
Revista Brasileira de Física, Vol. 11, NP 4, 1981 

Evaluation of Upper and Lower Bounds to Energy 
Eigenvalues in Schonberg's Perturbation-Theory Ground 
State by Means of a Partitioning Technique 

P. G. LOGRADO and J. D. M. VIANNA 
Departamento de Física, Instituto de Ciências Exatas, Universidade de Brasíiia, 709910 
Braslia, DF 

Recebido em 10 de Junho de 1981 

Upper and lower bounds f o r  t h e  energy e igenvalues i n  Sch8nberg1s 

p e r t u r b a t i o r i - t h e o r y  ground s t a t e  a r e  s tud ied .  A f t e r  a  rev iew o f  t h e  cha- 

r a c t e r i s t i c  f e a t u r e s  o f  t h e  p a r t i t i u n i n g  techniques t h e  p e r t u r b a t i v e  ex- 

pansion proposed by SchUnberg i s  generated f rom an exac t  opera to r  equa- 

t i o n .  The upper and lower bounds f o r  t h e  ground s t a t e  e igenva lue  a r e  de- 

r i v e d  by u s i n g  r e a c t i o n  and wave opera to rs  concepts, the  b r a c k e t i n g  func -  

t i o n  and o p e r a t o r  i n e q u a l i t i e s .  

Apresenta-se um estudo de l i m i t e s  s u p e r i o r  e  i n f e r i o r  para os  

v a l o r e s  da energ ia  do estado fundamental na t e o r i a  de per turbação desen- 

v o l v i d a  por Schtlnberg. Após uma apresentação dos f a t o s  c a r a c t e r í s t i c o s  do 

método de p a r t i ç ã o ,  as expansões p e r t u r b a t i v a s  propostas por  Schtlnberg 

são o b t i d a s  de uma equação exa ta  envolvendo operadores. Os 1 i m i t e s  supe- 

r i o r e s  e i n f e r i o r  são determinados usando-se os conce i tos  de operadores 

de onda e de: reação, a função " bracke t ing"  e desigualdade e n t r e  operado- 

res .  

1. INTRODLJCTION 

I n  quantum theory,  t h e  energy va lues o f  the  s t a t i o n a r y  s t a t e s  o f  

a  phys ica l  system a r e  determined by t h e  e igenvalues E o f  t h e  t i m e - i n d e -  

pendent Schrt ldinger equa t ion  

H I$> = E I$> (1 . I )  



t 
where t h e  Hami l ton ian  H i s  a  s e l f - a d j o i n t  oFera to r  (B = H). 

For t h c  atomlc and mo lecu la r  systems, t h a  ground s t a t e  and lower 

e x c l t e d  s t a t e s  correspond t o  a s e t o f  d i s c r e t e  energy l e v e i s .  The asso- 

c i a t e d  Harnii t o n i a n  i s  hence bour:ded from below, arid t h e  spectrum s t a r t s  

w i t h  a s e t  o f  d i s c r e t e  e igenvalues.  i n  a d d i t i o n  t o  the  c iosed  s t a t i o n a r y  

s t a t e s ,  t h e r e  may f u r t h e r  be s c a t t e r i n ç  s t s t e s  connected w i t h a  c o n t i n i ~ o u s  

p a r t  o f  t h e  spec-crun. I n  t h i s  paper we w i ?  l focus our  I r i t e r e s t  on t h e  d i s -  

c r e t e  energy l e v e l s  on l  y .  

I n  genera l ,  i t  i s  v e r y  d i f f i c u l t  t o  s o l v e  t h e  t i m e - i n d e p e n d e n t  

Scnrudlnger equa t ion  e x a c t l y .  P e r t u r b a t i v e  t reatment  and v a r i a t i o n a l  me- 

thods a r e  usual l y i ~ s e d  f o r  de te rmin ing  approximate s o l u t i o n s  o f  E q .  ( i  . l!. 

l n  t h e  long  h i s t o r y  o f  t h e  use o f  p e r t u r b a t i o n  t h e o r y  v a r i o u s  

d i f f e r e n t .  p e r t u r b a t i o n  expansionsl have evoived, eãch o-F which has i t s  

own p a r t i c u l a r  advantages i n  s o l v i n g  p a r t i c u l ã r  p h y s i c e l  problems. I n 

atomic and mo lecu la r  appl  i c a t i o n s  t h e  ccmnonly used p e r t u r b a t i v e  e x v a n -  

s ions  a r e  tnose ob ta ined  f r o n  ~ r l l  l o u i n 2  and schrt idinge'r3 t h e o r i e s .  

Some t ime ago, Schtlriberg proposed a iiiod i f i ed p e r t u r b a t  i o n  theo-  

ry ' * .  I n  our  o p i n i o n ,  t h i s  theory  has n o t  been s u f í i c l e n t l y  exp lo red  i n  i t s  

appl  i c a t i o n  y e t .  I t  has t h e  âdvantage, over  E r i l  l o u i n  and S c h r k f d i  n g e r  

procedi ires, o f  p e r m i t t i n g  an immediate f o r m u l a t i u n  o f  a  dynamic t reatment  

f rom s t a c i o n a r y  theory?  Fur t l~e rmore ,  we foiind t h a t  i t  can be appl  i e d  sa- 

t i s f a c t o r i l y  t o  the  atomic and molecu!ar systems. 

The p r o b l e q  o f  f i n d i n g  convenient  bounds i n  Schrddinger a n d B r i l -  

l o b I n  p e r t u r h a t i o n  t h e o r i e s  has been d iscussea by Luwdin i n  severa i  pa- 
E -9 

pers I n  o r d e r  t o  make a p p l i c a t i o n s  o f  t h e  Schtfnberg theory  andto com- 

pare i t s  r e s u l t s  íaccdracy, r a p i d i t y  o f  convergence) w i t h  those ob ta ined  

by u s i n g  SchrYdinger and B r i l l o u i n  expùnsions, i t  i s  impor tan t  and neces- 

5ary t o  know t h e  express ions f o r  upper and lower bounds o f  energy e igen-  

va lues i n  t n i s  t h e o r y .  Th is  i s  t h e  b a s i c  purpose o f  t h e  p resen t  paper .  

Ir! our  s tudy ,  we w i l i  use t h e  p a r t i t i o n i n ç  technique d e v e l o p e d  

Sy ~ & l w d i r t ~ ' ~ " > ' ~ .  Frorn t h i s  nethod8,  a  Func t ion  



can De const:ruc:ed, where b o t h  E, and C a r e  r e a l  v a r i a b l e s .  These v a r i a -  

b l è s  have the  p r o p e r t y  t h a t  a t  l e a s t  orie t r u e  e igenva lue  E o f  Fí should be 

con ta ined  i n  the  i n t e r v a l  ( c , E ~ ) .  Hence, i t  i s  p o s s i b l e  t o  determine upper 

and !ower bounds, and t h e  main problem i s  :o e v a l u a t e  t h e  q u a n t i t i e s  i n -  

vo lved.  

Tho p a r t i t i o n i n g  ~ e c h n i q u e  f o r  s o i v i n g  t h e  Schrkidinger equa t ion  

(1.1) where I+> i s  subjected t o  c e r t n i n  boundary c o n d i t i o n s  ( fo r  c losed  

s t a t e s  one w i l  l assume t h a t  the normal i z a t i o n  i n t e g r a l  <$jp e x i s t s ,  whe- 

reds, f o r  sca t te r - i ng  s t a t e s  m e  ~i 1 1  assume t h a t  !I)> i t s e l f  s tays  f i n l  t e  

a t  i n f  i n i t y )  i s  based on the  use o f  n normal i zed  re fe rence  k e t  / $>  i n  Y 1 1 -  

b e r t  space H, a  v a r i a h l e  E and a reduced r e s o l v e n t  T.  

I f  O = i s  the  p r o j e c t i o n  o p e r a t o r  on the  " re fe rence  spa- 

ce" H, and E' = 1-8 i -  t h e  p r c j e c t i o n  o p e r a t o r  f o r  t h e  or thogonal  comple- 

nen t  ff,, one: has, for  the  reduced r e s o l v e n t  T , the  d e f i n i t i o n R  

where a i s  an a r b i t r a r y  cons tan t  d i f f e r e n t  f rom zero.  The H i l b e r t  space 

ti i s  "par t i t . i onedn  i n t o  two subspaces H: and f f 2 ,  i . e . ,  i t  i s  t h e  d i r e c t  

surn o f  H 1  and H2. 

: t  i s  sho.wn6 t h a t  t h e  opera to r  F s a t i s f i e s  t h e  f o l l o w i n g  a l y e -  

b r a i c  r e l a t i o v s  

Using the  reference k e t  I $ >  and t h e  c p e r a t o r s  .FI and T i t i s  pos- 

s i b l e  t o  d e f i n e  a  t r i a l  k e t  /I) > i n  the space H through the  r e ~ a t i o n ~ ' ~ ,  
E 



I$€> = (I + T H )  I$> . ( 2 . b )  

I t  s a t i s f i e s  t h e  in te rmed ia te  n o r m a l i z a t i o n  < +  1 $ E >  , u s e f u l  i n  a i 1  

p a r t s  o f  t h e  spectrum. 

Accord ing t o  (2 .3 ) ,  i t  f o l l o w s  t h a t  

P(E-H)  I$E> = O , 
and t h i s  i m p l i e s  t h a t  

(E-H) I$,> = (Q+P) (E-H) 

where we have in t roduced t h e  n o t a t  

The r e l a t i o n  ( 2 . 7 )  shows 

inhomogeneous Schrudinger equa t ion  

blem ( 1 .  

ha t  t h e  t r i a l  k e t  I $  > s a t i s f i e s  an 
E 

which reduces t o  the  e igenvalues p r o-  

l )  o n l y  i n  the  spec ia l  case when E ,  = E = E. 

The q u a n t i t y  E, g i ven  by t h e  r e l a t i o n  

de f ines  a  f u n c t i o n  E ,  = f ( ~ )  o f  the  v a r i a b l e  E ( - e  E <m). Th is  f u n c t i o n  

w i l l  d e f i n e  t h e  e igenvalues o f  H as s o l u t i o n s  o f  t h e  equa t ion  

From now on, we concen t ra te  o u r  i n t e r e s t  t o  reg ions  where t h e  

t r i a l  k e t  I$E> i s  normal i zed .  One ge ts  d i r e c t l y  



and the  q u a n t i t y  <Z'H@~TH@ measures e s s e n t i a l l  y  t h e  c o n t r i b u t i o n  f rom t h e  

or thogonal  complement t o  t h e  t r i a l  k e t .  I f  <TH+~TH@> < l  , one speaks o f  a  

"goodl' re fe rence  k e t  f o r  t h e  s t a t e  under c o n s i d e r a t i o n .  

For t h e  d e r i v a t i v e  o f  t h e  f u n c t i o n  (2.8) one o b t a i n s  accord ing  t o  

(2.5) 

so t h a t  t h e  d e r i v a t i v e  f l ( & )  i s  nega t i ve .  The curve  f o r  E, = f ( ~ )  i s  hence 

m o n o t o n i c a l l y  decreasing and, f u r t h e r ,  has a  s e r i e s  o f  v e r t i c a l  asymptotes 

f o r  as many E- values as e igenvalues o f  t h e  o p e r a t o r  H = PHP. 

L e t  us now cons ider  a  cont inuous p a r t  o f  t h e  cu rve  E, = f ( ~ )  as-  

soc ia ted  w i t h  t h e  e igenva lue  E. P u t t i n g  E = E + 6, = E + Bl,and u s i n g  

t h e  Lagrange mean v a l u e  theorem, one o b t a i n s  f rom (2.8) 

Sinc:e f '  i s  negat ive,  t h i s  r e s u l t  i m p l i e s  t h a t  B and B1 h a v e d i f -  

f e r e n t  s igns ,  and t h a t  t h e  numbers E and € 1  bracke t  a t  l e a s t  one t r u e  

e igenvalue E:. Because o f  t h i s  b racke t  i n g  p r o p e r t y ,  t h e  f u n c t i o n  E, = f (E) 

i s  o f t e n  c a l l e d  t h e  " bracke t ing  f u n c t i o n" .  I f  E i s  an upper bound t o  E: , 
t h e  q u a n t i t y  E, w i l l  p r o v i d e  a  lower bound, and v i c e  versa.  I n  o u r d i s c u s -  

s i o n  o f  t h e  bounds t o  energy e igenvalues i n  S c h h b e r g  p e r t u r b a t i o n  t h e o r y  

we w i l l  use t h i s  p r o p e r t y  o f  t h e  f u n c t i o n  = f ( ~ ) .  

3.PARTITIONING TECHNIQUE AND PERTURBATION THEORY 

We rri 1 1  denote the  e igenvalues (e igenke ts )  o f  H  and H. by ER 

(I+,>) and E;:') ( l+ , (~)>) ,  r e s p e c r i v e l y ,  i .e. 

851 



I n  per tu i -ba t ion  theory  one s t a r t s  f rom the  genera l  a s s u m p t  i o n  

t h a t  t i i e  Homil toi?ian has the  form 

whrre the  f i r s t  t e m  11, i s  r e f e r r e d  t o  às the  "unperturbed Hamil tor i iar:  I '  

and the  second term V i 5  c a l  l e d  the  "per tu rba t  ion"  

i n  the  conven t iona l  approach, one cons iders  o f t e n t h e H a m i I t o n i a n  

3, = 3, + A  Y where A i s  a v a r i a b l e  parameter, and one t r i e s  t o  expand t h e  

e i g e n f u n c t i o n s  anci e igenvalues o f  H.,, i n t o  power s e r i e s  i n  i. I n  Schtln- 

b e r g l s  p e r t u r b a t i o n  procedure one cons iders  H = R, + V E J + I, wíiere J 

i i  such t h a t  <ri@,('), = z,, The expanr inns a r e  g i v e n  i n  powers o f  I. 

i n  o rder  t o  o b t a i n  Schtlnberg's expansion by means o f  the  p a r t i -  

t i o n i n g  techi i iaue,  we w i l !  cons ider  the  Hami l ton ian  w r i t t e n  as t h e  sum o f  

ti40 t e  rns  

i e t  u r  assume t h a t  t h e  re fe rence  ker  16' i i  [@i" , a norma l i -  

ied e igenke t  o f  K o  assoc ia ted  wi  t h  t h e  e igenva lue  E('). Then, one g e t i  R 
For O and P 

and 

Acccrd ing t o  (2.6) and (2.71, one o b t a i n s  



and 

I n t r o d u c i n g  the  r e a c t i o n  o p e r a t o r  Y and t h e  wave o p e r a t o r  w by 

and 

we have frorn (3 .7)  and ( 3 . 8 )  

The opera to rs  w afid t w i l l  here be considered as f u n c t i o n s  o f  t h e  parame- 

t e r s  E.  

The opera to r  T i s  e s s e n t i a l l y  an inverse  o p e r a t o r  and, i n  t h i s  

connecticm, we note  the o p e r a t o r  i d e n t i t i e s  

which a r e  v a l i d  p rov ided  t h a t  the  inverse  o p e r a t o r s  invo lved  e x i s t .  

I n  o r d e r  t o  o b t a i n  p e r t u r b a t i v e  expansions i t  should be observed 

t h a t  m e  has f o r  'I' the t rans fo r rna t ion  

where A i s  a  r e a l  v a r i a b l e .  



Thus, i f  one a p p l i e s  t h e  i d e n t i t i e s  (3.13) and (3.14) t o  theope-  

r a t o r  2' w i t h  A = a@ + P ( €  - A - Hi)P and B = P(H + h )  P one o b t a i n s  
P 

where 

and 

Repeated use o f  (3.16) leads t o  t h e  i n f  i n i  t e  expansion 

Using the  de f  i n i t i o n s  ( 3 . 9 ) ,  (3.10) and t h e  expansion (3.20), we 

have 

S u b s t i t u t i n g  expansion (3.21) i n t o  (3.11) ,  and (3.22) i n t o  (3.12), 

we o b t a i n  t h e  fundamental formulas 

These r e l a t i o n s  a r e  t h e  p e r t u r b a t i v e  expansions ob ta ined  when 

we cons ider  H = H .  + H where Hi i s  sush t h a t  Hi ley(0)>&glm,(O)> and " P' 
l @ i " ) >  a r e  eigenkets o f  H. assoc ia ted  wi  t h  t h e  e igenvalues do) I? 



l h e  use fu lness  o f  t h e  r e l a t i o n s  ( 3 . 2 3 )  and ( 3 . 2 4 )  i s  t h a t  they 

a l l o w  t o  o b t a i n  t h e  B r i l l o u i n ,  Schrl ldinger and Schblnberg-type expansions 

by u s i n g  convenient  cho ice  o f  t h e  parameter A  and t h e  o p e r a t o r  H.. I n  
Z 

f a c t ,  i f  we take  A  = O and Hi = H, , we have h,  = E ; ' ) ,  H; = H 5 V 
P 

and the  formúlae ( 3 . 2 3 )  and ( 3 . 2 4 )  g i v e  t h e  B r i l l o u i n  expansion. I f  we 

take  A  = - AEa = ( E L O )  - E )  and Hi = H,,  one o b t a i n s  hR =E (O), X; = 
R 

= H - AE = V  - AE = V r ,  and we have t h e  Schr l ld inger- type p e r t u r b a t i o n  
P R - 

theory .  

I f  we c o n r i d e r  A=0 and H./(: ' )> = E,/$:') >, we have, u s i n g  
Z 

the Schllnbe:rg's n o t a t i o n ,  

H . E J ,  H r = H  = I  , 
Z P 

and t h e  reduced r e s o l v e n t  TAi w i l l  be 

l'hen, f rom ( 3 . 2 3 )  and ( 3 . 2 4 ) ,  i t  f o l l o w s  t h a t  

00 

1 = I kE1ln I @ ,  (O) > 
n=O 

I f  one uses t h e  r e l a t i o n s  ( 3 . 2 )  and ( 3 . 3 )  w i t h  H.=J and H = I ,  
2 P 

one obta ins 

I = H - J = H , + V - J  , ( 4 . 3 )  

and f rom (4..1) and ( 4 . 2 )  one has 



We n o t e  t h a t  we a r e  here d e a l i n g  w i t h  a  SchUnberg-type p e r -  

t u r b a t i o n  theory  which con ta ins  a  v a r i a b l e  parameter E and a  b r a c k e t i n g  

í u n c t i o n  6, = S(E) such t h a t  t h e  i n t e r v a l  (€,E;) con ta ins  a  t r u e  e i ~ e n -  

v a l u e  E. The expansions ob ta ined  by SchUnDerg a r e  l i i n i t e d  t o  t h e  g o i n t  

E 1  = E  = E .  i h e y  c o i n c i d e  w i t h  ( 4 . 4 )  and ( h . 5 )  i n  t h e  p o i n t  E,=& = E  
9,' 

From (3.9) and (3.10) we n o t e  t h a t  i n  Schunberg-type p e r t u r -  

b a t i o n  theory  t h e  wave and r e a c t i o n  o p e r a t o r s  s r e  de f ined ,  r e s p e c t i v e-  

IY, by 

w = l  + I T  ( 4 . 6 )  

and 

t = I + I T I .  (4 .7)  

Accord ing t o  ( 4 . 2 ) ,  t h i s  means t h a t  i n  t h e  p o i n t  = E = E we have 

<$jG)1i$%"> = O .  Th is  r e s u l t  i m p l i e s  t h a t  i n  t h e  e v a l u a t i o n  o f  bounds 

t o  energy e igenvalues the  r e l a t  ions i n v o l v i n g  t h e  inverse  opera to r  t-' 

cannot Le used. I n  t h e  SchrkJdinger and B r i l l o u i n  p e r t u r b a t i o n  t h e o r i e s  

 ti$:"> + O and t h e  r e l a t i o n s  i n v o l v i n g  t-I a r e  then t h e  s t a r t i n g  

p o i n t  f o r  t h e  t reatment  o f  lower and upper bolinds f o r  BR '. 

5. UPPER AND LBWER BOUNDS TO GROUND STATE ENERGY 
EIGENVALUE 

We wi l i here use c p e r a t o r  inequal  i t i e s  as our  main to01 ', i.e. 

i f  A and B a r e  two s e l f - a d j o i n t  o p e r a t o r s ,  we w i l l  w r i t e  A B ,  i f  m e  

has t h e  r e l a t i o n  

< J I / A / J ~ >  > < + I B ~ J I >  

f o r  a11 i$> on the  common domain o f  A and B .  

I f  C i s  an a r b i t r a r y  1 i n e a r  o p e r a t o r ,  t h e  t r a n s f o r m a t i o n  I$>- 



- - . ,7 I $ ' >  leads t o  t h e  new i n e q u a l i t y  

A nega t i ve  d e f i n i t e  opera to r  A s a t i s f i e s  hence the  i n e q u a l i t y  A O , 
- 1 

and if t h e  inverse  e x i s t s ,  on? has f u r t h e r  A < O ,  i . e .  

I n  the  Schdnberg-type p e r t u r b a t i o n  theory  we have frorn (4.2) 

and (3.16) t h a t ,  f o r  t h e  ground ;tate, 

and t h e  o p e r a t o r  KE has the  s p e c t r a l  r e s o l u t i o n  

We w i l l  assume t h a t  t h e  v a r i a b l e  E i s  such t h a t  

Accord ing t o  (5 .7) ,  t h e  c o n d i t i o n  (5.8) i m p l i e s  t h a t  

KE O 

t h a t  i s ,  t h e  o p e r a t o r  KE i s  n e g a t i v e  d e f  i n i t e .  

For  t h e  o p e r a t o r  T (see (3.15))  one rnay o b t a i n  t h e  f o l l o w i n g  

s p e c t r a l  r e s o l u t i o n  

where Èk and denote t h e  e i g e n l a l u e s  and e igenke ts  t o  H = PH P, 

respec t  i v e l  y .  



Using t h e  r e s u l  t 8 ' 1 2  t h a t  t h e  e igenvalues t o  H = P H P ,  Ek, 
a r e  such t h a t  

i t f o l l o w s f r o m  (5.10) t h a t  t h e o p e r a t o r T  i s n e g a t i v e d e f i n i t e  when 

E < B1. We w i l l  cons ider  t h i s  case. 

Accord ing t o  (5.5) t h e  o p e r a t o r  T may be expressed i n  t h e  

form 

Hence one has 

From t h e  r e l a t i o n s  (5.9) and (5.3) we have K;' < O .  Th is  im- 

p l i e s ,  accord ing  t o  (5.111, t h a t  

o r  if we cons ider  I p o s i t i v e  d e f i n i t e  

For t h e  o p e r a t o r  T, one has consequentl  y 

A s t i l l  b e t t e r  bound f o r  T i s  rendered i f  we cons ider  t h e  ex- 

pans i on 
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ob ta ined  f rom t h e  r e l a t i o n  (5.5) .  I n  f a c t ,  w i t h  T < O we o b t a i n  



and f rom T > - I-'. i t  f o l l o w s  t h a t  

tience one o b t a i n s  f rom (5.13) 

and 

'The connec t ion  between the  o p e r a t o r  I' and t h e  r e a c t i o n  ope- 

r a t o r  t i s  expressed i n  t h e  d e f  i n i t i o n  (4.7) .  Subs t i  t u t i o n  o f  t h e  bounds 

(5.16) and (5;17) i n t o  (4.7) g i ves  

and 

S u b s t i t u t i n g  t h e  es t imates -(5 .18)  and (5.19) i n t o  t h e  r e l a -  

t i o n  ( 5 . 4 ) ,  i t  f o l l o w s  t h a t  

and 

l l s ing  (4.3) one has 

and 



From t h e  b r a c k e t i n g  p r o p e r t y  o f  t h e  f u n c t i c n  E, = f(&) one 

o b t a i n s  f i n a l  l y  

i; i f  a < E,,, then > E,, and f rom (5.22) we have 

i i )  i f  E > E ,  , then < E,, and f rom (5.23) we have 

The p a r t i a 1  sums o f  even (odd) o r d e r s  i n  I form hence a s e i  

o f  upper ( lower)  bounds t o  t h e  t r u e  e igenva lue  E i n  t h e  SchUnbsrq-type 

p e r t u r b a t  i on  theory .  

We conclude t h i s  s e c t i o n  by n o t i n g  t h a t  t h e  case 2- < C does 

n o t  occur  i n  the  Schdnberg p e r t u r b a t i o n  theory  because one i z s  

and t h i s  r e s u l t  i s  c o n t r a r y  t o  t h e  v a r i a t i o n  principiei3. 

7. CONCLUSIONS 

The b r a c k e t i n g  f u n c t i o n  i n  t h e  p a r t i t i o n i n g  technique 'u;beeri 

used i n  t h e  e v a l u a t i o n  o f  the  lower  and upper bnunds t o  ground s t d  íe 

energy e igenva lue  i n  Schdnberg p e r t u r b a t i o n  theory .  

The express ions ob ta ined  f rom t h e  p a r t i t i o n i n g  technique f o r  

t h e  upper and lower  bounds i n  Schrt ldinger and B r i l  l o u i n  t h e o r  i e s  a r e  

e s s e n t i a l l y  c o n f i n e d  t o  t h e  case o f  a  p o s i t i v e  d e f i n i t e  p e r t u r b a t i o n .  

T h i s  f a c t  c o u l d  be a  d isadvantage o f  these t h e o r i e s  i f  we w a n t t o o b t a i n  

numer ica l  r e s u l t s .  A s imp le  p h y s i c a l  example we can quo te  f o r  a non-po- 

s i t i v e  p e r t u r b a t i o n  i s  t h e  S t a r k - e f f e c t .  I n  t h e  SchUnberg's procedure, 



t h e  per tu rbed  Hami l ton ian  i s  w r i t t e n  as H = J + I ( J i s  s u c h  t h a t  

J / $ : ' ) >  = P ~ ~ $ ~ ' ) > )  and t h e  expansions a r e  g i v e n  i n  powers o f  I, where 

I i s  n e c e s s a r i l y  p o s i t i v e  d e f i n i t e .  Our r e s u l t s  a r e  t r u e  f o r  a l l I  wh ich  

can occur  i n  t h e  theory,  and t h i s  inc ludes  t h e  cases which can n o t  be 

s t u d i e d  by Schr8dinger  and B r i l l o u i n  bounds. The o n l y  c o n d i t i o n  we have 

t o  impose i s  & < E 1  < E1* T h i s  i m p l i e s  t h a t  i t  i s  necessary t o  know a 

rough lowei- bound o f  the  lowest  e igenva lue  El o f  t h e  o p e r a t o r  H =  PH P .  

I n  Schrddinger and B r i l l o u i n  t h e o r i e s ,  f o r  V >  0, a such c o n d i t i o n  i s n o t  

imposed becausc? we can use t h e  r e l a t i o n s  i n v o l v i n g  t h e  inverse  opera-  
- 1 

t o r  t as s t a r t i n g  p o i n t  f o r  the  s tudy o f  bounds. I n  the  m o d i f i e d  

per.urbaticin theory  proposed by Schdnberg t h e  corresponding inverseope-  

r a t o r  t-' does n o t  e x i s t .  

I n  o r d e r  t o  s tudy t h e  r e l a t i v e  u t i l i t y  o f  Schrddinger ,  B r i l -  

l o u i n  and Schdnherg bounds i n  de te rmin ing  t h e  exac t  e igenva lue  E,, ap- 

p l i c a t i o n s  o f  o u r  r e s u l t s  t o  t h e  atomic and mo lecu la r  systems were i n i -  

t i a t e d .  We hope t o  r e p o r t  these r e s u l t s  i n  a fo r thcoming  paper .  

We thank Professor  K.S. Cho and Dr. M.M. Souza f o r  h e l p f u i  
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