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I n  t h i s  work t h e  concepts o f  p o l a r i z a t i o n  o f  photons and r e -  

l a t i v i s t i c  e l e c t r o n s  a r e  in t roduced  i n  a s i m p l i f i e d  form. A l though  

t h e r e  a r e  impor tan t  d i f f e r e n c e s  i n  t h e  concepts o f  photon and e l e c t r o n  

p o l a r i z a t i o n ,  i t  i s  shown t h a t  t h e  saine formal  ism may be used t o  des- 

c r i b e  them, which i s  v e r y  u s e f u l  i n  t h e  s tudy  oF i n t e r a c t i o n s  concer- 

ned w i t h  p o l a r i z a t i o n s  o f  bo th  photons and e l e c t r o n s ,  as i n  t h e  yho- 

t o e l e c t r i c  and Compton e f f e c t s .  Photons a r e  considered,  i n  t h i s  work, 

as a spec ia l  case o f  r e l a t i v i s t i c  s p i n  1 p a r t i c l e s ,  w i t h  zero r e s t  

mass. 

Neste t r a b a l h o  são apresentados, de uma forma s i m p l i f i c a d a ,  

os conce i tos  de p o l a r i z a ç ã o  de f o t o n s  e e l e t r o n s .  Embora ex is tam im- 

p o r t a n t e s  d i f e r e n ç a s  nos conce i tos  de p o l a r i z a ç a o  de f o t 0 n s . e  e le t rons ,  

mostra-se que o mesmo formal ismo pode ser  usado para descreve- los,  o  

que é m u i t o  ú t i l  no estudo de in te rações  envolvendo po la r i zações  de 

ambos, f o t o n s  e e l e t r o n s ,  como em e f e i t o s  f o t o e l é t r i c o  e Compton. Nes- 

t e  t r a b a l h o  os f o t o n s  são considerados como um caso espec ia l  de p a r t í -  

c u l a s  r e l a t i v í s t i c a s  de s p i n  1 ,  com massa de repouso nu la .  

1. INTRODUCTION 

Dur ing a research progi-am concerned x i  t h  c o r r e l a t  ions between 

p o l a r i z ã t i o n s  o f  photons and e l e c t r o r ~ s  i n  r e l a t i v i s t i c  p h o t o e l e c t r i c  

e f f e c t ,  i 

cep ts  and 

t o n  beams 

t was n o t i c e d  t h e  l a c k  o f  a  t e x t  which b r i n g s  toge ther  thecon-  

s i m p l i f i e d  d e s c r i p t i o n s  o f  p o l a r i z a t i o n  o f  e l e c t r o n  and pho- 

. That was t h e  reason f o r  t r y i n g  t o  w r i t e  such a t e x t .  



T h i s  work s t a r t s  w i t h  t h e  non r e l a t i v i s t i c  d e s c r i p t i o n  o f  po- 
l a r i z e d  e l e c t r o n s  and subsequently t h e  r e l a t i v i s t i c  d e s c r i p t i o n ,  when 

t h e  r e l a t i o n  between t h e  e l e c t r o n  beam p o l a r i z a t i o n  and t h e  e x p e c t a t i o n  

v a l u e  o f  t h e  s p i n  components o f  t h e  e l e c t r o n s  i s  n o t  so obv ious,  i s  de- 

ve 1 oped . 

F o l l o w i n g  t h e  d e s c r i p t i o n  o f  s p i n  1/2 p a r t i c l e s  p o l a r i z a t i o n ,  

t h e  formal  ism i s  extended f o r  s p i n  1  p a r t i c l e s  and t h e  photon p o l a r i z a -  

t i o n  concept a r i s e s  f rom t h e  f a c t  t h a t  photons a r e  a  s p e c i a l  case o f  

r e l a t i v i s t i c  s p i n  1  p a r t i c l e s  w i t h  ze ro  r e s t  mass. 

AI though the  concepts o f  e l e c t r o n  and photon p o l a r i z a t i o n s  a r e  

q u i t e  d i f f e r e n t ,  i t  i s  shown t h a t  t h e  same formal ism can be a p p l i e d  

t o  b o t h  cases. 

2. NON RELATIVISTIC DESCRIPTION OF POLARIZATION OF 
OF ELECTRONS - 

I n  t h i s  s e c t i o n  some b a s i c  r e s u l t s  f rom e lementary non r e l a t i -  

v i s t i c  quantum mechanics w i l l  be presented i n  o r d e r  t o  i n t r o d u c e  t h e  

d e s c r i p t i o n  o f  t h e  e l e c t r o n  p o l a r i z a t i o n  i n  terms o f  t h e  s p i n  o f  t h e  

e l e c t r o n s .  

The observab le  sp in ,  represented by t h e  o p e r a t o r  

s a t i s f i e s t h e  commutation r e l a t i o n s  c h a r a c t e r i s t i c  o f  angu la r  momentum 

[si's 3 .]= iEsk ( c y c l  i c )  

and can be wr i t t e n  as 

where ai a r e  the  P a u l i  mat r i ces ,  which may be represented as 
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The wave f u n c t i o n  which descr ibes  t h e  s t a t e  o f  a  p a r t i c l e  o f  

s p i n  1/2 i s  a  two component s p i n o r  

and t h e  most usual b a s i s  t o  represen t  t h i s  genera l  s t a t e  cons is ts  o f t h e  

s p i n o r s  

1 
u, = ( o )  and u, = ( y )  (2.6) 

which a r e  e i g e n f u n c t i o n s  o f  a w i t h  e igenvalues +I and - 1 ,  r e s p e c t i v e l y .  z  

Any genera l  pure s t a t e  X can, t h e r e f o r e ,  be w r i t t e n  as a l i -  

near combinat ion o f  u, and u, (coherent  s t a t e s )  

T h i s  method o f  r e p r e s e n t i n g  a pure  s t a t e  i s  c a l l e d  Jones formal ism,  due 

t o  t h e  s i m i l a r i t y  w i t h  t h e  method in t roduced  by ~ o n e s '  t o  d e s c r i b e  po- 

l a r i z e d  l i g h t .  

I f  t h e  s t a t e  x i s  normal ised such as <XIX> = 1,  one g e t s  t h e  

c o n d i t i o n  Ia1 1 '  + I a 2 I 2  = I, where Ia, l 2  i s  t h e  p r o b a b i l  i t y  t h a t  t h e  

p a r t i c l e  i s  i n  t h e  s t a t e  u,, t h a t  i s ,  t h e  p r o b a b i l i t y  o f  f i n d i n g  t h e  

va lue+ f i / ; !  whenmeasu r i ng thesp incomponen t  i n  z  d i r e c t i o n ,  and 

la,I2 i s  t h e  p r o b a b i l i t y  o f  f i n d i n g  - Z/2 ( s t a t e u , ) .  

Due t o  t h e  noncommutative r e l a t i o n s  (2.2) i t  i s  n o t  p o s s i b l e  

t o  measure s imu l taneous ly  t h e  t h r e e  components o f  t h e  sp in ,  which means 

p h y s i c a l l y  t h a t  t h e  measurement o f  one component a f f e c t s  t h e  s p i n  s ta te .  

However, t h e  o p e r a t o r  s 2  = s 2  + s2 + s 2  c o m u t e s  w i t h  any canponent and 
x Y z  

can be measured simul taneousl y  w i t h  any component. I t s  e i g e n v a  lues i s  

s (s  + 1)f i2 = 3fi2/4. Therefore,  when one says t h a t  t h e  s p i n  o f  t h e  par -  

t i c l e  i s  i n  z d i r e c t i o n ,  i t  means t h a t  t h e  s p i n  component i n  z  d i r e c -  



t i o n  has t h e  v a l u e  l i / 2  b u t  n o t h i n g  can be s a i d  about the  o t h e ?  compo- 
1 nents, o n l y  t h a t  s 2  + s 2  = : F2 - E' = . 

x Y 2 

So f a r  o n l y  t h e  s p i n  o f  a  s i n g l e  p a r t i c l e  has been d e s c r i -  

bed. Consider now a  system o f  e l e c t r o n s .  

I f  a11 t h e  e l e c t r o n s  a r e  

i s  s a i d  t o  be i n  a  pure s p i n  s t a t e  X 

s p e c i f i e d  by a1 and a,. 

i n  t h e  same s p i n  s t a t e ,  t h e  system 

, = ( a 1 ) ,  and t h e  s p i n  d i r e c t i o n  i s  
2 

The s p i n o r  t h a t  desc r ibes  a  s p i n  i n  an a r b i t r a r y  d i r e c t i o n  e 
i s  such t h a t  ( 2 . g ) ~  = hx, where g.2 i s  t h e  p r o j e c t i o n  o f  t h e  s p i n  ope- 

r a t o r  i n  d i r e c t i o n  and A t h e  co r respod ing  e igenvalue.  I f  one w r i t e s  

t h e  genera l  express ion  f o r  e as 

ê = s i n  6 cos 4 êx + s i n  s i n  $ í;. + cos 0 êz 
Y 

and s u b s t i t u t e s  t h e  Paul i m a t r i c e s  as i n  (2.4) i n  t h e  above express ion,  

one ge ts  t h e  e igenvalues X+ = + 1 and X- = -1 w i t h  t h e  corresponding 

wave f u n c t i o n s  

Thus, X+ and X- a r e  e i g e n f u n c t i o n s  o f  2.g w i t h  e igenvalues + 1 and - 1  

and represen t  the  s t a t e s  where t h e  s p i n  i n  t h e  a r b i t r a r y  d i r e c t i o n  2 
has t h e  va iues  + fi/2 and - fi/2. The d i r e c t i o n  o f  t h e  s p i n ,  2, i s  d e t e r -  

mined by 

The importante o f  (2.9)  i s  t h a t  i t  shows t h a t  i t  i s  p o s s i b l e  

t o  c o n s t r u c t  s t a t e s  which a r e  s imu l taneous ly  e i g e n s t a t e s  o f  t h e  momen- 

tum and s p i n  component i n  any a r b i t r a r y  d i r e c t i o n  s i n c e  t h e  s o l u t i o n  o f  
i the  Schrt idinger equa t ion  f o r  a f r e e  p a r t i c l e  i s  $ = x exp ~2 (-.r - ~ t ) .  

R e l a t i v i s t i c a l l y ,  as w i l l  be shown i n  s e c t i o n  ( 3 ) ,  i t  i s  o n l y  p o s s i b l e  

t o  d e f i n e  such s t a t e s  i n  t h e  d i r e c t i o n  o f  t h e  momentum. 

The e igenva lue  represen ts the  r e s u l t  o f  a  s i n g l e  measurement 

and i f  i n f o r m a t i o n  about t h e  average s p i n  d i r e c t i o n  o f  a  beam o f  e l e c -  



t r o n s  i s  requ i red ,  one has t o  c a l c u l a t e  t h e  e x p e c t a t i o n  v a l u e  o f  t h e  

P a u l i  opera to r ,  <g> . The a x i a l  v e c t o r  

i s  c a l l e d  p o l a r i z a t i o n  o f  t h e  beam, and I i s  t h e  i n t e n s i t y  o f  t h e  beam 

and can be w r i t t e n  as 

i 
I = < U o > = X x  

where o. i s  t h e  2x2 u n i t y  m a t r i x .  

The f o u r  q u a n t i t i e s  <o.> i = 0 ,  
Z 

parameters, f i r s t  i n t roduced  f o r  p o l a r i z e d  

d e s c r i p t i o n  o f  t h e  beam. 

1,2,3 a r e  c a l  

l i g h t  and g 

l e d  t h e  Stokes 

i v e  a complete 

Using t h e  r e p r e s e n t a t i o n  (2.4) t h e  Stokes parameters can be 

w r i t t e n  a s :  

Therefore, f rom the  d e f i n i t i o n  o f  t h e  Stokes parameters P = i 
= <o.> and from (2.10) the  r e l a t i o n  between t h e  p o l a r i z a t i o n  v e c t o r  and 

Z 

the  Stokes parameters i s  

The degree o f  p o l a r i z a t i o n  i s  d e f i n e d  as 

and has t h e  v a l u e  o f  t h e  u n i t y  f o r  a  beam i n  which a l l  t h e  e l e c t r o n s  

a r e  i n  t h e  same s p i n  s t a t e  ( t o t a l l y  p o l a r i z e d  beam). 



A  s imple r e p r e s e n t a t i o n  o f  t h e  beam i s ,  thus, g i v e n  b y a  f o u r  

component column m a t r i x  

Four q u a n t i t i e s  a r e  t h e r e f o r e  r e q u i r e d  t o  d e s c r i b e  t h e  beam: i t s  i n t e n -  

s i t y  and t h e  t h r e e  components o f  t h e  p o l a r i z a t i o n  v e c t o r .  

An a l t e r n a t i v e  way o f  d e s c r i b i n g  t h e  beam i s  by i n t r o d u c i n g  

the  d e n s i t y  m a t r i x  de f  ined as P = Ix><XI , 

The d e n s i t y  m a t r i x ,  as any 2x2 m a t r i x ,  can be expanded as a  

l i n e a r  combinat ion o f  t h e  P a u l i  m a t r i x e s  and the  u n i t y  m a t r i x .  One pro-  

p e r t y  o f  t h e  d e n s i t y  m a t r i x  i s  t h a t  f o r  any o p e r a t o r  A, t h e  e x p e c t a t i o n  

v a l u e  can be found by t h e  r e l a t i o n  

<A> = 
t r a c e  <pA> 

t r a c e  p 

As P .  = <o .>, one can wr i t e  
Z Z 

w h i c h c a n b e e a s i l y v e r i f i e d  b y u s i n g  (2.4) ,  ( 2 . 1 2 ) a n d  (2.16). Thus, 

f r o m  (2.12) and (2.16) one can represen t  t h e  d e n s i t y  m a t r i x  i n  terms o f  

t h e  Stokes parameters 

which can be w r i t t e n  as 



o r ,  i n  terms o f  the  p o l a r i z a t i o n  v e c t o r ,  

So f a r  o n l y  t o t a l l y  p o l a r i z e d  e l e c t r o n s  have been considered,  

t h a t  i s ,  ensembles i n  which a11 p a r t i c l e s  a r e  i n  t h e  same s p i n  s t a t e .  

E lec t rons  have two s p i n  s t a t e s  i n  an a r b i t r a r y  d i r e c t i o n ,  and beams com- 

posed o f  e l e c t r o n s  i n  these two s t a t e s  a r e  represented by a  d e n s i t y  ma- 

t r i x  which i s  t h e  average o f  t h e  i n d i v i d u a l  m a t r i c e s  o f  t h e  two s t a t e s  

The two or thogonal  s t a t e s  rnay be w r i  t t e n  as 9 

and t h e  average d e n s i t y  m a t r i x  i s  

where w i s  t h e  r e l a t i v e  p o p u l a t i o n  o f  t h e  s t a t e  x,. The r e s u l t a n t  beam 

i s  s a i d  t o  be p a r t i a l l y  p o l a r i z e d  and the d e f i n i t i o n s  o f  t h e  Stokes pa- 

rameters (2.18), (2.19) and (2.20) a r e  s t i  11 v a l  i d  i f  t h e  average den- 

s i t y  m a t r i x  i s  used. I f  t h e  two s t a t e s  a r e  e q u a l l y  populated, i .e .  w = 

= 1/2, t h e  d e n s i t y  m a t r i x  becomes p = $ a o  and t h e  beam i s  s a i d  t o  be 

unpo la r i zed .  A genera l  p a r t i a l l y  p o l a r i z e d  beam i n  t h e  z d i r e c t i o n  i s  

descr i  bed by t h e  Stokes v e c t o r  



Ia- 1 
t h e  z d i r e c t i o n  f i n d s  an e igenva lue  + A/2 and i s  t h e  

l a + I 2 + l a - l 2  

p r o b a b i l i t y  o f  f i n d i n g  e igenvalue -fi/2. The p o l a r i z a t i o n  o f  t h e  beam i s  

where N+(N-) i s  t h e  number o f  measurements t h a t  y i e l d  tha v a l u e  + h /2  

(-h/2),  and N+ + TI- i s  t h e  t o t a l  nurnber o f  measurements. I f  N+ o r  N- i s  

equal t o  ze ro  t h e  beam i s  t o t a l l y  p o l a r i z e d  ( / A I  = l ) ,  i f  + = N -  t h e  

beam i s  unpo la r i zed  (A = O), o t h e r w i s e  t h e  beam i s  p a r t i a l l y  p o l a r i z e d  

( o  < I A /  < 1 ) .  

I f  a  beam i s  a  m i x t u r e  o f  i n d i v i d u a l  subsystems w i t h  d e f i n i -  

t e  s p i n  s t a t e s  i n  d i f f e r e n t  d i r e c t i o n s ,  t h e  p o l a r i z a t i o n  o f  t h e  systern 

i s  d e f i n e d  as t h e  average o f  t h e  p o l a r i z a t i o n  va lues  o f  t h e  i n d i v i d u a l  
(n) 1 sybsystems which a r e  i n  pure s t a t e s  x , 

which can be r e w r i t t e n ,  f o l l o w i n g  (2.10) as 

which can be s i m p l i f i e d  t o  

The d e n s i t y  m a t r i x  o f  t h e  ensemble i s  g iven  by 



where 0'") a re  the ind iv idua l  dens i ty  matr ices o f  the pure s ta tes  x (n  

e tc .  

as def ined i n  (2.16). The Stokes four  vec tor  i s  

t ha t  i s ,  the Stokes parameters o f  the t o t a l  enseinbles a re  the sums o f  

the ind iv idua l  Stokes parameters o f  each pa r t i a1  group o f  electrons. The 

r e l a t i o n  (2.20) i s  s t i l l  v a l i d ,  b u t w i t h  the r e d e f i n i t i o n s  (2.28) and 

(2.29). 

'E:] whet-e, now 

P3 

An example may i l l u s t r a t e  the mix ture  o f  s ta tes  i n  a  beam. 

Consider isn ensemble o f  N  e lec t rons  t o t a l l y  po lar ized i n  the z d i rec -  

t i o n  mixetl w i t h  another ensemble o f  N  e lec t rons  t o t a l l y  po lar ized i n  

t h e . x  d i i -ect ion.  The resu 

A - 

t i n g  p o l a r i z a t i o n  is ,  from (2.27) 

and the dtqree of p o l a r i z a t i o n  i s  A = J1/4 + 1/4 = JI/T and there fore  

the resu l t an t  beam i s  p a r t i a l l y  po ler ized.  The dens i ty  ma t r i x  i s ,  from 
1 (2.28), (2.161, (2.4) and f ron  x ( ' )  =v% (A), x(') = 

The Stokes parameters o f  the t o t a l  ensemble a re  

P, = 2N P, = 2N/2 P2 = 2N/2 P ,  = O 

which a re  the sums o f  the i nd i v i dua l  Stokes parameters o f  the two sub- 

systems. 



To conclude t h e  d i s c u s s i o n  about  p o l a r i z a t i o n  o f  e lect rons i t  

can be s t a t e d  t h a t  an ensemble o f  e l e c t r o n s  i s  s a i d  t o  be p o l a r i z e d  i f  

t h e  e l e c t r o n  sp ins  have a  p r e f e r e n t i a l  o r i e n t a t i o n  so t h a t  t h e r e  e x i s t s  

a  d i r e c t i o n  f o r  which the  two p o s s i b l e  s p i n  s t a t e s  a r e  n o t  e q u a l l y  po- 

pu la ted .  

3. POLARIZATION OF RELATIVISTIC ELECTRONS 1r285'7,10r11 

I I 

The Schrodinge 

tum niechanics s i n c e  i t  i s  

and t h e r e f o r e  a  new descr  

D i rac  equat ion.  The d e f i n  

t i o n  v a l u e  o f  t h e  s p i n  i s  

equa t ion  i s  n o t  v a l i d  i n  r e l a t i v i s t i c  quan- 

n o t  i n v a r i a n t  under Loren tz  t r a n s f o r m a  t i o n ,  

p t i o n  i s  requ i red ,  which i s  ob ta ined  by t h e  

t i o n  o f  p o l a r i z a t i o n  i n  terms o f  t h e  expecta- 

n o t  Loren tz  i n v a r i a n t  and i s  v a l i d  o n l y  i n  

t h e  r e s t  frame o f  the  e l e c t r o n s .  I n  t h i s  s e c t i o n  t h e  r e l a t i v i s t i c  t r e a -  

tment o f  p o l a r i z a t i o n  o f  e l e c t r o n s  w i l l  be d iscussed.  

a$ The Di rac  equat i o n  says t h a t  iz - = H$, where t h e  Hami 1 t o -  a t 
n i a n  i s  g iven  by 

where a and 6, 4x4 herm - 
and t h e  wave f u n c t i o n  $ 

m a t r i c e s  s a t i s f y  t h e  r e  

i t i a n  mat r i ces ,  a r e  c a l l e d  t h e  D i r a c  mat r i ces ,  

i s  a  4 component column m a t r i x .  The f o u r  D i r a c  

l a t i o n s  

The usual r e p r e s e n t a t i o n  o f  t h e  D i r a c  m a t r i c e s  i s  

where - o, t h e  Paul i matr  ices,  a r e  represented i n  (2 .4 ) .  

A s o l u t i o n  o f  t h e  D i r a c  'equat ion (3.1) f o r  a  f r e e  p a r t i c l e  

i s  



v 

$ ( r , t )  = u exp I- T- 
E 

where p" ((,p), xU = ( c t ,  - r) and 

1 

u i s  a 4 component column m a t r i x  u = 
L4 3 

From (3.11, (3 

f o u r  equat ions con ta ined  

t i o n s  i f  t h e  determinantl  

. 3 ) ,  (2.4) and (3.4) one sees t h a t  t h e  s e t  

i n  t h e  D i r a c  equat ions g i v e s  non t r i v i a l  so 

o f  

l u -  

vanishes.  The c o n d i t i o n  f o r  non t r i v i a l  s o l u t i o n s ,  t h e r e f o r e ,  

the  energy r e l a t i o n  

leads t o  

(3.5) 

There a r e  Four 1 i n e a r l  y independent s o l u t  ions, two belongimg t o  t h e  po- 

s i t i v e  energy, E (which corresponds t o  e l e c t r o n s )  and two belonging t o  + 
the  negat i v e  energy, E- (which corresponds t o  pos i t r o n s )  . The s o l u t  ions 

are,  a f t e r  n o r m a l i z a t i o n :  



S o l u t i o n s  uA and uB correspond t o  pos i  t i v e  energy ( e l e c t r o n s )  and 
U~ 

and uD t o  n e g a t i v e  energy ( p o s i t r o n s ) .  The genera l  s o l u t i o n  f o r  p o s i t i -  

ve energy i s  a 1  inear  combinat ion o f  uA and uB 

where u = a,uA + a2uB, t h a t  i s ,  



Each s o l u t i o n  has two c o m p o n e n t s , ~ ~  and u4 which, i n  t h e  non 

r e l a t i v i s t i c  l i m i t  a r e  o f  o r d e r  o f  V/C which i s  smal l .  These components 

a r e  c a l  l e d  t h e  smal 1 components and t h e  o t h e r s  (ul and up) a r e  the l a r -  

ge components, which i n  non r e l a t i v i s t i c  l i m i t  correspond t o  t h e  so lu -  

t i o n  o f  t h e  Schrbdinger  equat ion.  

When one c a l c u l a t e s  t h e  t i m e  v a r i a t i o n  o f  t h e  angu la r  momen- 

tum L o f  a  f r e e  p a r t i c l e  u s i n g  t h e  r e l a t i o n  

1 = [L,H] one g e t s  

which does n o t  agree w i t h  t h e  c l a s s i c a l  and non r e l a t i v i s t i c  quantum 

mechanics r e s u l t s  where, f o r  a  f r e e  p a r t i c l e  ( o r  p a r t i c l e  under a  cen- 

t r a l  p o t e n t i a l )  t h e  o r b i t a l  angu la r  momentum i s  a constan: o f  mot ion.  

The opera to r  which, added t o  L, commutes w i t h  H i s  

where 

i s t i c  Paul i mat r i ces .  

i c l e s  and has eigenva 

t h a t  a  p a r t i c l e  obeying t h e  D i r a c  equa t ion  has 

and a a r e  the non r e l a t i v  

s p i n  opera to r  o f  t h e  p a r t  

The o p e r a t o r  i s  t h e  

lues  2 U 2 ,  which means 

s p i n  1/2. Therefore,  one 

can see t h a t  t h e  s p i n  appears d i r e c t l  y  f rom t h e  Di r a c  equation. A1 though 

t h i s  d e r i v a t i o n  was made f o r  a  s p e c i f i c  r e p r e s e n t a t i o n  o f  t h e  D i r a c  ma- 

t r i c e s ,  i t  i s  v a l i d  f o r  any r e p r e s e n t a t i o n .  



I n  t h e  non r e l a t i v i s t i c  case, i t  i s  p o s s i b l e  t o  c o n s t r u c t  

e i g e n f u n c t i o n s  o f  :.E, w i t h  e igenvalues '1, f o r  any a r b i t r a r y  d i r e c t i o n  

ê by t h e  coherent  s u p e r - p o s i t i o n  o f  e i g e n s t a t e s  o f  oZ, as shown i n  - 
(2.9).  However, i n  t h e  r e l a t i v i s t i c  case, t h a t  i s  no longer  poss ib le .  

Consider, f o r  example, t h e  opera to r  04, a p p l i e d  t o  t h e  genera l  s o l u t i o n  

o f  t h e  D i r a c  equa t ion  (3.8) ,  

-a  2 

C - (alpz+a2 (P,-;P,) 
:+rn,c2 

-C (a, (P,+~P~) - a , ~ ~ )  

:+m,c2 
I 

There i s  no p o s s i b l e  combinat ion o f  va lues  o f  a, and a2 which makes the  

s t a t e  u an e i g e n s t a t e  o f  o; w i t h  e igenva lue  +1 o r  - 1 ,  un less  px=p = 0. Y 
I f  t h e  o p e r a t o r  03: i s  a p p l i e d  t o  t h e  wave f u n c t i o n  u, the  c o n d i t i o n  

such t h a t  t h i s  f u n c t i o n  can be e i g e n s t a t e  o f  o& i s ,  a n a l o g o u s l  y ,  

py = pz = O.  Therefore,  i t  i s  o n l y  p o s s i b l e  t o  c o n s t r u c t  s t a t e s  which 

a r e  s imu l taneous ly  e igens ta tes  o f  t h e  momentum and t h e  s p i n  component 

a long  t h e  momentum d i r e c t i o n .  T h i s  r e s u l t  i s  expected because i n  t h e  

r e l a t i v i s t i c  t reatment  i t  i s  n o t  t h e  s p i n  which i s  a  cons tan t  o f  motion, 

b u t  t h e  t o t a l  angu la t  momentum E + 2, Only i f  L = O i s  t h e  s p i n  cons- 

t a n t .  For a  p lane  wave i n  t h e  a r b i t r a r y  E d i r e c t i o n ,  t h e  cornponent o f  

the  o r b i t a l  momenturn i n  t h i s  d i r e c t i o n ,  L e ,  vanishes and t h e r e f o r e  i t  

i s  p o s s s i b l e  t o  f i n d  e igens ta tes  o f  S e .  

i t  can t h e r e f o r e  be seen t h a t  f o r  r e l a t i v i s t i c  e lec t rons ,on ly  

i n  t h e i r  r e s t  frame, where ( P ~ ) ~ =  (p,) = (pZlB = O, i s  i t  p o s s i b l e  t o  
d R 

f i n d  e igenvalues o f  t h e  s p i n  component opera to rs ,  i n  any a r b i t r a r y  d i -  

r e c t i o n .  The s p i n  p a r t  o f  t h e  e i g e n f u n c t i o n  (3.8),  i n  t h e  r e s t  frame i s  

a1 u,=[21. which means t h a t  o n l y  t h e  l a r g e  components a r e  n o t  equal t o  i e -  

l o l  
ro .  For low energy e l e c t r o n s  t h e  smal l  components a r e  so smal l  t h a t  i t  

i s  p o s s i b l e  t o  say t h a t  one can f i n d  e i g e n s t a t e s  o f  any s p i n  component. 



As t h e  non r e l a t i v i s t i c  P a u l i  rnat r ices used i n  t h e  d e f i n i -  

t i o n  o f  t h e  s p i n  o p e r a t o r  (3.9) and (3.10) a r e  i n  a represen ta t ion  where 

uz i s  d iagona l ,  i t  i s  convenient  t o  choose t h e  z a x i s  as t h e  d i r e c t i o n  

o f  the  momentum, because some s i m p l i f i c a t i o n  w i l l  a r i s e ,  as w i l l  be 

shown. I f  = p 2, t h e  genera l  s o l u t i o n ,  f o r  e l e c t r o n s ,  o f  t h e  D i r a c  z 
equat ion,  represented i n  (3.7) becomes 

The small  components can be expressed i n  terms o f  t h e  l a r g e  cornponents, 

u, = u ,  = A u ,  and u,, = 
-ep 

u, = -A u, (3.13) 
~+rn,c' ~+rn,c~ 

and t h e r e f o r e  Jones formal ism,  used f o r  non r e l a t i v i s t i c  e l e c t r o n s ,  may 

be a p p l i e d ,  b u t  t h e  d i f f e r e n c e  i s  t h a t  now ul and u2 a r e  t h e  l a r g e  com- 

ponents o f  t h e  D i r a c  sp inor .  

From (3.7) one sees t h a t  t h e r e  a r e  two independent s o l u t i o n s  

u and uB f o r  e l e c t r o n s  o f  momentum p ,  corresponding t o  o r thogona l  s p i n  A 
s t a t e s  w i t h  s p i n  p a r a l l e l  and a n t i p a r a l l e l  t o  t h e  d i r e c t i o n  o f  t h e  mo- 

men tum. 

An a r b i t r a r y  pure s t a t e  may be w r i t t e n  as IX> =aX+> + b!x-> 

and t h e  d e n s i t y  m a t r i x  can be cons t ruc ted .  

I n  t h e  same form as (2.16). As any 2x2 m a t r i x ,  t h e  d e n s i t y  m a t r i x  canbe 

w r i t t e n  as a l i n e a r  combinat ion o f  t h e  Paul l rnat r ices,  

which has t.he same form o f  (2.20), and as b e f o r e  (P, ,E) a r e  d e f  ined as 



the  Stokes parameters. Ore has now t o  i n t e r p r e t  t h e  r e l a t i o n  between 

the  Stokes parameters and t h e  p o l a r i z a t i o n  v e c t o r  w i t h  t h e  e x p e c t a t i o n  

v a l u e  o f  t h e  s p i n  f o r  r e l a t i v i s t i c  e l e c t r o n s .  I n  t h e  e l e c t r o n s  r e s t f r a -  

me t h e  former q u a n t i t i e s  a r e  s t i l l  r e l a t e d  t o  t h e  e x p e c t a t i o n  v a l u e  o f  

t h e  s p i n  o p e r a t o r  as 

However, i n  the  l a b o r a t o r y  frame t h e  t h r e e  v e c t o r  p o l a r i z a t i o n  does n o t  

have the  same form, s ince  i t  i s  n o t  a  Loren tz  c o v a r i a n t  q u a n t i t y .  The 

r e l a t i o n  between the  Stokes parameters (and, consequently,  t h e  p o l a r i -  

z a t i o n  v e c t o r )  and the  e x p e c t a t i o n  va lues  o f  t h e  components o f  t h e  s p i n  

opera to r  a r e  understood i n  a s imples way i f  one takes t h e  convenient  

cho ice  o f  t a k i n g  t h e  z a x i s  as t h e  d i r e c t i o n  o f  momentum and uses t h e  

r e p r e s e n t a t i o n  (2.4),  (3.3) and (3.10) .  I n  t h i s  case, as a l r e a d y  po in -  

ted  o u t ,  t h e  s o l u t i o n s  o f  the  D i r a c  equa t ion  a r e  o f  t h e  form o f  (3.12) 

and t h e  q u a n t i t i e s  a and b i n  (3.14) may be i d e n t i f i e d  as t h e  largecom- 

ponents ai and a* o f  the  D i r ã c  sp inor .  The e x p e c t a t i o n  va lues  o f  t h e  

components o f  the  s p i n  opera to r  a r e  w r i t t e n  as 

where lu> i s  g i v e n  by (3.12) and O; i s  w r i  t t e n  i n  t h e  represen ta t ions  

(3.101, (2 .4) .  Therefore,  one has 

s  ince  2E = I  + A ~ .  
E c m0c2 



<o;> = -- ' (a, a: + a: a,) ( 1  - A') 
( 1  i. A2) 

S i m i l a r l y  

' a l  ' 
a, 

a IA 

,-a,A , 

O 1 O O '  

R e l a t i o n s  (3.16), (3.17) and (3.18) show t h a t  t h e  l o n g i t u d i n a l  p o l a r i -  

z a t i o n ,  A I  = PI/P,, keeps t h e  non r e l a t i v i s t i c  meaning, because 

<a!> = -- I (a: a i  a: A - a: A )  
2 

(1 + A') 

However, t h e  t ransverse  p o l a r i z a t i o n  components do n o t  have the same 

rneaning as e x p e c t a t i o n  v a l u e  o f  t h e  corresponding s p i n  components be- 

1 0 0 0  

O O O I 

, O O 1 O , 

cause 

There fo re  i n  the  r e s t  frame t h e  e x p e c t a t i o n  va 

s p i n  components have the same meaning as t h e  p o l a r i z a t i o n  

whereas fo r  low energy e l e c t r o n s ,  which have E % moc2, the 

lues  o f  t h e  

c o m p o n e n t s  

same i n t e r -  



p r e t a t i o n  i s  s t i l l  a  reasonable approx imat ion.  However, as t h e  energy o f  

t h e  e l e c t r o n s  increases,  t h e  t ransverse  components o f  t h e  s p i n  tend t o  

zero whereas the  p o l a r i z a t i o n  components remain f i n i t e .  I n  t h e  extreme 

r e l a t i v i s t i c  l i m i t ,  the s p i n  i s  l o n g i t u d i n a l .  

4. SPIN 1 PARTICLES 5'6''2''3 

The formal ism used i n  s e c t i o n  (2 )  f o r  non r e l a t i v i s t i c  s p i n  

1/2 p a r t i c l e s  w i l  l now be extended f o r  s p i n  1 p a r t i c l e s .  The reason f o r  

s tudy ing  s p i n  1 p a r t i c l e s  i s  t h a t ,  as w i l l  be shown, photons a r e  a  spe- 

c i a l  case o f  r e l a t i v i s t i c  s p i n  1 p a r t i c l e s  w i t h  mass zero. 

For non r e l a t i v i s t i c  p a r t i c l e s  w i t h  s p i n  1, t h e  s p i n  opera-  

t o r  S s a t i s f i e d  t h e  same commutation r e l a t i o n s  (2.2) - 

where now the  o p e r a t o r s  S s2 a r e  3x3 m a t r i c e s  and i' 

where I i s 

a long any d 

t h e  u n i t  3x3 m a t r i x .  

There a r e  t h r e e  p o s s i b l e  s t a t e s  o f  t h e  components o f  the s p i n  

i r e c t i o n ,  corresponding t o  e igenvalues m = + A ,  O, - E .  

I n  a  r e p r e s e n t a t i o n  where S i s  d iagona l ,  one can w r i t e  
Z 

and t h e  e i g e n s t a t e s  o f  SZ a r e  t h e  t h r e e  cornponent s p i n o r s  



corresponding t o  e igenvalues +h, O, -h, r e s p e c t i v e l y .  

Any genera l  pu re  s t a t e  o f  t h e  p a r t i c l e  can be w r i t t e n  i n  

terms o f  t l i e  o r thogona l  bases formed by x+, X, and X- as  

I f  t h i s  genera l  s t a t e  represen ts  one p a r t i c l e  t h e  n o r m a l i z a t i o n  cond i-  

t i o n  i s  la,I2 + l a o I 2  + l a - I 2  = 1 and i f  i t  represen ts  a t o t a l l y  po la-  

r i z e d  beam, t h e  same q u a n t i t y  i s  normal ized t o  be t h e  i n t e n s i t y  o f  t h e  

beam. 

Through t h e  commutation r e l a t i o n s  (4.1) and (4.2) t h e  m a t r i -  

ces corresponding t o  S and S a r e  found t o  be, i n  t h i s  r e p r e s e n t a t i o n  x Y 

The d e n s i t y  m a t r i x  p = xXt can be w r i t t e n  as 

I n  analogy w i t h  t h e  P a u l i  m a t r i c e s  f o r  s p i n  1/2 p a r t i c l e s  

one can d e f i n e  

b u t  i t  i s  no longer  p o s s i b l e  t o  represen t  any 3 x 3  m a t r i x  i n  terms o f  

1  ,, az, a ,O I n  o r d e r  t o  g i v e  a complete r e p r e s e n t a t i o n  o f  a  genera l  Y 2' 
3 x 3  m a t r i x  f o r  s p i n  1 p a r t i c l e s ,  n i n e  q u a n t i t i e s  must be s p e c i f i e d  and 

t h e  conven t iona l  rep resen ta t ions  uses the f o l l o w i n g  s e t  o f  s p h e r i c a l  

tensor  opera t o r s 5 '  l2 



The e x p e c t a t i o n  va lues  o f  t h e  tensor  o p e r a t o r s  T a r e  ii 

S u b s t i t u t i n g  (4.6) and (4.9)- i n  (4.10), t h e  d e n s i t y  m a t r i x  

can be w r i  t t e n  as 

i 1  +iJ t,, + J T  t 2 4  t,-,+G t2-, 

The n i n e  q u a n t i t i e s  which d e s c r i b e  t h e  beam rnay be d i v i d e d  

i n t o  t h r e e  p a r t s :  one component o f  a  tensor  o f  rank zero,  to,, which i s  

t h e  i n t e n s i t y  o f  t h e  beam; t h r e e  components o f  a  tensor  o f  rank 1 ,  tli, 

which form t h e  so- ca l led  v e c t o r  p o l a r i z a t i o n ;  f i v e  components o f  a  ten-  

sor  o f  rank 2, tZi, which form t h e  tensor  p o l a r i z a t i o n .  U n l i k e  t h e  case 

o f  s p i n  1/2 p a r t i c l e s ,  t h e  i n t e n s i t y  and v e c t o r  p o l a r i z a t i o n  do r o t d e s -  

c r i b e  comp le te ly  t h e  beam, because t h e  components o f  t h e  2nd rank  ten-  

sor  a r e  a1 so observables.  

The e x p e c t a t i o n  va lues  o f  t h e  tensor  o p e r a t o r  
Tij may 

be 

w r i t t e n ,  i n  terms o f  t h e  m a t r i x  elements o f  t h e  d e n s i t y  r n a t r i x  as: 



As f o r  s p i n  1/2 p a r t i c l e s ,  one can d e f i n e  the  Stokes parame- 

t e r s  f o r  s p i n  1 p a r t i c l e s ,  b u t  now, ins tead  o f  f o u r ,  one has t o  d e f i n e  

n i n e  components, 

and t h e  meaning o f  each component i s  n o t  so c l e a r .  

As i n  t h e  case o f  s p i n  1/2 p a r t i c l e s ,  t h e  ~ c h r g d i n ~ e r  equa- 

t i o n  i s  n o t  v a l i d  f o r  r e l a t i v i s t i c  s p i n  1 p a r t i c l e s ,  which must be des- 

c r i b e d  by a Lorentz  c o v a r i a n t  equat ion.  I n  t h e  case o f  s p i n  1/2 p a r t i -  

c l e s  t h i s  equa t ion  i s  t h e  D i r a c  equa t ion  (3.1).  P a r t i c l e s  w i t h  restmass 

m o  and s p i n  zero a,re descr ibed by a s c a l a r  f i e l d  Q ( x )  which s a t i s f i e s  

t h e  Klein-Gordon equat ion14 

where = a a , ,, LJ = 0,1,2,3. 

P a r t i c l e s  w i t h  s p i n  1 cou ld  p o s s i b l y  be descr ibed  by a f o u r  

v e c t o r  f i e l d  which t ransforms under Loren tz  t r a n s f o r m a t i o n  as I) ( x ' )  = 
LJ 

= a $ (x )  ans whose components $ s a t i s f y  t h e  Klein-Gordon equat i o n  
1iv v Fi 



However, the  f o u r  v e c t o r  r e p r e s e n t a t i o n  i s  n o t  a  un ique  s p i n  represen t-  
1 1  

a t i o n  s i n c e  t h e  f o u r  dimensional r e p r e s e n t a t i o n  D2D2 o f  t h e  proper  Lo- 
1 1  

r ( n t z  group, which i s  d e r i v e d  f rom t h e  d i r e c t  p roduc t  Di = D2 X D2 o f  
1 r e p r e s e n t a t i o n  o f  t h e  t h r e e  dimensional r o t a t i o n a l  group, i s  reduced 

t o  t h e  d i r e c t  sum o f  d i f f e r e n t  s p a t i a l  r o t a t i o n  represen ta t ions ,  t h a t  

where Do i s  t h e  s c a l a r  r e p r e s e n t a t i o n  assoc ia ted  w i t h  s p i n  ze ro  and 0 '  

i s  t h e  v e c t o r  r e p r e s e n t a t i o n  assoc ia ted  w i t h  s p i n  1 .  As t h e  represent-  

a t i o n  space o f  D1 i s  t h r e e  d imensional ,  t h e r e  must be one s u b s i d i a r y  

c o n d i t i o n  which l i m i t s  t h e  number o f  independent f i e l d  components t o  

three,  i n  o r d e r  t o  c u t  o u t  t h e  s c a l a r  r e p r e s e n t a t i o n .  Th is  c o n d i t i o n ,  

which must a l s o  be a Loren tz  c o v a r i a n t ,  i s  c a l l e d  be Loren tz  c o n d i t i o n  

and can be w r i t t e n  as14 

The s e t  o f  equat ions (4. 

w i t h  r e s t  mass mo and a unique s p i n  

a *  = o  
!J Fi 

(4. 

15) and (4.17) descr ibes  p a r t i c  

1  and i s  c a l l e d  Proca equat ions.  

A spec ia l  case o f  p a r t i c l e s  s a t i s f y i n g  t h e  Proca equat ions 

i s  t h a t  o f  ze ro  r e s t  mass p a r t i c l e s .  Such p a r t i c l e s  a r e  t h e  photons, 

which a r e  t h e  quanto o f  e lec t romagnet i c  r a d i a t i o n .  I f  one s u b s t i t u t e s  

t h e  r e s t  mass i n  equa t ion  (4.15) w i t h  zero, t h e  equat ions becomes 

which i s  t h e  w e l l  known wave equat ion.  The p o l a r i z a t i o n  s t a t e s  o f  t h e  

photons w i l l  be s t u d i e d  i n  t h e  nex t  s e c t i o n .  

As i n  t h e  case o f  r e l a t i v i s t i c  s p i n  1/2 p a r t i c l e s ,  i t  i s  n o t  

p o s s i b l e  t o  c o n s t r u c t  e i g e n s t a t e s  o f  r e l a t i v i s t i c  s p i n  1 p a r t i c l e s  w i t h  

a d e f i n i t e  momentum i n  an a r b i t r a r y  d i r e c t i o n .  There a re ,  however, s i -  

multaneous e igens ta tes  o f  t h e  momentum and t h e  s p i n  component a long  t h e  

momentum d i r e c t i o n  s i n c e  t h e  component o f  t h e  o r b i t a l  angu la r  momentum 

along t h e  d i r e c t i o n  o f  momentum vanishes.  Once more i t  i s  convenient  t o  

choose the  z a x i s  as t h e  d i r e c t i o n  o f  momentum, and t h e r e f o r e  a gene- 



r a l  pure s ta te  o f  a r e l a t i v i s t i c  sp in  1 p a r t i c l e  can be w r i t t e n  as a 

l i n e a r  coisbination o f  the eigenstates o f  the sp in  component along the 

d i r e c t i o n  o f  motion, corresponding t o  eignevalues + z, 0, - E .  Equations 

(4.4), (4.5), (4.7) a re  s t i l l  v a l i d ,  w i t h  the cond i t i on  tha t  they a re  

re la ted  w i t h  the sp in  component a long the d i r e c t i o n  o f  motion. 

5. POLAAIIZATION OF PHOTONS 3,5*6r'3,'4 

The electromagnetic f i e l d  A = (;$,A), as mentioned i n  sec- 
Fi 

t i o n  (4) i s  a specia l  case o f  the f i e l d s  which descr ibe sp in  1 p a r t i -  

c les ,  w i t h  the p a r t i c u l a r  property t ha t  the quanta associated w i t h  such 

a f i e l d ,  the photons, have a zero r e s t  mass. The Proca equations (4.15) 

and (4.17) f o r  the electromagnetic f i e l d  become 

w i t h  the Lorentz cond i t ion  

I t  i s  important t o  n o t i c e  tha t  wh i l e  the wave equations (5.1) a re  a 

p a r t i c u l a r  case o f  the more general Proca equations, the Lorentz condi-  

t i o n  (5.2) i s  the same as f o r  f i n i t e  r e s t  mass p a r t i c l e s .  

The Lorentz cond i t i on  (5.2) does not  exhaust the poss ib le  

gauge trarisformation$ on the electrornagnetic f i e l d  A and a very usefu l  
'4 

gauge i s  the so c a l l e d  Coulomb o r  transverse gauge which says t h a t  

In  the Coulomb gauge, from (5.2) and the second equation (5.3) one can 

see tha t  the scalar  po ten t i a l  $ vanishes. This means tha t  f o r  f r e e  

electromagnetic waves i t i s  possib le t o  choose a gauge i n  which the 



s c a l a r  p o t e n t i a l  vanishes and t h e  e lec t romagnet i c  f i e l s  i s  t o t a l l y  des- 

c r i b e d  by t h e  p o t e r i t i a l  v e c t o r  A s a t i s f y i n g  t h e  wave equa t ion  

sub jec ted  t o  t h e  c o n d i t i o n  ( 5 . 3 ) .  The s o l u t i o n  o f  ( 5 . 4 )  i s  a  p lane  wave 

and t h e  c o n d i t i o n  ( 5 . 3 )  says t h a t  

t h a t  i s ,  the  e lec t romagnet i c  waves a r e  t ransverse .  For t h i s  reason con- 

d i t i o n  ( 5 . 3 )  i s  c a l  l e d  t h e  t r a n s v e r s a l  i t y  c o n d i t i o n .  

I t  i s  convenient  t o  choose t h e  z a x i s  as t h e  d i r e c t i o n  o f  

p ropaga t ion  o f  the  f i e l d  because i n  t h i s  case any v e c t o r  opera to r  can 

be w r i t t e n  as 

where 

a r e  e igens ta tes  o f  t h e  s p i n  cmponent  a long  the  z a x i s  w i t h  eigenva 

+ E ,  0, -Ti r e s p e c t i v e l y ,  and 

ues 

.9) 

form t h e  s p h e r i c a l  b a s i s  which d i a g o n a l i s e s  SZ,  which i s  then represen- 

ted  by ( 4 . 3 )  and form an i r r e d u c i b l e  tensor  o f  rank one which t r a n s-  

forms under r o t a t i o n  i n  t h e  same way as t h e  s p h e r i c a l  harmonics Y l l  , 
Y,, and Y,,-,, r e s p e c t i v e l y .  I n  t h i s  r e p r e s e n t a t i o n  t h e  t r a n s v e r s a l i t y  



c o n d i t i o n  (5.6) f o r  the  e lec t romagnet i c  f i e l d  a l  lows a simpl i f  i e d  form 

o f  t h e  v e c t o r  p o t e n t i a l  t o  be w r i t t e n  as 

4 = A  x + A-X- , s i n c e  A o  = O + + 

where x and X- a r e  t h e  e igenvec to rs  o f  S w i t h  e igenvalues + and - E .  + Z 

Th is  r e p r e s e n t a t i o n  i s  c a l l e d  the  h e l i c i t y  r e p r e s e n t a t i o n  and t h e  s t a t e  

X+ i s  c a l l e d  the  s t a t e  o f  p o s i t i v e  h e l i c i t y  o r  s t a t e  o f  r i g h t  c i r c u l a r  

p o l a r i z a t i o n  ( R C P ) ,  cor responding t o  photons w i t h  s p i n  a long  t h e  d i r e c -  

t i o n  o f  momentum. X- i s  t h e . s t a t e  o f  n e g a t i v e  h e l i c i t y ,  o r  l e f t  c i r c u -  

l a r  p o l a r i z a t i o n  ( L C P ) ,  corresponding t o  photons w i t h  s p i n  o p p o s i t e  t o  

t h e  d i r e c t i o n  o f  momentum. The h e l i c i t y ,  d e f i n e d  as t h e  c o m p c n e n t o f t h e  

s p i n  i n  t h e  d i r e c t i o n  o f  mot ion  (S i n  t h i s  case) i s  a  cons tan t  o f  mo- 
Z 

t i o n  s i n c e  t h e  component o f  t h e  o r b i t a l  angu la r  momentum a long  t h e  d i -  

r e c t i o n  oF momentum i s  zero, t h a t  i s  JZ = Sz. 

The t ransverse  charac te r  o f  t h e  e lec t romagnet i c  f i e l d  which 

i s  a  consequence o f  t h e  v a n i s h i n g  r e s t  mass o f  t h e  photons can t h e r e f o -  

r e  be i n t e r p r e t e d  t o  correspond t o  a zero p r o b a b i l i t y  o f  f i n d l n g  a pho- 

ton  w i t h  j p i n  component rn = O a long  the  d i r e c t i o n  o f  mot ion,  which 
S 

means t h a t  photons a r e  l o n g i t u d i n a l l y  p o l a r i z e d  and have o n l y  two pos- 

s i b l e  s p i n  s t a t e s ,  the  r i g h t  and l e f t  c i r c u l a r  p o l a r i z e d  s t a t e s .  I n  

analogy w i t h  t h e  s tudy o f  s p i n  1/2 p a r t i c l e s  one can say t h a t  as t h e  

v e l o c i t y  o f  t h e  p a r t i c l e  increases t h e  t ransverse  components of t h e  s p i n  

o f  the p a r t i c l e  decreases and i n  the  extreme r e l a t i v i s t i c  case whete 

V = c ,  which i s  the  case o f  the  photons, the  s t a t e  corresponding t o  trans- 

ve rse  s p i n  vanishes and the  p a r t i c l e  has o n l y  l o n g i t u d i n a l  s p i n  compo- 

nent .  O f  course, as the  photons have a r e s t  mass equal t o  zero, i t  i s  

meaningless t o  t r y  t o  d e f i n e  the  s p i n  o f  t h e  photon i n  i t s  r e s t  frame. 

The massless c h a r a c t e r  o f  the  photon, which corresponds t o  

a, = 0, leaves o n l y  f o u r  independent non v a n i s h i n g  elements o f  t h e  den- 

s i t y  m a t r i x  ('+.i'), and consequent ly  o n l y  f o u r  independent non v a n i s h i n g  

e x p e c t a t i o n  va lues  o f  t h e  tensor  o p e r a t o r s  7 . . def  ined i n  (4.12). These 

elements a r e  t o ,  = la+I2 + la-12 which i s  t h e  i n t e n s i t y  o f  t h e  beam, 



which i s  a  measure o f  the  degree o f  c i r c u l a r  p o l a r i z a t i o n  and t,,, - - 
6 a:% which a r e  assoc ia ted  w i t h  t h e  degree o f  l i n e a r  p o l a r i z a t i o n .  - 

Since t h e r e  a r e  o n l y  two p o s s i b l e  s p i n  s t a t e s  f o r  t h e  pho- 

tons, one can a p p l y  t h e  same formalisrn used f o r  non r e l a t i v i s t i c  e l e c-  

t r o n s  t o  d e s c r i b e  t h e  p o l a r i z a t i o n  o f  photons, b u t  a  r e i n t e r p r e t a t i o n  

o f  t h e  parameters i s  necessary. A  genera l  pure s t a t e  may be w r i t t e n  as 

where x and X- a r e  two component s p i n o r s  r e p r e s e n t i n g  s t a t e s  o f  RCP + 
and LCP, and la+I2 and la-I2 a r e  t h e  p r o b a b i l i t i e s  o f  f i n d i n g  a  photon 

i n  such s t a t e s .  

A l t e r n a t i v e l y ,  t h e  t ransverse  c o n d i t i o n  a l s o  a l l o w s  a  repre-  

s e n t a t i o n  o f  t h e  v e c t o r  p o t e n t  ia1 as  

and one can represen t  a  genera l  pure s t a t e  as 

where x,and x a r e  s t a t e s  co r respond ing  t o  l i n e a r  p o l a r i z a t i o n  a long  Y 
two m u t u a l l y  or thogonal  axes, x and y, perpend icu la r  t o  t h e  d i r e c t i o n  

o f  momentum, and a ,  /ag12 a r e  t h e  p r o b a b i l i t i e s  o f  f i n d i n g  a  photon 

i n  such s t a t e s .  Th is  fo rma l i sm i s  known as Jones formal ism,  and was 

f i r s t  i n t roduced  i n  t h e  a n a l y s i s  o f  g o l a r i z e d  l i g h t 8 .  The s t a t e  x i n  

(5.14) i s  c a l  l e d  the  Jones v e c t o r  and a l  l t h e  fo rma l  ism i s  analogous t o  

the  coherent  s t a t e s  used f o r  non r e l a t i v i s t i c  e l e c t r o n s ,  a l t h o u g h  the  

Jones v e c t o r  i s  a  two component v e c t o r  i n  r e a l  space w h i l e  t h e f u n c t i o n s  

d e s c r i b i n g  t h e  e l e c t r o n s  a r e  i n  s p i n  space ( s p i n o r s ) .  

One can d e f i n e  t h e  d e n s i t y  m a t r i x  f o r  a  beam o f  photons i n  

t h e  same pure s t a t e  e x a c t l y  as (2.161, and f o r  a  mixed beam as (2.28). 

A lso,  t h e  d e n s i t y  m a t r i x  may be w r i t t e n  i n  terms o f  t h e  Stokes parame- 

t e r s  as i n  (2.19), (2.20) a l  though t h e  Stokes parameters and Paul i ma- 

t r i c e s ,  i n  t h e  case o f  photons, a r e  n o t  d e f  ined i n  r e a l  space b u t  i n  



~ o i n c a r é  space. The photon beam i s ,  thus, comp le te ly  descr ibed  by t h e  

f o u r  Stokes parameters: 

t h e  i n t e w i t y  o f  t h e  beam i s  t h e  t o t a l  number o f  photons; 

t h e  d i f fe i -ence between t h e  number o f  photons p o l a r i z e d  a long  t h e  x  and 

y axes, i r ;  a  measure o f  t h e  l i n e a r  p o l a r i z a t i o n  a long  t h e  two t r a n s v e r -  

se axes x and y ; 

i s  a rneasure o f  t h e  l i n e a r  p o l a r i z a t i o n  a long  axes r o t a t e d  by I T / ~  i n  r e -  

l a t i o n  t o  t h e  axes o f  p l ;  

i s  a  measure o f  t h e  c i r c u l a r  p o l a r i z a t i o n .  

The p o l a r i z a t i o n  i s  d e f i n e d  as 

b u t  t h e  p o , l a r i z a t i o n  "vector"  i s  n o t  d e f i n e d  i n  r e a l  space, b u t  i n  t h e  

Poincaré space i n  which t h e  Stokes pararneters a r e  de f ined .  

S ta tes  i n  the  h e l i c i t y  and Jones r e p r e s e n t a t i o n  d e f i n e d  i n  

(5.11) and (5.13) can be r e l a t e d  by u s i n g  t h e  r e l a t i o n s  (5.9) between 

t h e  bas is  vec to rs .  I n  Jones represen ta t ions ,  t h e  RCP and LCP s t a t e s  a r e  
1 1 

represented by and ( .) and by s u b s t i  t u t i n g  t h e  r e l a t i o n s  between 
-2 

a,, a- w i t h  a a one ge ts  
x t  Y 

to, 1ax12 + lay12 = Po ( i n t e n s i t y  o f  

t,, A i ( a  {z* - a*a ) = P, (degree o f  c  
" Y  " Y  

t h e  

I r c u  

beam) 

l a r  p o l a r i z a t i o n )  



t,,, (Iaz/' - Iuy12 i i(a a* + a*u ) )  = P, ? i (combinat ions o f  l i -  
X b  X Y  

near p o l a r i z a t i o n )  which i s  i n  agreernent w i t h  che  i n t e r p r e t a t i o n  o f  

(5.11). (h means equal except f o r  cons tan ts )  . 
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