

from wh ich  one obta ins two equat ions f o r  Ai (i=1,2). There wi t h  the 

equations (22-23) can be solved numerical l y  i n  an i t e r a t i v e  way w i  t h  a 

manual c i i l cu la to r  

A f t e r  ob ta in ing  Ai, one ca lcu la tes  e frorn Eq. (20) and l a s t l y  the n 
t o t a l  energy E i s  g iven by i 

n l  9 n 2  

I n  Table I r e s u l t s  a re  shown, together w i t h  exact values given by Per- 

c i v a l  antl ~ o r n ~ h r e ~ l ~  and energies f o r  f r e e  o s c i l l a t o r s  (eH0 
) .  The 

n19n 2 
cornparison i s  made tak ing  i n t o  account the d i ssoc ia t i on  energy E 

D 

ED = - w t w :  / 4 a = 58817.9 crn-' (25) 

and the f 'ol lowing values f o r  the constants 



Tabie I - Comparison o f  exac t ,  f r e e ,  and SCF method e igenvalues f o r  two 
- 2 coupled o s c i  l l a t o r s  wi t h  i n t e r a c t i o n  pocencia i  a 2: x2. 

We can see t h a t  a i s  smal l  enough so tha: t h e  SCF s o l u t i o n s  a r e  v e r y  

a l i k e  t o  t h e  exact  f u n c t i o n s .  

Example II. Our second example i s  t h e  Barban is '  Hami l ton ian ,  and i t  

has been w i d e l y  s t u d i e d .  The Hami l ton ian  opera to r  i s  

The c a l c u l a t i o n  scheme i s  s i m i l a r  t o  the  corresponding one i s  Example 

I and r e s u l  t s  a r e  

Over again,  F 2  i s  an Hamil t o n i a n  o p e r a t o r  assoc ia ted  t o  an harmonic 

o s c i l l a t o r ,  w h i l e  F, corresponds t o  a  s h i f t e d  o s c i l l a t o r .  The e igen-  

va lues a r e  



e = (n2 + O .  5) ( w z  + 2 a A,) 1 / 2  
2 

From t h e  v i r i a l  r e l a t i o n s h i p  

i t  f o l l o w s  t h e  f i r s t  equa t ion  which r e l a t e s  AI w i t h  A 2 $  i . e .  

A = - a A,/W; (33) 

w h i l e  the  second equa t ion  i s  ob ta ined  f rom t h e  v i r i a l  theorem f o r  FZ 

The t o t a l  energy i s En = e  + e  - a A , A ,  
1,n2 n1 n2 

I n  Table I I  our  r e s u l t s  a r e  g iven,  toge ther  w i t h  t h e  exac t  eigenva-  
1 1 - 1 5  

l ues , and the  corresponding va lues  t o  a p a i r  o f  harmonic o s c i l l a -  

t o r s  (HO)  . Two main f a c t s  can be observed f rom numer ica l  va lues;  a)  

SCF va lues  a r e  between harmonic o s c i l l a t o r s  and exac t  ones, i n  accor-  

dance w i t h  t h e o r e t i c a l  p r e d i c t i o ~ s ;  b )  e r r o r s  f o r  SCF r e s u l t s  increase 

w i t h  n l .  Then, 4 does n o t  represen t  w e l l  t h e  behavior  o f  t h e  exac t  
nl 

func t ion .  L e t  us suppose t h a t  54 i s  a  p o s s i b l e  v a r i a t i o n  f o r  which C$ i s  

s t a b l e ,  i . e .  

SE = <s$IE@ + < $ I H ~  $> = O (35) 

and, fur thermore,  t h a t  H depends o; a  parameter a.  Then, 

We can see t h a t  i f  a$/3a rep resen ts  one compat ib le  v a r i a t i o n  which sa- 

t i s f i e s  Eq.  (35) then @ w i l l  s a t i s f y  t h e  Hellrnann-Feynman theorem. I n  

our  a c t u a l  case i t  i s  so because 



Table I I  - Cornparison o f  exact ,  f r e e ,  and SCF e igenvalues f o r  t h e  Bar- 

b a n i s '  Harn i l ton ian.  

(Ref .6) 
n: :, 1 e F o  1 r A A  1 e 

" 2 1  n2 n1 n2 n l  n2 

I . I 068 1 . i 062  1.1058 

O 1 2.0555 i 2.0504 2.0491 

i s  one o f  the  cornpatible v a r i a t i o n s  w i t h  t h e  SCF f u n c t i o n s .  For t h e  

Barbanis '  Harn i l ton ian we have 

Replac ing Eq. (39) and Eq. (40)  i n  Eq. (38) we ge t  t h e  d e s i r e d  r e s u l  t 

3. ADIABATIC APPROXIMATION 

I n  o r d e r  t o  o f f e r  a  c l e a r  p r e s e n t a t i o n  o f  t h e  A4 i n  such a 

way t h a t  d e t a i  1s can be t r a n s p a r e n t l y  apprehended, we have chosen a 

k i n d  o f  i n t e r a c t i o n  p o t e n t i a l  which has t h e  p r o p e r t y  o f  be ing  disenga- 

ged through an a p p r o p r i a t e c h a n g e o f  v a r i a b l e s .  Then, equa t ions  a r e  



solved i n  an exact form and i t  al lows us t o  o f f e r  an i l l u s t r a t i v e  com- 

par ison.  The Hami 1 ton ian  operator  i s  

where D = a/ari. i 
- 

Let us assume tha t  k l ,  22 and g are  numerical l y  o f  compa- 

r a t i v e  orders.  Def in ing  the new set  o f  var iab les  x. from the r e l a r i o n -  
Z 

ships 

the Hamiltonian (1) i s  re- wr i t t en  i n  the fo l l ow ing  way 

where 

1 / 2  
d . = a / a x i ;  wi= (ki/mi) ;a=g(mlm2) 

- 1 / 2  

2 

If m1«m2, then 

(5) 
The va r i ab le  xl, being associated t o  the l i g h t e r  mass, w i l l  descr ibe 

the fas te r  movement (greater  v i b r a t i o n  frequency) and, consequently, 

x 2  correspond t o  the slower movement. Under such cond i t ions  we can 

make use o f  the AA, s t a r t i n g  from an approximate wavefunction def ined 

by 

where I$ (x ;x  ) i s  e igenfunct ion o f  the  Hamiltonian operator  B 1  
n, I 2 

II  = - d2/2 + w: x:/2 + a x, x, = - d: + W: (zl + UX,/W:) - 



and the  e igenvalues a r e  g i v e n  by t h e  formula 

e (5,) = (n, + 0 . 5 ) ~ ~  - (m,I2/(2 w:) n (8)  

X (x,) has t o  be e i g e n f u n c t i o n  o f  E ", n2 n 

li = - 0 . 5  di + 0.5 (w: - a2/w:)xE/(n,+ O 
1 

The Hami 1 t o n i a n  (9)  corresponds t o  an harmonic osc 

t h a t  t h e  c o n d i t i o n  

a <w, w, = ( k  

I s  f u l f i l l e d .  Th is  c o n d i t i o n  i s  equiva 

.5) w, (9) 

i l l a t o r  p rov ided  

l e n t  

g <(k,k, 

Under such suppos i t i on ,  t h e  e igenvalues o f  

For the  purpose o f  g e t t i n g  t h e  exact  s o l u t i o n s ,  i t  i s  n e c e s s a r y t o  per -  

form a  change o f  v a r i a b l e s  which transforms the  p o t e n t i a f  energy i n  a  

sum o f  square terms; i . e .  the  m a t r i x  

must be d iagona l i zed .  

I f  s,, s, a r e  t h e  new v a r i a b l e s ,  then t h e  Harn i l ton ian ( 3 )  

w i l l  adopt t h e  form 

where 

1062 



and p l ,  p2 a r e  t h e  eigerivalues o f  t h e  m a t r i x  (11) and they a r e  g i v e n  by 

I f  t h e  Hami l ton ian  (12) stands f o r  two harmonic o s c i l l a t o r s ,  then  p, 

and p, have t o  p o s i t i v e ,  and we a r e  c a r r i e d  aga in  t o  t h e  p r e v i o u s l y  as-  

sumed c o n d i t i o n  

Th is  p o i n t  deserves spec ia l  a t t e n t i o n  because i t  makes p l a i n  t h a t  t h e  

c o n d i t i o n s  which cons tan ts  have t o  s a t i s f y  t o  o b t a i n  bonding s t a t e s  a r e  

the  same f o r  approx imate and exact  f u n c t i o n s .  The exac t  energy o f  the  

systeni i s  

Now we wish t o  show t h a t  when t h e  c o n d i t i o n  m,<< m2 i s  s a t i s f i e d ,  then 

exac t  eigenenerg i e s  ( 1  5) approach t o  approxirnate energ i e s  (1 0 ) .  S ta r -  

t i n g  f rom a power s e r i e s  expansion o f  t h e  square r o o t ,  we have 

Then 

pl = w: + a2 (w: - vi)-' W: + a2/w: - w: (I + a2/w:) (16) 

p2 = M: - a2/(w; - w y  2 wt - a2/w: (17) 

Taking i n t o  account t h a t  



1 >> a2/w: 

and r e p l a c i n g  Eqs. (16-1 7) i n  Eq. ( 1 5 ) ,  we g e t  Eq. (10). Due t o  

p i  > wi and p ,  > w2 - a2/wi 

we can be sure t h a t  

I t  i s  i n  agreement w i t h  t h e  genera l  r e s u l t s  presented by ~ ~ s t e i n ' ~  f o r  

the  ground s t a t e .  I n  F i g u r e  I exact  e igenvalues E, , a r e  compared w i t h  

those ob ta ined  frorn t h e  A A ( e ,  ,) f o r  t h e  f o l  l ow ing  cons tan ts  

Fig.1 -Comparison of exact and adiabatic approximarion energies for the 

ground state of two coupled oscillators with interaction potential p , r i  
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