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We c o n s t r u c t  t h e  exac t  s o l u t i o n  o f  t h e  ~ c h r g d i n g e r  equa t ion  f o r  

t h e  systems and t h e  boundary c o n d i t i o n  s t a t e d  i n  t h e  t i t l e  o f  t h i s  pa- 

per .  The f a m i l i a r  cases o f  t h e  o r d i n a r y  harmonic o s c i l l a t o r  and t h e  

h a l f  o s c i l l a t o r  a r e  immediately i d e n t i f i e d .  The connec t ion  w i t h  thedou-  

b l e  o s c i l  l a t o r  i s  a l s o  e s t a b l  ished and i s  h e l p f u l  t o  understand t h e  e- 

nergy spectrum o f  t h e  l a t t e r .  S i m i l a r  connect ions can be used t o  s tudy 

o t h e r  p a r t i a 1  o s c i  l l a t o r s .  

Cons t ro i- se  a so lução exata da equação de ~ c h r g d i n g e r  para os  

sistemas f í s i c o s  e condições de con to rno  mencionados no t í t u l o  des te  

t r a b a l h o .  I d e n t i f i c a m- s e  imediatamente os  casos f a m i l i a r e s  do o s c i l a d o r  

harmônico comum e o meio o s c i  l ador .  Também se es tabe lece  a conexão com 

o o s c i l a d o r  dup lo  e espera-se entender o espec t ro  de energ ia  des te  Ú l -  

t imo.  Podem ser  usadas conexões semelhantes para se estudar  o u t r o s  os- 

c i l a d o r e s  p a r c i a i s .  
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1. INTRODUCTION 

I n  t h e  most recen t  L a t i n  American '%h001 o f  Phys ics,  ~ o l f '  d i s -  

cussed b r i e f l y  the  s o l u t i o n  o f  t h e  schr8dinger  equa t ion  f o r  the  harrno- 

n i c - o s c i l l a t o r  p o t e n t i a i  w i t h  t h e  boundary c o n d i t i o n  t h a t  the  l o g a r i t h -  

mic d e r i v a t i v e  o f  t h e  wave f u n c t i o n s  t a k e  a f i x e d  v a l u e  a t  t h e  e q u i l i -  

br ium p o s i t i o n .  The problem admits  an exact  s o l u t i o n  and t h a t  d iscuss ion 

was i n  t h e  c o n t e x t  o f  noncompact group r e p r e s e n t a t i o n s .  We have s t u d i e d  

t h e  problem independent ly  and here  we p resen t  o u r  v e r s i o n  o f  t h e  s o l u -  

t i o n  . 

The f o r m u i a t i o n  o f  t h e  problem and t h e  e x p l i c i t  c o n s t r u c t i o n  o f  

t h e  s o l u t i o n ,  i n  b o t h  a n a l y t i c a l  and numer ica l  forms, i s  presented i n  

Sec t ion  2. I n  our  d i s c u s s i o n  o f  Sec t ion  3, we i d e n t i f y  immediate ly  t h e  

f a m i l i a r  cases o f  t h e  ordinar; harmonic o s c i l l a t o r  and t h e  h a l f  o s c i l l a -  

t o r ,  we e s t a b l  i s h  t h e  connect i o n  wi t h  t h e  doubl e  o s c i  1 l a t o r  and show i t s  

use fu lness  t o  understand t h e  energy spectrum o f  t h e  l a t t e r ,  and we i l -  

l u s t r a t e  how s i m i l a r  connec t ion  can be used t o  s tudy  o t h e r  p a r t i a 1  os- 

c i l  l a t o r s .  

2. THE PROBLEM AND ITS SOLUTION 

The schr8dinger  equa t ion  f o r  t h e  harmonic o s c i  l l a t o r  o f  mass m ,  

f requency w and p o t e n t i a l  energy mw2x2/2, has t h e  form 

i n  terms o f  t h e  d imensionless c o o r d i n a t e  z = z and thed imens ion-  

l e s s  energy parameter v = (E/?%) - . We a r e  i n t e r e s t e d  i n  const ruct ing 

i t s  wave f u n c t i o n s  such t h a t  i) they a r e  q u a d r a d i c a l l y  i n t e g r a b l e ,  f o r  

the  t ime be ing  i n  t h e  i n t e r v a l  OLz<m, which i m p l i e s  t h e  boundary cond i-  

t i o n  S(z-1 = 0, and i i )  t h e i r  l o g a r i t h m i c  d e r i v a t i v e s  take  a f ixed va- 

l a e  a t  t h e  e q u i l i b r i u m  p o s i t i o n ,  say Q1(0) /Q(O) = d .  

The boundary c o n d i t i o n  i )  i s  comrnon t o  t h e  o r d i n a r y  harrnonic 
2 o s c i l l a t o r  and t h e  doubde o s c i l l a t o r  , and we can make sure  t h a t  i t w i l l  



be s a t i s f i e d  i f  we separate e x p l í c í t l y  t h e  usual  Gaussian exponen t ia l  

f a c t o r  i n  t h e  wave f u n c t i o n .  A lso,  i n  common w i t h  these two cases, we 

can cons ider  the  two independent r o l u t i o n s  e-z2/4f and e'z2/4zg, whore 

remain ing f a o t o r s  s a t i s f y  t h e  r e s p e c t i v e  equat ions ob ta ined  upon subs- 

t i t u t i o n  i n  Eq. ( I ) :  

Here 5 = z2/2,  and b o t h  Eqs. (2a) and (2b) a r e  immediately i d e n t  i f i e d  

t o  be o f  t h e  con f luen t  hypergeometr ic  t ype 3.  Then t h e  genera l  s o l u t i o n  

o f  Eq. ( I )  can be w r i t t e n  as 

Now we proceed t o  a n a l i z e  how t h e  boundary c o n d i t i o n s  can be implemen- 

ted.  From t h e  asympto t i c  behavior  o f  Kummer's c o n f l u e n t  hypergeometr ic  
5 a - b  

f u n c t i o n  , F ,  ( a ; b ; S + a )  -+ r ( b ) e  5 / r ( a ) ,  we see t h a t  t h e  b racke t  i n  
z 2 / 2  Eq. (3a) tias the  common f a c t o r  e  which would dominate over  t h e  

Gaussian exponen t ia l  f a c t o r .  Thus, boundary c o n d i t i o n  i )  can be s a t i s -  

f i e d  o n l y  i f  t h e  remain ing f a c t o r  i n  t h e  b racke t  vanishes, and t h i s  

f i x e s  t h e  r e l a t  i v e  va lues  o f  A and B l e a d i n g  t o  

Th is  i s  a  p a r a b o l i c  cy 

rences ( 1 )  f 2 )  and ( 3 )  

l i n d e r  f u n c t i o n  and i s  quoted d  

. l h e  d e r i v a t i v e s  o f  t h i s  s o l u t  

i r e c t l y  i n  Refe- 

i o n  can be o b t a i -  



ned, and makincj use o f  the  p r o p e r t  i e s  o f  Kummer's f u n c t i o n  ,P , ( a ; b ; ~ ) = l  

and i t s  der  i v a t  i v e  F' (a;b;<) = (a/b) ,F, !a+l ; 5+1 ; c ) ,  we can express 
1 1  

the  boundary c o n d i t i o n  i i )  as 

Tn is  i s  a  t ranscendenta l  equa t ion  f o r  t h e  e igenvalues V ,  which w i l l  

t ake  d i s c r e t e  va lues f o r  a  g iven  l o g a r i t h m i c  d e r i v a t i v e .  We c a r r y  o u t  

i t s  nuríierical s o l u t i o r i  by ass ign ing  a r b i t r a r y  va lues t o  V and o b t a i -  

n i n g  t h e  corresponding va lues  o f  d . A sarnple o f  them i s  g i v e n  i n  Ta- 

b l e  I and i n  F i g u r e  l .  We f i n d  i t  convenlent  t o  use 2 o r  I /d i n  a  com- 

p l e m e n t a r ~  way, depending on t h e  s i t u a t i o n .  

We c l o s e  t h i s  s e c t i o n  by p o i n t i n g  o u t  t h a t  we have cons- 

t r u c t s d  t h e  s o l u t i o n  o f  Eq. ( 1 )  s u b j e c t  t o  t h e  b0undar.y c o n d i t i o n s  i )  

and i ; ) ,  o b t a i n i n g  the  e igenvalues,  Eq. ( 4 ) ,  and t h e  e i g e n f u n c t  i o n s ,  

Eq. (3b). Concerning t h e  l a t t e r ,  i t  i s  s t r a i g h t f o r w a r d  t o  show t h a t  

they a l s o  s a t i s f y  the  o r t h o g o n a l i t y  c o n d i t i o n ,  as expected f rom Sturm- 

- L i o u v i ! l e  theory 4.  

3. DISCUSSION 

From Table I and F i g .  1  we i m m e d i a t e ! ~  recogn ize  t h e  e q u a l l y  

spaced eriergy spectrum o f  t h e  o r d i n a r y  harrnonic o s c i  1 l a t o r  ', -m< z <w, 

~ h i c h  corresponds t o  t h e  i n t e g e r  va lues  o f  3 0 , l  ,2,3,4,5,. . . , asso- 

c i a t e d  a l t e r n a t e l y  w i t h  v a h i s h i n g  va lues  o f  d and i/d. Of course, o n l y  

e i t h e r  o f  these two c o n d i t i o n s  can p r o v i d e  a srriooth rnatching o f  ou r  

r e s v l r s  i r 1  the  i n t e r v a l  O 6 c: < - t o  chose o f  t h e  system under c o n s i -  

d e r a t i o n .  l n  f a c t ,  they can be i d e n t i f i e d  as t h e  even and odd p a r i t y  

s t a t e s ,  which have a  d e r i v a t i v e  o f  t h e  wave f u n c t i o n  and a  wave func-  

t i o n ,  r e s p e c t i v e l y ,  van ish ing  a t  z=G. Equat ion (4) i s  c l e a r l y  s a t i s -  

f i e d  i n  bo th  cases, and Eq. (3h) shows t h a t  t h e  wave f u n c t i o n  i s  re-  

duced t o  o n l y  t h e  f i r s t  term and t o  o n l y  t h e  second term, i n  t t i e  res -  

o e c t i v e  cases. A d d i t i o n a l l y ,  t h e  corresponding Kummer f u n c t i o n s ,  ha- 

v i n g  a  nega t i ve  i n t e g e r  as t h e i r  f i r s t  parameter,  become p o l  ynom i a  1 s  



TABLE I - Eigenvalues and Logar i thmic  D e r i v a t i v e s  a t  the  E q u i l i b r i u m  

P o s i t i o n  f o r  Harmonic 0 s c i l : a t o r s .  



F i g . i  - Energy spectra f o r  harmonic o s c j l i a t o r s  whose wave funct ions 

have a f i x e d  l oga r i t hm ic  d e r i v a t i v e  a t  the equ i l i b r i um  pos i t i on .  

and t h e i r  i d e n t i f i c a t i o n  w i t h  t h e  Hermi te po lynomia ls  i s  a l s o  immedia- 

t e .  

The h a l f  o s c i l l a t o r 5 ,  d e f i n e d  by t h e  harmonic o s c i l l a t o r  po- 

t e n t i a l  i n  t h e  i n t e r v a l  O < z  < and an i n f i n i t e l y  h i g h  p o t e n t i a l  ba r -  

r i e r  f o r  z<0 ,  has t h e  boundary c o n d i t i o n  o f  a  v a n i s h i n g  wave f u n c t i o n  

a t  z=0,  i . e .  l / d  = O 

spectrum i s  a l s o  equa 

o r d i n a r y  harmonic osc 

i n t e g e r  va lues .  Corre 

p a r i t y  s e t  o f  t h e  o r d  

I n  t h i s  case, Table I  shows t h a t  t h e  energy 

l y  spaced, b u t  w i t h  a  spacing double t h a t  o f  t h e  

l l a t o r ,  because V i s  r e s t r i c t e d  now t o  o n l y  odd 

pond ing ly  t h e  wave f u n c t i o n s  belong t o  t h e  odd 

nary  harmonic o s c i l l a t o r .  I n  F i g .  1 ,  these s t a -  

t e s  appear a t  e i t h e r  extreme end. 

These two f a m i l i a r  cases, i n v o l v i n g  van ish ing  va lues  o f  d and 

l/d, a r e  i n c i d e n t a l l  y  t h e  o n l  y  cases o f  equa l l  y  spaced energy l e v e l s .  

Tabie I and F i g .  1  show t h a t  f o r  o t h e r  va lues  o f  d and l/d t h e  energy 

l e v e l s  a r e  indeed unequa l l y  spaced. However, a p a r t  f rom t h i s ,  t h e  c o r -  

responding s t a t e s  do have i n  common w i t h  t h e  o r d i n a r y  harmonic o s c i l -  

l a t o r  s t a t e s  some o t h e r  genera l  p r o p e r t i e s .  Among them we a l r e a d y  men- 

t i oned  t h a t  o f  o r t h o g o n a l i t y .  By making r e f e r e n c e  to'  F i g .  1,wecan say 

830 



t h q t  t h e  lowest  branch corresponds t o  t h e  ground s t a t e s  f o r  t h e  d i f f e -  

r e n t  va lues  o f  d ;  they a l l  have i n  common wave f u n c t i o n s  w i t h o u t  any 

zeros i n  the  i n t e r v a l  O z  < m. The success ive branches above c o r r e s -  

pond t o  t h e  f i r s t ,  second, t h i r d ,  ... e x c i t e d  s t a t e s ;  t h e i r  r e s p e c t i v e  

wave f u n c t i o n s  have one, two, th ree ,  ... zeros i n  t h e  i n t e r v a l  O < z < m .  

Furthermore, f o r  each branch we can d i s t i n g u i s h  t h e  l e f t  (L, d < O )  and 

t h e  r i g h t  ( R , d > O )  ha lves ;  t h e i r  corresponding wave f u n c t i o n s  have a  

number o f  maxima and minirna equal t o  t h e i r  number o f  zeros a n d t o t h e i r  

number o f  zeros p l u s  one, r e s p e c t i v e l y .  I f  we a d o p t t h e c o n v e n t i o n  t h a t  

t h e  wave f u n c t i o n s  approach zero  a s y r n p t o t i c a l l y  from above, i . e .  w i t h  

a  p o s i t i v e  va lue ,  then t h e  number o f  maxima i s  equal t o  t h e  number o f  

minima arid t o  t h e  number o f  minima p l u s  one, i n  t h e  l e f t  r i g h t  ha lves  

o f  a  brarich, r e s p e c t i v e l y .  T h i s  t y p e  o f  i n f o r m a t i o n  about  t h e  wave 

f u n c t i o n s  i s  summarized i n  Table I I ,  and i l l u s t r a t e d  i n  F ig .  2. For a  

g iven  branch, c h a r a c t e r i z e d  by t h e  number of  zeros i n  the wave func-  

t i o n s ,  t h e  l a r g e r  t h e  v a l u e  o f  d  t h e  

t h e  correspond i n g  zeros,  z : ~ !  maxima, 

r e s p e c t i v e  wave f u n c t i o n s ,  i . e .  i f  d,  

where i = 1,2,. . . ,n ; j = 1,2,. . .n; k 

red p o i n t s  o f  each k i n d .  On t h e  o t h e r  

f a r t h e r  o u t  a r e  t h e  p o s i t i o n s  o f  

z ' ~ ) ,  and rninima, z  
M j 

o f  t h e  mk ' 
< d , ,  then 

= 1,2, ... d i s t i n g u i s h  t h e  orde-  

hand, f o r  a  g i v e n  v a l u e  o f  d  , 
t h e  zeros o f  t h e  wave f u n c t i o n s  o f  t h e  d i f f e r e n t  e igens ta tes  a r e  r e l a -  

ted  t o  each o t h e r  through 



TAãLE I I  - C h a r a c t e r i s t i c s  o f  Wave Funct ions f o r  Harmonic O s c i l l a t o r s  

i n  t h e  I n t e r v a l  O 6 z < f o r  d i f f e r e n t  Eigenvalues and Logar i thmic  

Der i v a t i v e h  a t  t n e  Equi 1 i b r i u m  Posi t i o n .  The symbol [ ]  i n d i c a t e s  t h a t  

de take  o n l y  t h e  i n t e g e r  p a r t  o f  t h e  ni~mber i n s i d e .  

J 
Numbers o f  Maxima 

v Number o f  Zeros and MInima 

S im i !a r  i n e q u a l i t i e s :  hoid for t h e i r  maxinn and t h e i r  minima. Thus, f o r  

h a l f  branches on the  l e f t ,  

w h i l e  for  ha l f  branches on t h e  r i g h t ,  



F i g . 2  - &ave func t iuns  for harmonic o s c ; l ! a t c r í  w i t h  d i f f e r e n t  1ogaritt:- 
m i c  derivatives õf t h a  equiiibriuv position orrd e n e r g i e s .  

$1) < < " ( 3 )  < J 4 )  < < (n j (Y,+ i ) 
m I n:! " 7 2  nr2 m [ ( n + i ) / q  ' Z m [ ( ~ + 2 ) / f j  

We w i l l  niake use o f  some of' t t ie  above p r o p e r t i e s  t o  d iscuss  

c . . .  . 
(7d) 

qual  i t a t i -  

v e l  y  the less- than- ha l f ,  the  more- thar i -ha l f  and t h e  double o s c i  l l a t o r s .  

I n  analoyy w i t n  the  h a l f  o s c i l l a t o r ,  t h e  less - than-ha l  f os -  

c i l l a t o r  i s  de f ined  by t h e  harmonic o s c i l l a t o r  p o t e n t i a l  i n  t h e  i n t e r -  

v a l  c < 2 < and an i n f í n i t e l y  h i g h  p o t e n t i a l  b a r r i e r  f o r  s<c. Conse- 

ç u e n t l y ,  i t s  wave f u n ç t i o n s  a r e  a l s o  y l v e n  by Ec;. (3b ) ,wh ich  s a t i s f i e s  

i ) ,  and rnust a l s o  s a t i s f y  the  boundary c o n d i t i o n  i i )  $(u=c )  = O .  The 

l a t t e r  impl i e s  t h a t  t h e  zeros o f  E q ,  (3b) m s t  c o i n c i d o  w i  t h  c, 

and they determine t h e  e igens ta tes  o f  t h e  system. Froni F ig .  2, i t  i s  

c l e a r  t h a t  t h e r e  i s  no s o l u t i o n  f o r  n = O ,  i . e .  V < 1 .  A c t u a l l y ,  f o r  

a  g iven  v a l u e  o f  c, t h e  grcund s t a t e  o f  t h e  system w i l l  have i t s  

energy i n  the  i n t e r v a l  ! V < 3 ,  corresponding t o  



o r  i n  t h e  i n t e r v a l  3  < v <  5, corresponding t o  

o r ,  i n  genera l ,  i n  t h e  i n t e r v a l  2n-1 < V < 2n+l corresponding t o  

S i r n i l a r l y ,  t h e  f i r s t  e x c i t e d  s t a t e  rnust have v >  3, and i t s  p o s i t i o n  

w i l l  be i n  t h e  i n t e r v a l  3 < v <  5, 5 < .L)<  7 ,  . .., 2n-1 < v < 2n+l depen- 

d i n g  on the  ex is tence  o f  the  s o l u t i o n  o f  

z(') ( d )  = c  , r;:) (d) = c , . . . h] (d) = c .  
O 1 '0 n-1 

I n  genera l ,  t h e  R- th e x c i t e d  s t a t e  must ,have v > 2R+1, and i t s  p o s i -  

t i o n  w i l l  be i n  the  i n t e r v a l  2n-1 < V < 2n+l where a  s o l u t i o n  o f  

e x i s t s .  The i n t e r l a c i n g  o f  the  zeros,  Ineqs. (5a) and ( 6 ) ,  combined 

w i t h  E q .  ( 4 ) ,  guarantee t h a t  t h e  s o l u t i o n  o f  Eq. ( 8 f )  i s  un ique  f o r  a 

f i x e d  v a l u e  o f  c .  On t h e  o t h e r  hand, we c o u l d  c o n s t r u c t  g l o b a l l y  t h e  

energy spec t ra  o f  l e s s- t h a n- h a l f  o s c i l l a t o r s  w i t h  v a r y i n g  va lues  o f  c, 

by e x t r a c t i n g  t h e  va lues  o f  c = a(n) and v f rom a  source analogous t o  oi 
F ig .  2 and making t h e  necessary i n t e r p o l a t i n g .  The corresponding (c, 

v(')) curves a r e  monotonical l y  i n c r e a s i n g  1 ines s t a r t i n g  f rom (c=O,v (R) 

= 2R+1) . 

The more-than-ha 

c i l l a t o r  p o t e n t i a l  i n  the 

p o t e n t i a l  b a r r i e r  f o r  z < 

l f  o s c i l  

i n t e r v a  

-c. Aga 

l a t o r  i s  de f  ined by t h e  harmonic os-  

1 - c < z < m a n d a n  i n f i n i t e l y  h i g h  

i n ,  i t s  wave f u n c t i o n s  a r e  a l s o  g i v e n  

by Eq. (3b),  s a t i s f y  i ) ,  and must a l s o  s a t i s f y  the  boundary c o n d i t i o n  

i i )  " $(z=-c) = O .  L e t  us r e c a l l  t h a t  Eq. (3b) was c o n s t r u c t e d  w i t h  t h e  

i n t e r v a l  O 6 z  < i n  mind, b u t  i t  can be e x t r a p o l a t e d  t o  - c < z < O 

w i t h o u t  any d i f f i c u l t y .  I t  must be p o i n t e d  o u t  t h a t  f o r  d o r  l /d  d i f -  



f e r e n t  f rom zero,  t h e  wave f u n c t i o n  i n  Eq. (3b) i s  d i v e r g e n t  approa- 

c h i n g  +os and -a f o r  l e f t  and r i g h t  h a l f  branches, r e s p e c t i v e l y ,  as 

z + -m; ttowever, t h i s  need n o t  bo ther  us for, f i n i t e  va lues  o f  c ,  where 

t h e  i n t e r v a l  o f  e x t r a p o l a t i o n  i s  a l s o  f i n i t e .  I n  such an e x t r a p o l a-  

t i o n ,  t h e  even and odd p a r i t y  terms w i l l  dominate when d = O and 

I/d = 0, r e s p e c t i v e l y ;  n a t u r a l l y ,  t h e  extreme cases o f  exact  e q u a l i t y  

correspond t o  t h e  s i t u a t i o n s  d e a l t  w i t h  i n  t h e  f i r s t  paragraph o f  t h i s  

sec t ion .  The number o f  zeros o f  the  wave f u n c t i o n s  i n  t h e  i n t e r v a l  

- < z <  O i s  equal t o  n f o r  t h e  l e f t  h a l f  branches and t o  n+l f o r  t h e  

r i g h t  h a l f  branches. From our  knowledge o f  t h e  ground s t a t e  wave func-  

t i o n s  f o r  t h e  o r d i n a r y  harmonic o s c i l l a t o r  (d=O, v=O) and t h e  h a l f  os-  

c i l l a t o r  (d=-m, v = l ) ,  we know t h a t  they  cannot s a t i s f y  i ,  except  

f o r  W .  For a  f i n i t e  v a l u e  o f  c ,  t h e  ground s t a t e  o f  t h e  more- than 

- h a l f  o s c i l l a t o r  corresponds t o  some p o i n t  i n  t h e  r i g h t  h a l f  o f  t h e  

n=O branch o f  F i g s .  1  and 2 (&O, O<v<l),  where t h e  wave f u n c t i o n s  ha- 

ve t h e  r i g h t  v a l u e  o f  d t o  be a b l e  t o  s a t i s f y  i i ) "  upon e x t r a p o l a t i o n ;  

t h e  sma l le r  t h e  v a l u e  o f  c  t h e  l a r g e r  has t o  be the  v a l u e  o f  d and v i -  

ceversa. Thus, s t a r t i n g  f rom c=O, we have t h e  h a l f - o s c i l l a t o r  w i t h  V=]; 

as c  increases,  V decreases monoton ica l l y ;  and t h e i r  asympto t i c  va lues  

m and O correspond t o  t h e  o r d i n a r y  complete o s c i l l a t o r .  The wave func-  

t i o n  o f  t h e  f i r s t  e x c i t e d  s t a t e  o f  t h e  more- than-hal f  o s c i  1  l a t o r  i s  

c h a r a c t e r i z e d  by hav ing one zero  i n  t h e  i n t e r v a l  -c<z<m; such a  cond i-  

t i o n  can be s a t i s f i e d  by wave f u n c t i o n s  assoc ia ted  w i t h  t h e  branch o f  

F igs .  1 arid 2  i n  t h e  i n t e r v a l s  l<v<3 and m>c>O g i v i n g  aga in  a  monoto- 

n i c  decrease o f  t h e  energy from t h a t  o f  the  h a l f  o s c i  l l a t o r  (c=O, v=3) 

t o  t h a t  of' t h e  complete o s c i l l a t o r  (c=m, v = l ) .  S i m i l a r l y ,  t h e  wave 

f u n c t i o n  o f  t h e  second e x c i t e d  s t a t e  i s  c h a r a c t e r i z e d  by hav ing two 

zeros i n  t h e  i n t e r v a l  -c<Z<m, and F i g s .  1 and 2 h e l p  us t o  recogn ize  

t h a t  t h i s  can be accomplished w i t h i n  t h e  i n t e r v a l s  2<v< 5  and m > c  >O; 

t h i s  g ives  t h e  monotonic decrease o f  t h e  energy f rom t h e  h a l f  o s c i l l a -  

t o r  (c=O, ~ = 5 )  t o  t h e  complete o s c i  1  l a t o r  (c=m, v=2). The genera l  i z a-  

t i o n  f o l l o w s  immediately: t h e  g l o b a l  energy spec t ra  f o r  more- than- hal f  

o s c i l l a t o r s  w i t h  d i f f e r e n t  va lues  o f  c  c o n c i s t  o f  m o n o t o n i c a l l v  decrea- 

s i n g  l i n e s  s t a r t i n g  f rom t h e  h a l f  o s c i l l a t o r  (c 

down t o  t h e  complete o s c i l l a t o r  (c-, V(')=%). 

t i f  i e d  i n  F i g .  5.4 o f  Ref .2, where they appear 

o f  t h e  double o s c i l l a t o r .  A lso,  these energy l i  

=O, "("=2!L+l) and go ing  

Such l i n e s  can be iden-  

as p a r t  o f  t h e  spec t ra  

nes a r e  smoothl y  con- 
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nected w i t h  those o f  the  l e s s - t h a n - h a l í  o s c i l ! a t o r s .  A c t u a l l y  a11 the-  

se p a r t i a 1  o s c i l l a t o r s  c o u l d  be t r e a t e d  i n  a  u n i f i e d  way by a i l o w i n g  c 

t o  be p o s i t i v e  o r  neqa t i ve  i n  i i ) - .  

The double o s c i l l a t o r  i s  d e f i n e d  by t h e  harmonic o s c i l l a t o r  

p o t e n t i a i  centered a t  y = c , f o r  O <  y < a , and a r  2 = -c, f o r  -ey<O. 

The system i s  symmetric under t h e  r e f l e c t i o n  o p e r a t i o n  y + -y,and the-  

r z f o r e  i t s  wave f u n c t i o n s  have a  w e i l  d e f i n e d  p a r i t y .  The connec t ion  

Setween t b e  double o s c i l l a t o r  and our  problem i s  e s t a b l i s h e d  by s h i f -  

t i n g  t h e  o r i g i n  so t h a t  z = y - r  and making t h e  r e f l e c t i o n  w i t h  respec t  

t o  y=O. Then t h e  boundary c o n d i t i o n s  f o r  the  odd and even p a r i t y  s t a -  

t e s  d r e  i i ) "  $ ( 3 = C )  = +(z=-Y)  = O and i i ) " '  0 '  (y=O)=vl (z=-c)=O, res -  

p e c t i v e l y .  We see t h a t  i i ) "  i s  the  c o n d i t i o n  t h a t  we a l r e a d y  i n v e s t i -  

gated f o r  the more- than-hal f o s c i  1  l a t o r s ,  and consequentl  y  those re-  

s u l t s  a r e  i d e n t i f i e d  as corresponding t o  the  o d d- p a r i t y  s t a t e s  o f  the  

double o s c i  l l a t o r .  The boundary condi  t i o n  i i )" '  invo lves  t h e  maxima o r  

m in ina  o f  o u r  problern i n  the  e x t r a p o l a t e d  i n t e r v a l  -= < z< 0. The 

rwmber o f  maxirna and minirna o f  t h e  wave f u n c t i o n s  i n  t h e  i n t e r v a l  

z < O. The number o f  naxima and n in ima o f  t h e  wave f u n c t i o n s  i n  

t h e  i n t e r v a l  z < z < O ?  where z i s  t h e  zero i n  t h e  extreme l e f t ,  
OE OS 

i s  equal t o  n f o r  Doth the  l e f t  and t h e  r i g h t  ha lves  o f  a  branch; f o r  

-a < z < a t h e r e  a r e  none a t  t h e  Deginning o f  a  h a l f  branch, and !?c" 
t h e r e  a r e  a d d i t i o n a i l y  one maximurn and one minimum a t  t h e  end o f  each 

h a l f  branch.  S t a r t i n g  f r o n  t h e  extreme end o f  a  h a l f  branch these 

p o i n t c  can be i d e n t i f i e d  w i t h  t h e  p o i n t  a t  z = -a and t h e  rnaximum o r  

minimum a t  t h e  extreme l e f t  o f  t h e  corresponding wave f u n c t i o n s  for  t h e  

o r d i n a r  y  harmonic o s c i  l l a t o r ;  as we niove down a  long the  h a l f  branch, 

sucb p o i n t s  k i l l  move towards each o t h e r ,  u n t i l  they coalesce i n t o  an 

i n f l e c t i o n  p o i n t  zME = %E = z < zOb and then  they d issappear .  Th is  

i n f o r m a t i o n  i s  u s e f u l  t o  d e s c r i b e  t h e  v a r i a t i o n  o f  t h e  even p a r i t y  

eneroy 1eve:c o f  t h e  double o s c i l l a t o r  as t h e  v a l u e  o f  c changes. I n  

f a c t ,  f o r  t n e  ground s'cate and s t a r t i n g  w i t h  c=@, we have the  o r d i n a r y  

harrnonic o s c i  l l a t c r  grourid s t a t e  (d=O, w O )  ; a5 c increãses we have t o  

move down a lony the  lowest  l e f t  b a l f  branch (&O, v ~ O )  i n  o r d e r  t o  be 

a b l e  t a  s a t i s f y  i ; ) " ' .  For small  va lues  o f  c  t h i s  can be s a t i s f i e d  i f  

t h e  e x t r a p o l a t e d  wave f u n c t i o n  has i t s  maximum a t  t h e  r i g h t  p o s i t i o n  

z"L'L; (dj  = -0; thus, V decreases as  c i n c r e i s e s  f rom zero up t o  c  = MF 
= - z Í $L )  . From here on, as c incre,ases more, we have t o  moveupalong Ic" 



t h e  lowest  h a l f  branch and i i ) " '  i s  s a t i s f i e d  a t  t h e  minimum o f  t h e  
(a) 

e x t r a p o l a t e d w a v e f u n c t i o n z  (d) = - c ; a s c - t a , w e c o m e b a c k a s y m p -  
niB 

t o t i c a l i y  ar,d from below t o  t h e  o r d i n a r y  harmonic o s c i  1 l a t o r  ground 

s t a t e .  S i i n i l a r l y ,  t h e  f i r s t  e x c i t e d  even p a r i t y  s t a t e  o f  t h e  double 

o s c i l l a t o r  s t a r t s  f rom t h e  corresponding s t a t e  o f  t h e  o r d i n a r y  harmo- 

n i c  o s c i  1 ! a t o r  (d=O, v=2)  f o r  c=O; i t s  energy decreases monotonical 1 y ,  

as c incr~zases,  cover  ing  t h e  i n r e r v a l  2<v<l , where "(r) (d) = - c and 

t h e  i n t e r v a l  l . V < V g ) ,  where z E )  (d) = -c up t o  z g ) =  - e ; and f rom 

here on, Lhe energy increases c o v e r i n g  t h e  i n t e r v a l  V(:) < V < I, 

where z L F )  ( d )  = -c, approachi  ng asymptot i c a l  1  y  and f rom below t h e  

f i r s t  e x c i t e d  energy leve1 o f  t h e  o r d i n a r y  harmonic o s c i l l a t o r  (I/d=O, 

V= ] )  f o r  I n  genera l ,  t h e  g l o b a l  energy l e v e l s  f o r  t h e  even p a r i t y  

s t a t e s  o f  t h e  double o s c i l l a t o r  c o n s i s t  o f  l i n e s  which s t a r t  f rom t h e  

corresponding s t a t e s  o f  the  o r d i n a r y  harmonic osc i 1 l a t o r  (c=O, v=2R) ; 

decrease rnonoton i c a l  1 y  down t o  (c = -zIE , V = V < R ) , where they Ic' 
a r e  niinima; and then inc rease  i n  t h e  i n t e r v a l s  ( - z IE  < e C m ,  ViL'<V< !L) 

approaching a s y m p t o t i c a j l y  and f rom below t h e  v=& s t a t e  o f  t h e  o r d i n a -  

r y  harmonic o s c i l l a t o r  f o r  c+" .  The two lowest  even p a r i t y  energy l e -  

v e l s o f  t h e d o u b l e o s c i l l a t o r a l s o a p p e a r  i n  F i g .  5 . 4 o f  Ref. 2. The 

p a i r i n g  of consecu t i ve  even and odd p a r i t y  energy l e v e l s ,  which ap- 

proach a s y m p t o t i c a l l y  the o r d i n a r y  harmonic o s c i l l a t o r  energy l e v e l s  

f rom below end above, r e s p e c t i v e l y ,  i s  a l s o  e s t a b l i s h e d .  The d iscus-  

s i o n  i n  t h i s  s e c t i o n  has been i n t e n t i o n a l l y  q u a l i t a t i v e  i n  o r d e r  t o  

g i v e  an o v e r a l l  understanding o f  t h e  energy spec t ra  and wave f u n c t i o n s  

o f  t h e  d i f f e r e n t  o s c i l l a t o r s  considered,  as w e l l  as t h e  c o n n e c t i o n s  

among them. On the  o t h e r  hand, t h e  q u a n t i t a t i v e  f o r m u l a t i o n  o f  Sec t ion  

2, Eq. ( 3 b ) ,  c o n t a i n s  t h e  elements t o  c o n s t r u c t  t h e  numerical s o l u t i o n s  

f o r  s p e c i f i t  j i t u a t i o n s .  
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desc r i p t i on  o f  f r e e  electrons near the surface o f  a s o l i d  under a un i -  

form magnetic f i e l d . 6  
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