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An a lgor i thm i s  proposed f o r  reconst ruc t ing  the p o t e n t i a l  

q(x)  i n  the one-dimens ional  s t a t  ionary ~ c h r g d  i nger operator ~:-d'/dx~ 

+ q (x ) ,  -m<x<co, w i t h  the r e f l e c t i o n  c o e f f i c i e n t  and the other scat te -  

r i n g  data as input .  Prel iminary experiments have ind ica ted computing 

t ime savings o f  order as high as 10:1, as compared t o  the d i r e c t  so- 

l u t i o n  o f  Marchenko equations. Some open problems w i t h i n  t h i scon tex t  

a re  posed. 

Propomos um a lgor i tmo para, a  p a r t i r  do coe f i c i en te  de re-  

f lexão e  dos outros dados de espalhamento, recons t ru i r  o  po ten t i a l  

q (x )  associado ao operador de ~ c h r 8 d  i nger es tac ionár io  emuma dimensão 

E 5 -d2/ak2 + q ( x ) ,  -m<x<m. Em tes tes  rea l  izados, obtivemos uma eco- 

nomia coniputacional da ordem de 10:l re lat ivamente solução d i r e t a  

das equaç.Ões de Marchenko. Mencionamos também a1 guns p r o  b  1 emas em 

aberto nesta área. 

1. INTRODUCTION 

The one-dimensional sca t te r i ng  problem has been a  source o f  

deep i nves t i ga t i on  l a t e l y .  This renewed i n t e r e s t  p a r t l y  r e s u l t s  from 

the discoveryl  o f  the connection between tha t  problem and the Korte- 

weg-de Vr ies  ( K ~ V )  model f o r  long waves. The l a t t e r  i s  a  non-1 inear 

equation w i t h  a  wealth o f  p roper t ies ,  some o f  which q u i t e  unexpec- 

t ed ,2 '3 ' "  l i k e  i t s  re la t i onsh ip  w i t h  inverse sca t te r i ng  ( IS) i t s e l f :  

i t  l e t s  one t rade a  non-1 inear operator  (v iz ,  the so lu t i on  o f  an i n i -  

t i a 1  value problem assigned t o  a  non- l inear pa r t i a1  d i f f e r e n t i a l  equz 



tion) for a sequence of linear transformations (the solutiun of the 

I S  problem via Marchenko equations). A more precise description of 

such a link follows: 

Let u(x,t) satisfy the KdV equaticn 

U - U U  + U  = O  , - m < x < m ,  $ 2 0  
t x xxx 

and consider u/6 as potentials for the ~chr3din~er equations: 

Then the time evo!ution of 

extremely simple, Cf. Ref. 

the scattering datas associated to (2) is 

6 : 

i )  The ref lection coefficients5 satisfy 

r-(k, t) = r-(k, c)exp (-i8k") 

while 

i i )  The transmission coefficients are time invariant and 

so are the point spectrum and the normalization constants5 

Ehj(t),mj(t) liCjsN(t) : 

Consequently, to so 

u(x,O 

Ive (I)  subject to 

) = @(x) , - m < x < m  

the following path is pointed out by the above result: 

a) f irst get the scattering data in correspondence with 

u(x,o); 

b)  follow their time evolution according to ( i )  and (ii); 

c) for any instant t>O at which u(x,t) is sought, solve the 

inverse scattering problem associated to the data found through ( b ) .  



We emphasize tha t  steps (a) and (b) are s t ra igh t fo rward  and 

even step (c )  may be considered as an easy one when compared to  the sub- 

t l e t i e s  involved i n  the d i r e c t  so lu t i on  o i  (I) and ( 4 ) .  Indeed, a q u i t e  

natura l  way t o  deal w i t h  (c) i s  t o  ca l1  the Marchenko equations fo r  help, 

and i n  t h i s  way a fami ly  o f  linear i n teg ra l  equations i s  brought in.Ob- 

serve tha t  t h e i r  kernels are  v a r i a b l e  and so are  t h e i r  i n t e r v a l  o f  i n -  

t eg ra t i on  (which, by the way, a re  i r i f  i n i t e ) .  Each problem i s  neverth less 

a l i nea r  one. 

This d iscovery led  t o  a whole stream o f  search f o r  " inverse 

transforms", see Ref. 7,8. 

E f f o r t s  spent i n  seeking an e f f i c i e n t  a lgor i thm t o  solve the 

Marchenko equations would be f u l l y  j u s t i f i e d  even i f  the r e l a t i o n s h i p  

KdV-IS were the on ly  use o f  those equations. Nonetheless,a long l i s t  o f  

other contexts where I S  - and thus Marchenko equations - shows up i s  

wel 1 known
g . 

I n  the next sect ion we present a 

ped w i t h  t h i s  aim, wh i le  i n  Section 3 we po 

red t o  be worth studying. 

numerical a I gor 

t OP i n t  ou t  some 

i thm develo- 

i c s  conside- 

2. THE ALGORITHM DESCRIPTION 

I n  order t o  numerical ly  solve the one-dimensional IS problem 

we have to:  

a) Solve e i t h e r  one o f  the Fredholm in teg ra l  equations (due 

t o  Marchenko) 

R , ( x+y )+~+(x , y ) i t :  - 

f o r  B+(x,y) as funct ions of y, x being kept as a parameter; - 
b) d i f f e r e n t  i a t e  B+(x,O) t o  ob ta in  q(x )  from - 



Solv ing  (approx imate ly)  e i  t h e r  o f  equat ions (51, by ~ ~ s t r k n  

quadra tu re  technique amounts t o  s o l v i n g  a  f i n i t e  l i n e a r  a l g e b r a i c  sys-  

tem whose o r d e r  depends on b o t h  t h e  accuracy we need and t h e  behav io ro f  

t h e  f u n c t i o n s  R,. Also  we need t o  s o l v e  these equat ions f o r  a  l a r g e  nun- - 
ber  o f  va lues o f  x, as numer ica l  d i f f e r e n t i a t i o n  i s  known t o  be a  r a -  

t h e r  u n s t a b l e  procedure. 

I n  t h i s  s e c t i o n  we s h a l l  d e s c r i b e  a  s imp le r  a l g o r i t h m  f o r t h i s  

problem, u s i n g  an idea o r i g i n a l l y  suggested by V. Bargmann and c a r r i e d  

o u t  by 

p l a c i n g  

From now on we s h a l l  deal  w i t h  Marchenko equat ions (5)+ r e -  

B+ by the  f u n c t i o n  K in t roduced  as 

and t a k i n g  ins tead  o f  R+ t h e  f u n c t i o n  

Wi th these changes o f  v a r i a b l e s ,  our  work ing r e l a t i o n s  beco- 

me : 
,m 

and 

The bas is  f o r  the  a l g o r i t h m  i s  t h e  o b s e r v a t i o n  t h a t  when t h e  

r e f l e c t i o n  c o e f f i c i e n t  r- i s  a  r o t a t i o n a l  f u n c t i o n  o f  k w i t h  a l l  i t s  

po les i n  t h e  lower h a l f  p lane,  an e x p l i c i t  fo rmu la  f o r  q ( x )  can be ob- 

t a i n e d .  Observe t h a t  t h e  a n a l y t i c i t y  o f  r - ( k )  f o r  Im k>O i m p l i e s  t h a t  q 

vanishes on t h e  nega t i ve  a x i s ,  i f  no e igenvalues e x i s t .  

Since r i s  r a t i o n a l  and a n a l y t i c  f o r  Im k>O, i t  has t h e f o r m  



with ?&L, and Im 6.<0. Now, basic properties of the scattering matrix 
3 

imply that the relation 

holds on t:he real axis. Then denoting the roots of 

located iri the upper half plane by p j  and assuming that O ,  we 

get 

for real k .  

If there are no eigenvalues, t(k) is a non-vanishing analy- 

tic function in the upper half-plane; as a consequence of (12), t must 

have the form 

It is known that on the real axis 

r+(k) = -r- (-k) t (k) /t (-k) , 

so that 

Il (k- 6 .)n (k-P .) 
3 3 



Corisequently 

r + ( k )  = p ( k )  + 1 P;/(k-P .) 
3 

where p ( k )  ;s a n a l y t i c  i n  t h e  upper h a l f - p l a n e .  

S u b s t i t u t i o n  o f  (13) i n t o  (8) g i v e s  

Using t h i s  r e l a t i o n  i n  ( 9 )  we g e t  t h a t  f o r  OGzGy 

Therefore,  i n  t h e  range 06z<y, K i s  a  ke rne l  o f  P incher le-Goursat  type,  

t h a t  i s ,  i t  has the form 

and thus ,  s u h s t i t u t i n g  (16) i n t o  (15) we g e t  t h e  L x  3 system 

BY u s i n g  Crarnerls r u l e  and ( 1 0 1 ,  one o b t a i n s  from (17) t h e  express ion  

d" 
q (x) = -2 - l og d e t  >--A (z)] , 

dX2 

where A = ( a j x )  i r  the rna t r i x  assoc ia ted  t o  t h e  system (17), narnely 

Observe t h a t  t h e  o rder  o f  t h i s  m a t r i x  equals  t h e  nuinber o f  po les  o f  

r- ( 2 )  . 



Al though (18) i s  t h e o r e t i c a l  l y  s imp le r  than (17), t h i s  l a t t e r  

formula has more coniputat ional  i n t e r e s t  than t h e  former.  Th is  can be 

seen as f o l l o w s :  s e t t i n g  y* i n  (16)and d i f f e r e n t i a t i n g ,  we have 

f o r  220.  To compute t h e  va lues  o f  f !(.x) we d i f f e r e n t i a t e  (9) and (16) 
3 

w i t h  respec t  t o  X and o b t a i n  

and 

If we now use t h i s  l a s t  express ion  and (16) i n  (20) we g e t  t h e  

wing system f o r  f !(x) : 
3 

i (P I .+P,)x 

f p  - f p )  = 

f o l  l o -  

N o t i c e  t h e t  the  c o e f f i c i e n t  m a t r i x  i n  (21) i s  aga in  I -A(x ) ,  so t h a t  t o  

g e t  t h e  s o l u r i o n  f o r  t h i s  system a f t e r  hav ing  so lved  (17) i s  a  computa- 

t i o n a l l y  cheap task .  Moreover i t  avo ids  hav ing  t o  n u m e r i c a l l y  c a r r y  o u t  

t h e  d i f f e i e n t i a t i o n  i n  (10) .  

+ 
We observe t h a t  pass ing f rom r- t o  r makes i t p o s s i b l e  t o  

o b t a i n  ( 1 8 )  and a l s o  makes the  d e r i v a t i o n  o f  (17) q u i t e  s imp le .  Never- 
- 

the less ,  a system analogous t o  (17) can be ob ta ined  by  making use o f  r 

o n l y ,  C f .  Ref.  11. 

We have so lved n u m e r i c a i l y  t h e  i n v e r s e  s c a t t e r  

irnplementing b o t h  (9) and (17), f o r  some r a t i o n a l  c o e f f  i c  

i n g  prob 
- 

i e n t s  r 



d e a l i n g  w i t h  Marchenko equat ions d i r e c t l y ,  we d i s c r e t i z e d  (9) by u s i n g  

Simpson's formula and we needed a  60- po in t  mesh t o  o b t a i n  an accuracy 

o f  10m5 i n  t h e  average. The second method, even f o r  L=8, was t e n  t imes 

f a s t e r  than t h e  f i r s t .  

As i t  stands, we can use t h e  second method o n l y  f o r  r a t i o n a l  

r e f l e c t i o n  c o e f f i c i e n t s .  When s o l v i n g  t h e  inverse  problern f o r  a  r e f l e c -  

t i o n  c o e f f i c i e n t  r- which i s  a n a l y t i c  i n  t h e  upper h a l f - p l a n e ,  and i f  

t h e r e  a r e  no e igenvalues,  we can use the  f o l l o w  

(a)  approximate r- by a  r a t  i o n a l  r e f  

which i s  a n a l y t i c  i n  t h e  upper h a l f  p lane,  

(b)  s o l v e  the  inverse  problern f o r  r€ 

descr ibed  i n  ( ] O ) ,  (17 ) ,  (19) and (21) .  

l i ng  numer ica l  rnethod: 

l e c t i o n  c o e f f i c i e n t  r€ , 

by u s i n g  t h e  a lgor i th rn  

Theorem 3 i n  Ref. 9  g i v e s  us the  c o n d i t i o n s  on the  a p p r o x i -  

mat ion  rE under which we can expect t h e  p o t e n t i a l  qE t o  be c l o s e  t o t h e  

p o t e n t i a l  q we a r e  seeking. The main d i f f i c u l t y  i s  t h a t  t h e  comnontech- 

n iques f o r  approx imat ing  a  g i v e n  f u n c t i o n  by a  r a t i o n a l  one, e.g. t h e  

Rehmes a l g o r i t h m ,  can be a p p l i e d  o n l y  f o r  r e a l  f u n c t i o n s ,  w h i l e  t h e  r e -  

quirement t h a t  a l l  po les  o f  r, l i e  i n  t h e  lower h a l f -p l a n e  p reven ts  us 

f rom approx imat ing  t h e  r e a l  and t h e  imaginary p a r t s  o f  r separa te ly .  

The f o l l o w i n g  i s  a  p o s s i b l e  s t r a t e g y  f o r  s o l v i n g  t h e  approxi- 

mat ion  problem: 

R e s t r i c t i n g  ourse lves  t o  r e f l e c t i o n  c o e f f i c i e n t s  r t h a t  d i e  

ou t 1  i ke 

.- 
d e f i n e  

and, f o r  a = eie , t h e  Cayley- transforrn t ype  change o f  v a r i a b l e s  



By ( 2 2 )  E: i s  cont inuous a t  w=l.  Thus, o b t a i n  t r i g o n o m e t r i c  approxima- 

t i o n s  

s ( w )  - ~ a W = C a e  in0 n n 

f o r  s and d e f i n e  , m-1 k- i 

as t h e  s o i ~ g h t  approx imat ions.  

3. SOME WORTH SOLVING PROBLEMS 

I t  i s  ou r  o p i n i o n  t h a t  t h e  f o l l o w i n g  

v e s t i g a t i o n .  

ques t ions  deserve i n -  

. Can t h e  a l g o r i t h m  descr ibed  i n  Sec 

p rox imat ion  r e s u l t s  i f  ins tead  o f  d e f i n i n g  rE w 

one ge ts  i t s  po les spread o u t  i n  t h e  lower  h a l f  

such an approx imat ion  scheme? 

t i o n  2 g i v e  b e t t e r  ap- 

i t h  an m- th o r d e r  p o l e  

p lane?  How t o  ach ieve  

. S t a b i l i t y  r e s u l t s  f o r  d i r e c t  and inverse  s c a t t e r i n g  a r e r a -  

t h e r  scanty i n  t h e  l i t e r a t u r e .  I n  p a r t i c u l a r ,  some o f  them, l i k e  t h e  

one by Lundina and ~ a r c h e n k o ' ~ ,  s u f f e r  f rom t h e  f o l l o w i n g  a i l m e n t  we 

o f t e n  have found i n  t h e  t rea tment  o f  many ques t ions  r e l a t e d  t o  i n v e r s e  

problems - see a l s o  Ref. 13: t h e  genera l  s e t t i n g  i s  t o  i n v e s t i g a t e  a 

mapping f rom a c c e s s i b l e  da ta  i n t o  sought d a t a  (f). Hypotheses a r e  

then made on {f) w i  t h o u t  knowing how these can be read o u t  f rom t h e  i n -  

fo rmat ions  on one has a t  hand. O f  course, r e s u l t s  g o t t e n  i n  t h i s  

way a r e  b a r e l y  u s e f u l .  

I n  Ref. 9 two s t a b i l i t y  r e s u l t s  were presented, one f o r  

d i r e c t  and t h e  o t h e r  f o r  i nverse  s c a t t e r i n g  i n  t h e  one-dimensional case. 

By no means was t h a t  a  thorough t rea tment  f o r  t h e  problem, and thus t h e  

ques t ions  below a r e  n a t u r a l l y  r a i s e d .  

i )  P a r t i c u l a r  d is tances  were in t roduced  i n o r d e r  t o  reach 

those r e s u l t s ,  namely, f o r  t h e  d i r e c t  mapping 



were taken, w h i l e  f c r  the inverse  mapping we used 

jjq I /  E 1 2-n sup / q ( x ) í  
i n-l -n~xtn 

( t h a t  i s ,  un i for rn convergence nn compact s e t s )  and 

Are t h e r e  o t h e r  m e t r i c s  b e t t e r  s u i t e d  t o  the  problem? I n  p a r t i c u l a r ,  

can one deal  w i t h  t h e  same p a i r  o f  m e t r i c s  f o r  b o t h  d i r e c t  and inverse  

p r o b l ~ r i : ~ ?  ( l n  o t h e r  words, does a  horneomorphism between t h e  s e t  o f  po- 

t e n t i a l  and o f  s c a t c e r i n g  data e x i s t ? )  Must one d e f i n i t e i y  g e t  r i d  o f  

inore f a n i i i a r  norms w i t h i n  t h i s  r o n t e x t ,  t h a t  i s ,  which n e g a t i v e  s t a b i -  

l i t y  r e s ~ ! t s  h o l d ?  

i i )  The above mentioned c o n t i n u i  t y  p r o p e r t i e s  were o n l y  shown 

t o  h b l d  f o r  some se ts  o f  p o t e n t i a l s  and o f  s c a t t e r i n g  da ta ,  w h i l e  b o t h  

d i r e c t  and inverse  rnappings a r e  d e f i n e d  on nuch b i g g e r  se ts .  T h i s  i s  

another  way i n  which such r e s u l t s  rnay be irnproved. 

. D e i f  t 3 rd  

-di i i lensional s c a t t e r i r i g  

d i e s  and t o  deduce more 

Trubowi t z ' "  exh i b i t t e d  ano ther  approach t c j  one- 

. 1s t h e i r  t reatn ient  amenable t o  nurnerical s t u -  

s t ú b i l i t y  f a c t s ?  

. As í a r  as #e know, no s t a b i l i t y  r e s u l t s  e x i s t  f o r  the t h r e e  

-dimensicnal case, i t i  which some l i g h t  was r e c e n t l y  shed by  t h e  d i s c o -  

v e r i e s  o f  R .  ~ e w t s n ' ~ .  

. We c l o s e  t h i s  s e c t i o n  r e c a l l i n g  t h a t  u l i s t  o f  o t h e r  im- 



p o r t a n t  ques t ions  were posed d u r i n g  a meet ing o f  t h e  American Matherna- 

t i c a l  Soc ie ty  i n  Bloomington, A p r i l  1980, C f .  16, page 526. 

Sec t ion  2 i s  p a r t  o f  a Fh.0. t h e s i s I 7  w r i t t e n  a t  t h e  Courant 

I n s t i t u t e ,  under t h e  guidance o f  P.D. Lax (NYU) and J e r r y  G o l d s t e i n  

(Tulane) ,  f o r  whose encouragement t h e  au thor  i s  indebted.  

The computat ional  t e s t s  wave c a r r i e d  o u t  on a CDC-6600 o f t h e  

Energy Research and Development A d m i n i s t r a t i o n  computer f a c i l i t i e s  a t  

NYU. 

F inancia1 suppor t  g ran ted  t o  t h e  au thor  a t  d i f f e r e n t  stacjes 

o f  t h e  research by CNPq, M.R. E x t e r i o r e s ,  U n B ~ n d  NYU i s  a!so acknow- 

l edged . 
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