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I n  t h e  framework o f  Wu and Yang theory  o f  U(1) magnetic mono- 

po les ,  two problems a r e  r e v i s i t e d  i n  t h i s  work: ( i )  t h e  b i n d i n g  o f  a  

sp in- 0 moncipole t o  a sp in- 1/2 p a r t i c l e  possessing an a r b i t r a r y  rnagnetic 

d i p o l e  moment, and ( i i )  t h e  energy l e v e l s  and p r o p e r t i e s  o f  t h e  e l e c -  

t ron- dyon system. I n  b o t h  problems, t h e  sp in- 1/2 p a r t i c l e  i s  assumed t o  

obey t h e  P a u l i  s p i n  equa t ion .  S p i n - o r b i t  and o t h e r  h i g h e r  o r d e r  terms 

a r e  t r e a t e d  as a p e r t u r b a t i o n ,  i n  connec t ion  w i t h  t h e  second mentioned 

problem. Wu and Yang's s p i n o r  monopole harrnonics a l l o w  an e legan t  and 

s i m p l i f i e d  t rea tment  o f  those problems. The r e s u l t s  ob ta ined  a r e  i n  rpod 

agreement w i t h  those ob ta ined  i n  o l d e r  papers. 

No con tex to  da t e o r  i a  de Wu e Yang dos monopolo-             icos             

abel  ianos, d o i s  problemas são r e v i  s i  tados nes te  t r a b a l h o :  ( i )  A 1 igação 

de um monopolo magnético de s p i n  ze ro  a uma p a r t í c u l a  de s p i n  1/2, do- 

tada de um momento de d i p o l o  magnético a r b i t r á r i o ,  e  ( i i )  os n í v e i s  de 

energ ia  e o u t r a s  propr iedades do sistema e lé t ron- dyon .  Em ambos os p ro-  

blemas a p a r t i c u l a  de s p i n  1/2 é t r a t a d a  p e l a  equação de P a u l i .  O aco- 

plamento s p i n - ó r b i  t a  e o u t r o s  termos super io res  são t r a t a d o s  per turbat i  - 
vamente para o segundo problema mencionado. Os harmônicos e s p  i n o r  i a i s 

de Wu e Yang permitem um t ra tamento  e legan te  e s i m p l i f i c a d o  d a q u e l e s  

problemas. 3s resu l tados  es tão  em bom acordo com os o b t i d o s  em t r a  b a  - 
lhos  a n t e r i o r e s .  

- 
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1. INTRODUCTION 

A few years ago, Wu and yangl propounded a new f o r m u l a t i o n  

f o r  the  system c o n s i s t i n g  o f  a  charged p a r t i c l e  and a ~ ( 1 )  mgnet ic  mo- 

nopole,  i n  which D i r a c ' s  s t r i n g  s i n g u l a r i t i e s  i n  t h e  v e c t o r  p o t e n t i a 1 2  

a r e  comp le te ly  absent .  

T h e i r  theory ,  f rom t h e  mathematical v iew p o i n t ,  has the  geo- 

m e t r i c a l  s t r u c t u r e  of a  f i b e r  bundle.  I n  o t h e r  words, the  c o n c i l i a t i o n  

o f  e le t romagnet ism w i t h  magnetic rnonopoles and quantum rnechanics,leads 

n a t u r a l l y  t o  a n o n t r i v i a l  ~ ( 1 )  f i b e r  bund le 3.  As a consequence, ins tead  

o f  wave f u n c t i o n s ,  one a r r i v e s  a t  t h e  concept o f  wave- sect ions.  I n  p a r -  

t i c u l a r ,  t h e  e igen- sec t ions  o f  t h e  mornentum o p e r a t o r  f o r  a  s p i n l e s s  

charged p a r t i c ! e  i n  the magnetic f i e l d  o f  a  monopole, a r e  t h e  so c a l -  

l e d  monopole harmonics Y ( a ) ,  which a r e  genera l  i z a t i o n s  o f  t h e  o r -  
c l , k m  

d i n a r y  s p h e r i c a l  harmonics. The a d d i t i o n a l  l a b e l  q - deno t ing  t h e  p ro-  

duc t  o f  t h e  e l e c t r i c  charge o f  t h e  p a r t i c l e  t imes t h e  magnetic charge 

o f  t h e  monopole - i s  an i n t e g e r  o r  h a l f - i n t e g e r  t h a t  s p e c i f i e s  how t h e  

wave-sect ions, d e f i n e d  i n  two o v e r l a p p i n g  reg ions  R and R around t h e  a b 
monopo:e, a r e  r e l a t e d  i n  t h e  r e g i o n  o f  o v e r l a p .  

The ccncept o f  monopole harmon i c s  and t h e i  r genera i  i z a t  i o n  s 

p rov ides  an impor tant  s i m p l i f i c a t i o n  i n  t h e  t rea tment  o f  problems i n -  

v o l v i n g  magnetic monopoles, as compared w i t h  o l d e r  t rea tments  based on 

symmetric t o p  wave f u n c t i o n s  c$ ( 8 ) .  We hope t h a t  t h i s  w i l  l becorne ap- 
m,a 

paren t  i n  t h e  f o l l o w i n g  sec t ions ,  where two problems a r e  r e v i s i t e d  and 

so lved  by means o f  Wu and Yang's method. The f i r s t  one, t o  be d i s c u s-  

sed i n  s e c t i o n  2, i s  t h a t  o f  t h e  b i n d i n g  o f  a  s p i n l e s s  monopole 10 a 

spin- 1/2 p a r t i c l e  possess ing an a r b i t r a r y  magnetic d i p o l e  mornent, a  

problem f i r s t  a t tacked  by k a l k u s 4  and l a t e r  by s i v e r s 5 ,  i n  connec t ion  

w i t h  t h e  p o s s i b i l i t y  o f  b i n d i n g  o f  a  magnecic monopole t o  a sp in- 1/2 

atomic nuc leus .  I n  t h i s  problern, t h e  sp in- 1/2 p a r t i c l e  i s  t r e a t e d  by 

rneans o f  t h e  P a u l i  s p i n  equa t ion ,  n e g l e c t i n g  t h e  s p i n - o r b i t  i n t e r a c -  

t i o n  and h i g h e r  r e l a t i v i s t i c  terms. C l e a r l y ,  t h e  a p p l i c a t i o n s  o f  these 

r e s u l t s  t o  t h e  monopole-nucleus system i s ,  i n  severa1 aspects ,  an ad- 

m i t t e d l y  rough procedure se rv ing ,  a t  most, as o r d e r  o f  magnitude e s t i -  

mates. The inadequacy o f  t h e  t rea tment  and small  d i s t a n c e s  can be p a r -  

t l y  c i rcumvented by a c u t - o f f  i n t roduced  by means o f  a  hard r e p u l s i v e  



c o r e  w i t h  a  r a d i u s  equal t o  t h e  n u c l e a r  r a d i u s ,  as f i r s t  suggested by  

s i v e r s 5 .  

The second problem, t o  be d iscussed i n  s e c t i o n  3, i s  t h a t  o f  

the  energy spectrum o f  the  e lec t ron- dyon  quantum system, w i t h  i t s  res -  

p e c t i v e  degeneracy p a t t e r n .  A lso  s t u d i e d  i s  t h e  e l e c t r i c  d i p o l e  moment 

o f  the  same system. I n  o u r  treatrnent,  t h e  e l e c t r o n  i s  descr ibed  by  a 

P a u l i  s p i n  equat ion,  t h e  s p i n  o r b i t  and h i g h e r  o r d e r  terms be ing  con- 

s ide red  as a  

I n  

nents s p i i l o r  

b e r 6  i n  r e l a  

charged p a r t  

c o n t a i n s  t h e  

t h i s  work. F 

p e r t u r b a t i o n .  

b o t h  problems, t h e  r e l e v a n t  harmonics a r e  t h e  two- compo- 

monopole harmonics, d iscussed by  Kazama, Yang and Goldha- 

i o n  w i t h  t h e i r  t rea tment  o f  t h e  D i r a c  equa t ion 7 f o r  a  

c l e  i n  t h e  f i e l d  o f  a  magnetic monopole. A small  Appendix 

r e l e v a n t  r e s u l t s  on those harmonics t h a t  w i l l  be used i n  

n a l l y ,  s e c t i o n  4 i s  devoted t o  t h e  main conc lus ions .  

2. BINDIWG OF A SPINLESS Uí1) MAGNETIC MONOPOLE TO A 
CHARGED PARTICLE OF SPIN-112 WITH A GIVEN MAGNETIC 
MOMENT B, 

F o l l o w i n g  r e f s .  4 and 5, we t r e a t  :he above problem i n  t h e  

P a u l i  sp i r i  approx imat ion  (A = c = 1) 

where T i$,  t h e  reduced mass o f  t h e  system, vg i s  t h e  magnetic monopole 

charge (v  = ? I ,  + 2 ,  ...), Zlel i s  t h e  e l e c t r i c  charge o f  t h e  p a r t i c l e ,  

and B~ i s  i t s  number of nuc lear  magnetons [ J e  / / 2 ~ ,  , where M1 i s  t h e  

p r o t o n  mass]. P o s s i b l e  r e l a t i v i s t i c  c o r r e c t i o n s  a r e  inc luded  i n  V ( r ) .  

I n  o r d e r  t o  a v o i d  s t r i n g  s i n g u l a r i t i e s  i n  the  v e c t o r  p o t e n t i a l ,  2 i s  
+ 

d e f  inedl as two f u n c t i o n s  and ( A ) ~  i n  two o v e r l a p p i n g  reg ions  R 
a 

and R arciund t h e  monopole. Consequentl y ,  $ i s  a  s e c t i o n  and i n  o r d e r  
b 

t o  s o l v e  F'aul i  equa t ion  (2.1) ,  one has s imp ly  t o  cons ider  t h e  t o t a l  an- 

g u l a r  momentum 

-+ 
J = 7i + h 2  ( 2 . 2 )  



which i s  an H e r m i t i a n  o p e r a t o r  i n  t h e  H i l b e r t  space o f  s e c t i o n s .  I n  

(2 .2 ) ,  i s  d e f i n e d  as 

+ 
where q= Z / e  /vg, and u a r e  the  Paul i s p i n  m a t r i c e s .  The eigen-sect ions 

-+ 
o f  J~ and J Z  a r e  t h e  s p i n o r  monopole harmonics, whose main p r o p e r t i e s  

a r e  reproduced i n  t h e  Appendix. 

S e t t i n g  

we have. t h e  i d e n t i  t y  

so t h a t ,  the  P a u l i  equa t ion  (2.1) can be w r i t t e n  as 

one, we wi 

the second 

tum i n  t h e  

Th is  equa t ion  w i l l  be solved, separa te ly ,  f o r  two cases. I n  t h e  f i r s t  

1 1  s tudy the  s t a t e  w i t h  angu la r  momentum j = ( q (  - 1/2; i n  

, t h e  s t a t e s  w i t h  j 2 I q /  + 1/2. W r i t t i n g  t h e  angu la r  momen- 

form 

then t h e  s t a t e  w i t h  j = I q l  - 1/2 

t e s  wi t h  j 2 /q l  - 1/2 correspond 

correspond t o  take  N=O, and t h e  s t a -  

t o  take  N i n t e g e r  21 i n  (2 .7) .  

2.A. The lowest angular momentum .state 

The lowest angu la r  momentum s t a t e  (N=O) has 

j = I q J  - 1/2 

and i s  d e s c r i  bed by t h e  two component s p i n o r  (see Appendix) 

940 



- ( 2 )  - nq 4&, i =  lq l  - 112 (2.9) 

Making use o f  p r o p e r t i e s  P . 5  and P.6 o f  t h e  Appendix i n  t h e  s p i n  equa- 

t i o n  (2.6) w i t h  t h e  "Ansatz" 

q,, = f ( r  

we r e a d i l y  o b t a i n  the  f o l l o w i n g  r a d i a l  equa t i on 

where 

By D i r a c ' s  q u a n t i z a t i o n  c o n d i t i o n 2  

and equa t: i on (2.12) becomes 

Note that: 6 ,  may be negat i v e  ( a t t r a c t i o n )  , depending on t h e  va lues  o f  

the  v a r i o u s  q u a n t i t i e s  invo lved .  I n  p a r t i c u l a r ,  f o r  t h e  p r o t o n  ( 2  = 1 

and B1 = 2,79), Bo i s  always n e g a t i v e  f o r  M > 0,56 M,, and p o s i t i v e f o r  
g 

Mg < 0,561 M,. On t h e  o t h e r  hand, f o r  instance,  f o r  the  He3 nucleus 

( Z  = 2 arid B2 = -2,121, 8, i s  always p o s i t i \ l e .  Table I  g i v e s  t y p i c a l  

va lues of' 8, f o r  He3 and f o r  t h e  p r o t o n  w i t h  v a r i o u s  a s s u m p t  i o n s  

about the  magnetic monopole charge and mass. 

I t  may be remarked t h a t  f o r  t h e  neu t ron  case (Z=O), t h e  10- 

west angu la r  momentum s t a t e  i s  absent,  so t h a t  f o r  t h i s  case, t h e  pos- 

s i b l e  N values a r e  

which w i l l  be s t u d i e d  i n  s e c t i o n  2.8. 



Table I .  Typ ica l  va lues  of B o ,  g i v e n  by express ion  (2.14) .  

Nucl eus 

P, fl 

The r e s u l t s  ob ta ined  i n  t h i s  s e c t i o n  c o i n c i d e  w i t h  those o f  

S ive rs ,  except  t h a t  t h e  s i g n  o f  V i s  t o  assume, c o r r e c t l y ,  e i t h e r  va- 

lue, p o s i t i v e  o r  nega t i ve .  



2.B. Higher angular momentum states 

For angular momentum s ta tes  w i t h  

we take the "Ansa tz"  

i n  terms of the spinar monopole harmonics c ? ) ,  def ined i n  the Appen- 
J m  

d i x .  Using, now, the proper t ies  P.7 t o  P.10 i n  equation (2.6) w i t h  the 

wave sec t ion  (2.16), we ob ta in  two 2nd order  d i f f e r e n t i a l  equations f o r  

where 

and 

Eqs. (2.17) and (2.18) are  made t o  co inc ide  i n t o  a s ing le  d i f f e r e n t i a  

equation i f  

~ ( p - I )  + XK = p (u+ l )  +,i . (2.21 

Solving f o r  K, one gets 

K ( l )  = i i - ( u2  + X 2 P 2  

X 

and 



Then, t h e  two p o s s i b l e s  wave sec t ions  a r e  g iven  by 

and 

where the  f u n c t i o n  f ( 1 ' 2 )  i s  ob ta ined  as t h e  s o l u t i o n  o f  

I l y  o b t a i n  By us ing ,  now, (2.19) and (2.20), we f i n a  

B:'~') = N ( I Y + Z V / )  i 

( 
where the  up (down) s i g n  corresponds t o  t h e  s o l u t i o n  / ( ' )  ($ ' I ) .  Again, 

as i n  t h e  lowest  angu la r  rnomenturn case, t h i s  nurnber may be p o s i t i v e  o r  

nega t i ve ,  depending on t h e  va lues o f  t h e  v a r i o u s  q u a n t i t i e s  invo lved .  

I n  p a r t i c u l a r ,  f o r  t h e  p ro ton ,  w i t h  M  2 M1 (where M i s  t h e  rnonopole 
9 9 

rnass) f3i1") i s  always p o s i t i v e ,  i n  c o n t r a s t  w i t h  B o  f o r  t h e  N=O case. 

Table I1 g i v e s t y p i c a l  va lues  o f  B:''~) f o r  kIe3 and p r o t o n  w i t h  v a r i o u s  

assurnptions about t h e  rnagnetic rnonopole charge and f o r  d i f f e r e n t s  an- 

g u l a r  momentum s t a t e s .  

2.C. The radial equation 

The r a d i a l  equa t ion  i s  



Table I i :  Typical values of B;'"), given by exprersion (2.28) for 

severa1 spin 1/2 nuclei 



w i t h  8  g iven  by 8 ,  f o r  j = Iql - 1/2 (N=O) and by BN f o r  j 2 I q (  + 1/2 

(N  2 I ) .  As p o i n t e d  o u t  i n  s e c t i o n s  2.A and 2.8, B may be p o s i t i v e  o r  

nega t i ve .  I n  e i t h e r  case, t h e  above equa t ion  may g i v e  r i s e  t o  bound- 

- s t a t e s ,  as f i r s t  p o i n t e d  o u t  by s i v e r s 5 .  

For completeness, we b r i e f l y  d iscuss  t h e  bound s t a t e  s o l u -  

t i o n s  f o r  t h e  case o f  an e l e c t r i c a l l y  uncharged rnonopole. I n  t h i s  case, 

t h e  Coulomb p o t e n t i a l  vanishes i n  ( 2 . 2 9 ) .  T h e n . i f  B>O, no bound states,  

o f  course, e x i s t .  I f  B<O, t h e  p a r t i c l e  f a l l s  i n  t h e  cen te r ,  where t h e  

monopole i s :  t h e r e  i s  no lower bound f o r  t h e  energy E. However, i f  

V(,) rep resen ts  an i n f i n i t e  r e p u l s i v e  hard co re  a t  some small  d i s t a n c e  

r , ,  t h a t  i s ,  i f  

m f o r  O < r < r ,  

V ( r )  = ( 2 . 3 0 )  

O f o r  r > r ,  

then, equa t ion  ( 2 . 2 9 )  may g i v e  r i s e  t o  d e f i n i t e  bound s t a t e s .  T h i s  s i -  

t u a t i o n  i s  p h y s i c a l l y  reasonable i f  the  p a r t i c l e  i s  a s p i n  1/2 atomic 

nuc leus i n t e r a c t i n g  w i t h  t h e  monopole. A t  v e r y  s h o r t  d i s tances ,  t h e  

hadronic  i n t e r a c t i o n s  may then  be s imu la ted  by a  p o t e n t i a l  l i k e  ( 2 . 3 0 )  

a t  d i s t a n c e s  r ,  corresponding t o  t h e  n u c l e a r  r a d i u s  (y0 = 1.2 A " ~ F  ). 

As f i r s t  shown i n  r e f .  5, one can then  g e t  b i n d i n g  energ ies  much l a r -  

ger  than those p r e d i c t e d  by ~ a l k u s ~ .  

The boundary c o n d i t i o n s  t o  be imposed t o  t h e  r a d i a l  equa t ion  

where k 2  = -  TE, a r e  now 

f (r,)  = 0  

l i m  f ( r )  = O . 
TM3 

The corresponding n e g a t i v e  energy s o l u t  i o n  i s  g i v e n  by 

f ( r )  = r- '1  K (kr) , P 

where K i s  t h e  m o d i f i e d  Bessel f u n c t i o n  o f  o r d e r  
P 

946 



The m o d i f i e d  Bessel f u n c t i o n s  has no zeros, un less  p be p u r e l y  imagi- 

nary, t h a t  i s  

I n  t h i s  case, approx imate va lues  f o r  t h e  energy, a r e  e a s i l y  seen t o  be 

g i ven by 

N o t i c e  t h e  s e n s i t i v i t y  o f  E ,  t o  t h e  v a l u e  o f  r,. Th is  t ype  o f  b i n d i n g  

occurs  o n l y  f o r  systems w i t h  8<-1/4. T h i s  i s  t h e  case o f  t h e  p r o t o n f o r  

N=O and M 2 M , ,  as can be seen f rom t a b l e  I .  On t h e  o t h e r  hand, f o r  9 
~e~ and necitron t h i s  t y p e  o f  b i n d i n g  can occur  o n l  y  i n  some cases, de- 

pending on t h e  va lues  o f  M v and o f  the  angu la r  momentum N (see t a -  
$7' 

b l e  I I ) .  Typ ica l  va lues  o f  t h e  b r i n d i n g  energy ( 2 . 3 6 )  f o r  severa1 nu- 

c l e i ,  a r e  g iven  i n  t a b l e  I I I .  

Table 1 1 1 :  Typ ica l  va lues  o f  t h e  b i n d i n g  energy, g i v e n  by equa- 

t i o n  ( 2 . 3 6 ) ,  wi t h  r ,  = b ~ ' ~  ( b  = I ,2F except  f o r  n and p where 

t h e  v a l u e  b = 0,8 L was taken) .  



3. THE ELECTRON-DYON QUANTUM SYSTEM 

We t r e a t  i n  t h i s  s e c t i o n  t h e  bound s t a t e s  o f  the  e l e c t r o n -  

-dyon quantum systern i n  t h e  n o n - r e l a t i v i s t i c  approx imat ion  and i n  two 

d i f f e r e n t s  cases. I n  e i t h e r  case, t h e  dyon i s  considered as a  s p i n l e s s  

p a r t i c l e  w i t h  magnetic charge vg (v = 11, 12,. . .) ,  e l e c t r  i c  charge 

Xe(X = ? I ,  ?2,...) and i n f i n i t e  rnass. The two cases a re :  

( i) we n e g l e c t  t h e  e l e c t r o n  sp in ,  d e s c r i b i n g  i t  by Schrudinger equa- 

t i o n ,  and 

( i i )  we take  i n t o  account t h e  e l e c t r o n  s p i n  and use t h e  P a u l i  equa t ion  

t o  d e s c r i b e  i t .  

( i )  The ~ c h r 8 d i n g e r  Case 

The Schrudinger equa t ion  i s  ( E  = c = 1) 

where M stands f o r  t h e  e l e c t r o n  rnass. P u t t i n g  

where yqh(Q> 

one r e a d i l y  ge ts  f o r  t h e  r a d i a l  equa t ion  

where t h e  range o f  R i s  g i v e n  by 

N o t i c e  t h a t  t h e  equa t ion  (3 .4)  c o i n c i d e s  w i t h  t h e  usual  rad ia l  equa t ion  

f o r  the  H-atom, i f  an angu la r  momenturn nurnber S i s  d e f i n e d  as 



~ e t t  ing  k2 = -2ME, ~ ~ e * / k  = y and p = Zkr, one gets 

whose bound s ta te  so lu t ions  are  given by 

.R(p) = e -p/2 pS F (-y + S +  1 ,  2 S +  2; p ) .  
1 1  

(3.8) 

I n  order t o  guarantee the co r rec t  behavior a t  y, one must have 

w i t h  n a p o s i t i v e  in teger .  I n  t h i s  case, the conf luent  hypergeometric 

f unc t i on  ,F1 appearing i n  (3.8), i s  a polynomial o f  degree n = y-S-1, 

and the energy spectrum i s  given by 

which 

tha t  

E = - 1 M ~ ~ ~ - ~  
2 

i s  Belmer-1 i ke8 "  

there i s  no acciden 

and i s  represented i n  Fig.1 f o r  V=l. Not ice 

t a l  degeneracy i n  the present case. The nor-  

mal i z a t  ion o f  the wave func t i on  (3.8) may be performed using the  wel l- 

-known integrais invo lv ing  conf luent  hypergeometric f u n c t i o n s l O .  F i -  

n a l l y ,  we remark tha t  the wave func t ions  o f  the ground s t a t e  i s  zero 

a t  the o r i q i n ,  i n  cont ras t  w i t h  the H-atom case. 

( i i )  The Pau l i  Spin Case 

T'he electron-dyon system i n  the present case, corresponds t o  

a p a r t i c u l a r  case o f  the problem studied i n  sec t ion  2, w i t h  

where BZ , now, i s  expressed i n  Bohr magnetons. Then, the Pau l i  equa- 

t i o n  now reads 



F i g . i  - Spectrum corresponding t o  the  ~ c h r g d i n ~ e r  case, w i t h  Iv]  = 1 . 
The degeneracy o f  a l l  s t a t e s  i s  g iven by 2U1. Are a l s o  g iven the  ener- 

gy iQ eV for  each s t a t e ,  according t o  expression ( 3 . 1 0 ) .  

Again, we treat first the states with j =  I q l  - 1/2 (or N=O), whose 

wave sections are given by 

% = Sk) rl, , (3.13) 

wi th the spinor monopole harmonics q def ined by (~.10). Using proper- m 
ty p . 6  of the Appendix and putting p = 2(-2~~) 1/2r (ECO), we obtain 

the radial equation 

where Y = Ae2(-2~~) li2/2E. However, this equation does not have any 

solution that fulfills the boundary condition 



This occurs because the Hami l t o n i a n  corresponding t o  (3.12), i s  no t  a 

proper ly  def ined operator  fo r  t r e a t i n g  wave sect ions w i t h  angular de- 

pendente o f  the type o f  t ha t  g iven by (3.13). The reason f o r  t h i s  i s  

contained i n  the discussion of L ipk in ,  Weisberger and ~ e s h k i n "  , who 

pointed ou t  t ha t  the Jacobi i d e n t i t y  i s  no t  s a t i s f i e d  f o r  the compo- 
4- -+ + 

nents o f  I' = p - eA, t ha t  i s  

(3.16) 

For the Schrddinger case, the L i p k i n  Weisberger and Peshkin 

d i f f i c u l t y  does not  appear, s ince a l l  wave func t ions  vanish a t  the o r i -  

g in .  However, t h i s  does not  occur i n  the present case and, t o  remedy 

the s i t ua t i on ,  we must12 provide the e lec t ron  w i t h  an "extra" magnetic 

moment so tha t  the t o t a l  magnetic moment, i n  Bohr magnetons, i s  g iven 

where K i s  taken t o  be i n f i n i t e s i m a l .  With t h i s  assumption, 

equat ion ( 3 . 1 2 ) ,  now, becomes 

(3.17) 

the  Paul i 

and the rad ia l  equation (3.14), i n  tu rn ,  i s  

w i t h  6, an i n f i n i t e s i m a l  given by 

where we made use of the Dirac quant iza t ion  cond i t i on  



The solution of this equation that fulfills the boundary condition 

(3.151, is 

where 

is also an infinitesimal. The correct behavior at O*, requires that 

where n is a positive integer (n = O 

pol ynomial of degree n, and we have 

,1,2 ,... ) .  In this case ,F, is a 

 MA^^' E = - -  (3.25) 
2 (n+l) 

We remark that these energies are independent of q and identical with 

the Balmer energies. In figure 2, where the 

Pauli spin case is represented, those energ 

tower . 

energy spec 

es correspond 

trum of the 

to the N = O 

scussed next . The states with + 1/2 are d In this case, 

we have x = O (see eq. 2.20), and then the two possible wave sections, 

which now are K-independent (see eqs. 2.17 and 2.18), are given by 

1 )  (1 )  ( 1 )  ( 2 )  = p) ( 2 )  
'jm s i m  and Jija 'jm 

Using the properties P.7 to P.10 in equation (3.19) with the wave sec- 

t ions above, and putt ing P E 2 (-ME) and y=Ae (-ZME) 1/2/2.K, we obta in 

two znd order different ia1 equat ions 



N = l  N =  2 N =  3 

Fig.2 - Spectrum correspanding t o  the Paul i case, w i t h  Ivl = I. The 

lowest s t a t e  i n  a tower i s  2N+1 degenerate; the o thers  are  2(2N + I ) .  

Atso given are the energy i n  eV f o r  each s ta te ,  according t o  expres- 

s i on  (3.30) and (3.31). 

1 = N + V  + N + V ~  f o r  i = 2 , 

and where we take the i n f i n i t e s i m a l  ex t ra  magnetic moment ic t o  be zero, 

since f o r  the states under considerat ion,  the rad ia l  wave sect ions va- 

n i sh  a t  the o r i g i n .  The corresponding eigensolut ions are 



and 

w i t h  

Then i r  i s  c l e a r  t h a t ,  f o r  a  g i v e n  j - v a l u e ,  w i t h  t h e  excep t ion  o f  t h e  

n =O, a11 t h e  o t h e r  s t a t e s  show a double degeneracy, besides t h e  dege- 

n e r a c y d u e  t o  theangularmomentum, g iven  b y 2 j + l .  Using (2.7), and 

t a k i n g  i n t o  account t h e  D i r a c  q u a n t i z a t i o n  c o n d i t i o n  (3.211, one ob- 

t a i n s  2 j + l  = 2 ; ~ + l v l .  The complete spectrum w i t h  t h e  r e s p e c t i v e  degene- 

racy,  f o r  t h e  case w i t h  I v l = l ,  i s  g i v e n  i n  F i g .  2. N o t i c e  t h a t  t h e r e  i s  

no a c c i d e n t a l  degeneracy, as  i s  t h e  case i n  t h e  H-atom. 

Le t  us now compute t h e  f i n e  s t r u c t u r e  c o r r e c t i o n s  f o r  t h e  

s t a t e s  w i t h  j21y1 + 1/2, which a r e  those t h a t  have double degeneracy, 

f o r  v = l .  These c o r r e c t i o n s  can be ob ta ined  by u s i n g  p e r t u r b a t i o n  theo-  

r y ,  and c o n s i d e r i n g  as  unper turbed s t a t e s  those s o l u t i o n s  t o  t h e  P a u l i  

sp in  equa t ion  (3.18) w i t h  K=O. The p e r t u r b a t i o n  o p e r a t o r  i s  obta ined13 

by making the  n o n - r e l a t i v i s t i c  l i m i t  o f  t h e  D i r a c  equat ion,  and t a k i n g  

o n l y  t h e  second o r d e r  terms i n  ( ] / c ) .  So, we o b t a i n  

-+ -+ 
where E i s  t h e  energy, B i s  t h e  magnetic f i e l d  o f  t h e  dyon, L i s  t h e  

o r b i t a l  angu la r  momentum o p e r a t o r ,  g i v e n  by  

and 

For t h e  s t a t e s  w i t h  j 3 I q  1 + 1/2, as a1 ready d iscussed,  the -  

r e  a r e  two p o s s i b l e  wave sec t ions ,  g i ven  by (3.26). Then, t h e  f i n e  

s t r u c t u r e  c o r r e c t i o n s  can be ob ta ined ,  f o r  t h e  two cases, by compu- 

t i n g  t h e  mean v a l u e  o f  t h e  p e r t u r b a t i o n  o p e r a t o r  



Using t h e  p r o p e r t i e s  P.7 and P.8, and t h e  o r t h o g o n a l i t y  o f  t h e  e igen-  

sec t  i ons  S ( ~ ) * S ,  we o b t a i n  

where E ( ~ )  i s  g i ven  by (3.30) f o r  i = l  , and by (3.31) f o r  i = 2 .  The l a s t  

te rm o f  (3.32) does n o t  appear, s i n c e  t h e  @(i) van ish  a t  the  o r i g i n .  

The mean va lues  <r-n>, can be c a l c u l a t e d  making use o f  t h e  wel 1 known 

i n t e g r a l  s  i n v o l v i n g  con f  t u e n t  hypergeometr ic  f u n c t  ionsl  O .  The f i n a l  

r e s u l t s  a r e  

1 C z  (j- ?) + s 2  (i + 
1  + ( 3 . 3 6 )  

where c , s and V- a r e  g iven,  r e s p e c t i v e l y ,  by ( A . I ~ ) ,  (A.14) and (3.28), 

and use was made o f  t h e  D i r a c  q u a n t i z a t i o n  c o n d i t i o n  (3.21) w i t h  V=] .  

These c o r r e c t i o n s  e l i m i n a t e  t h e  double degeneracy t h a t  was p resen t  f o r  

a11 s t a t e s  w i t h  N I1  and n2 + 1  = n I 1 (see f i g  2) ,  g i v i n g  r i s e  t o  an 

energy s p l i t t i n g ,  g i ven  by 



By s u b s t i t u t i n g  A E ' ~ )  and AE"), eqs. (3.36) and (3.27), and e r p r e s -  

s  i n g  c, s and i n  terms o f  I.I (eq. (3 .28)) ,  we g e t  

A" = M (Aa) ' 3 

(n2+!-i+1) (4!-i2-1) (4ri2-9) 

Table IV shows t h e  c a l c u l a t e  A73 s p l i t t i n g  f o r  a  number o f  

s t a t e s .  

Tabie 

Note: 

[V: T ipyca l  AE va lues  f o r  some s t a t e s ,  g i v e n  by express ion  (3 .39)  

- 

These r e s u l t s  h o l d  f o r  t h e  case w i t h  v = A = I. 

F i n a l l y ,  l e t  us  d iscuss  an i n t e r e s t i n g  f e a t u r e  o f  our  system 

namely t h e  e x i s t e n c e  o f a n  e l e c t r i c  d i p o l e  moment. Th is  i s  due t o  the  

f a c t  t h a t  o u r  system v i o l a t e s  t h e  d i s c r e t e  symmetries P and T , as 

d iscussed by ~azama" f o r  t h e  D i r a c  e l e c t r o n .  We s h a l l  determine, i n  

o u r  case, t h e  magnitude o f  t h e  e f f e c t  by computing t h e  m a t r i x  element 
+ -f 

o f  t h e  e l e c t r i c  d i p o l e  moment o p e r a t o r  d = e r  f o r  t h e  lowest  s t a t e w i t h  

j = I q l  - 1/2: 

where % = f(r)?,, w i t h  f g iven  by (3.22) and nm by (A.lO) o f  t h e  Ap- 



pendix .  'The angu la r  p a r t  o f  t h e  i n t e g r a l  can be computed, u s i n g  t h e  

Wigner-Eckart theorem and p r o p e r t i e s  P . l l  t o  P.13 o f  the  Appendix. On 

t h e  o t h e r  hand, t h e  r a d i a l  i n t e g r a l s  can be c a l c u l a t e d  making use o f  

t h e  wel l known i n t e g r a l s  i n v o l v i n g  c o n f l u e n t  h y p e r g e o m e t r  i c  func -  

t i o n s l O .  The f i n a l  r e s u l t  i s  

where n H S  t h e  r a d i a l  quantum number, and t h e  range o f  rn i s  

I t  may be remarked t h a t  t h e  i n f i n i t e s i m a l  e x t r a  magnetic d i p o l e  moment, 

i n t roduced  t o  r e s o l v e  t h e  L i p k i n ,  Weisberger Peshkin d i f f i c u l t y ,  does 

n o t  a l t e r  t h e  r e s u l t  (3.41). R e w r i t t i n g  t h e  r e s u l t  i n  t h e  usual  u n i -  

t i e s ,  we have 

where A%c 3.9 X 10-"crn, i s  t h e  reduced Compton wave lengh t  f o r  t h e  

e l e c t r o n  and a = e 2  = 1/137. Using now, the  D i r a c  q u a n t i z a t i o n  cond i-  

t i o n  (3.;!l), then 

T h i s  e l e c t r i c  d i p o l e  moment, v a l i d  f o r  t h e  P a u l i  e l e c t r o n ,  i s  t i p i c a l -  

l y  o f  o r d e r  [e.cm]. 

The analogous r e s u l t  f o r  t h e  s p i n l e s s  e l e c t r o n  i s  

where now t h e  range o f  m i s 



m  = 141 ; 141 -i,..., -1sl (3.463 

T h i s  e l e c t r i c  d i p o l e  moment i s  a l s o  t y p i c a l l y  o f  o r d e r  10-9 /e .cml .  

4. CONCLUSIONS 

As we have shown15 i n  the  preceding sec t  ions, t h e  monopole 

harmonics p r o v i d e  a s imp le  and e legan t  method f o r  t r e a t i n g  t h e  P a u l i  

s p i n  equa t ion  i n  t h e  presence o f  magnetic monopoles. 

The r e s u l t s  ob ta ined  f o r  t h e  two problem discussed i n  t h i s  

paper a r e  i n  agreement w i t h  those d e r i v e d  i n  o l d e r  1 i t e r a t u r e b S 5 .  Ho- 

wever, they were here ob ta ined  i n  a much s i m p l e r  and d i r e c t  way. 

I n  connect ion w i t h  the  e lec t ron- dyon  system, we have ex ten-  

ded p rev ious  t reatments by c a l c u l a t i n g  f i n e  s t r u c t u r e  s p l i t t i n g s  o f t h e  

j > l q /  + 1/2 l e v e l s  and the  e x p e c t a t i o n  v a l u e  o f  t h e  e l e c t r i c  d i p o l e  

moment opera to r  f o r  the  ground s t a t e  o f  t h e  system. 

F i n a l l y ,  we wish t o  s t r e s s  t h e  d e s i r e a b i l i t y  o f  ex tend ing  

t h e  p resen t  t rea tment  t o  t h e  D i r a c  equa t ion  w i t h  a r e p u i s i v e  hard- core 

s i m i l a r  t o  t h a t  empioyed here t o  e s t i m a t e  t h e  b i n d i n g  energy o f  a ~ ( 1 )  

magnetic monopole t o  a s p i n  1/2 atomic nuc leus.  

APPENDIX 

The most r e l e v a n t  d e f i n i t i o n s  and formulas on monopole har -  

monics a r e  inc luded  i n  t h i s  p a r t ,  s p e c i a l l y  those on t h e  s p i n o r  mono- 

p o l e  harmonics t h a t  have been used i n  t h e  t e x t .  

The ( s c a l a r )  monopole harmonics Y a r e  d e f i n e d  as t h e  
q , ? " , m  

s imul taneous e i  gen-sect ions  o f  the  angu la r  momentum o p e r a t o r s  z2 and 
-+ 

L  (see equa t ion  2.3 f o r  t h e  d e f i n i t i o n s  o f  L )  z 



where R = 0, 1/2,, 1 , .  . . , and f o r  a given R, m = - R ,  -R+l , . . . , R. Given 

q ,  the possib le R values are  

For e x p l i c i t  expressions o f  the monopole harmonics, the reader i s  re-  

fe r red  t o  the papers o f  Wu and yangl. 

The spinor monopole harmonics, by the o ther  hand, a re  d e f i - .  

ned as s inu l  taneous eicjen-sections o f  the operators 5' and JZ (see 
-+ 

equation 2.2 f o r  the d e f i n i t i o n s  o f  J) 

where i = 1,2 re fe rs  t o  R = j i 1/2 respect ive ly ,  and w i t h  

( A . 4 )  

E x p l i c i t l y ,  we have  

r,,, 11, ' q , j -  1, 1 m- 
' 1 



where the possib le j values are  given by 

such tha t ,  f o r  

and f o r  

The c o l l e c t i o n  o f  a l l  @(i)'s form a  complete orthonormal set  o f  two- 

-components spinor monopole harmonics. 

For q=0, the monopole harmonics a re  simply the ord inary  

spher ical  harmonics, and the fo l l ow ing  proper t ies  hold: 

From the expression 

p = p - ; . ;  3 - 4 
one has 

When qfO, the lowest angular momentum s ta te  occurs f o r  j = 

= I q 1  - l / 2  (or  N=O) and the corresponding angular sec t ion  i s  given 

by 

I n  t h i s  case, the fo l lowing proper t ies  hold 

960 



-+ + 4 (p.5) (cr.r)nm = r-n 
14 1 m 

For the higher angular momentum states (jalq1+1/2 or N21) , 
it is convenient to form6 the following orthonormal linear combina- 

tions of @(' )  and @ (2 cri, sim 

where 

and 

with c2 + s2 = 1. In this case, the following properties hold : 

with f(i3) and g(r) arbitrary functions of the distance r, and 

(A. 14) 

where we have used the Dirac quantization condition (2.13). 



F i n a l  I y,  we g i v e  t h r e e  impor tants  p r o p e r t  i es16  o f  monopole 

harmonics, t h a t  have been used i n  t h e  t e x t .  

4Tr 1/2  
(P.11) YOIO = cose 

where the  l a r g e  parentheses represen t  t h e  Wigner 3j-symbols. 
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