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The (3Z+1)-dimensional integral occurring in the Glauber am-
plitude for scattering of charged particles by Z-electron atoms is re-
duced to a one-dimensional integral representation involving productsof
modified Lommel functions. Some explicit results are obtained for the

charged particle collision with hidrogen, helium and lithium.

A integral de (3Z+1)-dimensoes que aparece na amplitude de
Glauber para o espalhamento entre as particulas carregadas e os &tomos
de Z-elétrons é reduzida a integral unidimensional, envolvendo os pro-
dutos de fungbes modificadas de Lommel. Os resultados explicitos sao ob-
tidos para o espalhamento entre as particulas carregadas e hidrogénio,

hélio e litio.

1. INTRODUCTION

In a recent paper® nonperturbative path-integral approxima-
tion, we show that the Glauber amplitude for a charged structureless
particle Z'e (with initial velocity vi and rnomentum Ki) by an arbitrary
Z-electron atom from its initial state wi to its final state ll)f can be

written as
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Here we have
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and n = -Z’/vi (in atomic units) by assuming that the interactions of
the incident charged particle (_r>) with the bound electrons and the nu-
cleus are screened coulombian. In Egs. (1) and (2), a is the momentum
transfer vector; % and gi are the respective projections of the posi-
tion vectors of incident charged particles and bound electrons (;J. )
onto the plane perpendicular to the direction of the Glauber path inte-

-> ->
gration: q, % and Sj are all coplanar.

In a previous publication? (to be refered to hereafter as
TC), new analytical method for reducing the Glauber amplitudes_5 for
charged particle - neutral atom collisions to a one - dimensional inte-
gral representation involving modified Lommel functions are proposed.
Using these methods, the results for elastic and inelastic charged par-
ticle-helium collisions have been reporte® 672 In this paper we wish
to point out that these methods can be extended to reduce the the Glau-
ber amplitude (1), a (3zZ+1)-dimensional integral, to a one-dimensional

integral suitabie for numerical integration.

in Sec. 2, we describe the analytical method for reducing the
Glauber amplitude (1) to a one-dimensional integral. Then we carry out
the calculations for the scattering between charyed particle and hydro-

gen, helium and Tithium in Sec. 3.

2. ANALYTIC METHOD

in this paper, we assume that the product of the bound-state

wave functions has the following form'?
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where (rl. ,¢ ) are the spherical coordinates of the Jth bound-elec~
tron and Y are normal ized spherical harmonics!?®. Applying Egs.(2.5.6),

(2.5.17) and (2.5.29) of Ref. 11, the H . (3) becomes

n n
1,max Z,max

N Sz 4. n, . =0, 2, M, 4.9 2v,
‘{/:.‘i’.= ) ) ) e, | T -ﬁJ— r, %0 k’JJsj Je JZJ.J-‘
ST k=0 n =0 7,0 L =1 J _I
1
and
mnsnk i (2 -m.)! (52,'+m’)' 1/2
=(-1) 9 7 Jn. (zz +1(20141) —Ld
K J (8 4m ) ! (ﬂ,’.—-m'.).
J Jd d
(28, - 2n.)! (287 - 2nt)!
X g JJ A Il d (4)
29 m)n (0 m~2m) 2 9 mt) L (R em =20 ) !
Jd J J Jd J J Jd J J Jd J J
with n, < (8,-m.)/2 and n! < (R'+m')/2. Ve have, for later con-
J,max 3 3 Jsmax 3 J

venience, set M,:n.—m'.,nk .=Uk A2n 42n' and 2V, =R R I-n _4m'-2n.-2n'.
Jd J d sd sd 3 3 3 3 3 3 3 3 J

Substituting Eg. (4) into Eg. (1), we immediately obtain the selection
rule

Fj‘i(q) =0 if (%+Q§.-m3.+m$.) isoddinteger. (5)

W note that the Glauber amplitude can be written as
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In £q.(6), we define the generating function via

T(yseohysq) = ( bdbj &b, e

H 0
2 [ M 2an g1 (9.-9,)
lomja,s ds.J e 9P w,
=1 977 i,
_ 2 o 1/2
© )\j(sj+zg)
X 2 ——-——————-ﬁ——‘—e
0 J (32.‘*'22-)1 z
g

Z b4g2-2bs ,;cos (¢ .—¢b) in _}1
X 1- 1 J J J dz,
g1 : “J

b

where M =

e~ o
=

1 J
Ernploying the standard formulas'? for J\) and K\),

2L 4qb cos ¢, + iMd
j e PO g, =24 g6

0

2y1/2 3
) gz = 2V Flv+r {s

oo 2v e—)\(sz+z v o)
J_m 2 (24 22)1/2 JI —X} K0 ’

(7)

and then changing variable s; ~ bs, we find that (7) can be written as

| [ 7
2741 M 272+1+ M+ jglv&;
I(x *

0 =

]
T

2m . )
ezMj(¢j ¢b)

(Hsz-Zsj cos (¢j‘¢b)in d¢j

0 -

N b J,lqb) db (]‘[A (

(8)



Ve now utilize the result!? that

M+v+] _ ZM'H) - L[ MH2+2v M+2
Ks K ,(Abs) ds = AV I'[ 5 ] I’[—Z——] . (9)

Finally, the (32+2)-dimensional integral (7) has been reduced to the

following one-dimensional integral

2241 M | 2 Vi P4
I(}\l""’)‘z;q) = 2 ¢ H Aj (%) —J—Z—
= J /i _J
Z
o 2Z+14M 4+ I v, M.+v.+2
« g A (qb)de 1oL y 77 rM-—__j+2+2v=7']
J M . FD 2 J
0 J=) J
[M.+2 Z .
x T - 8 - . . .
2 mm! jE] wa, v (Agb)_ (10)
where we define M (z) via
H,V
- 21
. . ,
Mu,\)(x) = Jo gHtVt Kv(xs)ds(?]nr) Jo 27»114’ (1+s2-2s cosd))’m d¢_ (1)

We now introduce the integral representation of Thomas and Ger-
juoy'* (Eq.(A6) of Ref. 14, this reference will be refered to hereafter
as TG) to replace the integral over ¢ in Eg. (11) by an equivalent in-

tegral involving Bessel functions; namely

24 T(144n) j H+V+] o , -
M = -2 o e X -i2n d
U,V R s)d dt ¢ -
HyY I'(1-in) ‘¢ ‘v'(x )ds ,l(o dt ‘Ju(t)Ju(St)

(12)

The integral over s is simply15

)[ gV 7, (t8)K (ws) de = 2" Mz Dlwror)) (13)
[ (£2422) u+v+l
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Hence

2Zn+u+y T (144n) v ( 1 [
M = - —_—r T \ —_ K
"uy =2 r(1=in) (ros) = t 2 | Kt o 1 @
o - K
K\)+] RIESVIRVE S (x):l +uKu,u+\),u () 2(uav+1) [SEVARIEEVE S| ,u(x)
(14)
In Eq. (14), we define
7 c2in-lem a0y -1p

g ) =] ® ()P g ) b . (15)

It was point out by Thomas and Chan® that the integral of class
Kn pom may be written as a finite sum of terms involving modified Lom-

mel functions LU \)(ix) via TC Eq. (A7)

B

® -1 -u-l 1+v-U T4V | oD ,
jo t J\)(t)(tz.,.xz) Ydt= -(ix) [I‘( 7 Y/ T¢ > )Jz Lu’v(w)

(16)

Substituting Egs. (11)-(16) into Eq. (10), we then obtain the generating
function in terms of integrals over products of one, two, ..., and Z mo-
dified Lommel functions. Applying TC Eq. (A7), TG Eq. (B3) and (B5), the

integral, which involvesonly one modified Lommel functions may be evalua=-

ted in closed form as a finite sum of the hypergeometric functions ,F,.
>

This result is understandable if webreak up the full F(Z;;l,...,r,z) of Eq.

(2) in a fashion analogous to the Glauber multiple-scattering expansions,

narmely
> > Z > > > -
F(b;rl,...,rz) = X l‘i(z,ri) -3 Fi(b’ri) I',,(Z,rﬂ.)
’L=1 i)j [ o
b (1) " [r.(Z;Z.] , a”
ie i Z
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where
@) =1 - (Ba)m .
7 1 7

If the expansion (17) is used in Eq. (7), we immediately obtain, using
the procedure of Thomas and Gerjuoylh, the terms involving ,F, come from

> >

the integral over sum Fi(b;ri); whereas the integral involving the
=1

product over n modified Lommel functions comes from the integral wer the

product of » Fi(g;;i)'
3. RESULTS

To illustrate the method presented in this paper, we consider

the following cases:

(1) Scattering by hydrogen atoms (Z=1)

A. ls - ns Transitions
When f=%'sm=m'=M=v=0 and A = 1/4, Eq. (10) reduces to

1,050 = 2 [ 5 3,e) [00) - n, ,00)] @ . (18)

In Eq. (18), M, ,(Ab) was derived by Thomas and Chan® (TC Eqs. (7a),
b
(10), (11) end (14b), or'®

0

_ .in I(l1+n) ] I: - }
M, ,Op) =2 ——-——{2 Kz,l,o()\b) +3 Kl’o’]()\b) KI’O’_I(Ab)

’ P(1-4n)
iy -2 82,00\ =2-24n .
= (Ab) ° + (24n)° (<AD) L%n_],o(sz). (19)
Hence
. y2 [ _9.r
I, {x5q) = Z_(Zile)_j b J,(gb) (ZAb) 2in Lo in-1 o (ZAD)db (20)
A 0 ’
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which reduces, via TC Eq. (18), to

-2-2in -2+2in
q

T, (A;q)=-bin T(142n)T(1-2n)A 2Fl(l-in,l-in;l;-xzq-z), (21)

in agreement with the generating function previously derived by Thomas
and Gerjuoy (T6 Eq. (19¢)). Here I and ,F, are the usually gamma and hy-

pergeometric functions, respectively.

B. s - mp Transitions
When %=m=0,%'=] m'=-1 and A = ¥3/8, Eq. (10) becomes

{eo]

I,(Asq) = -2v6 1 J b* 7, (qb) M, L) db (22)
0 ’

where # | o()\b) was derived by Chan and Chen (Egs. (1!) and (18) of ref.
9

6), namely,
Mo ) = - g2 I0%0) £ op) sk, 8) -1
15,0 F(]“in) 1,1,1 PR
< i, L, 00 - &, L, 08)]

lgn(Ab) *[(144n) (£Ab)=1-2¢n L ](ihb)-in(ixb)'ZinL @A) .

2in 2¢n-1,0

(23)

Substituting Eq.(23) into Eq.(22), and then applying TT Eq. (A7), TG Eg.
{B3) and TG Eq. {(B5), we obtain

T, (sq) = 26 { Ly F(l+1ln)1"(2-in)(in)‘2in-2 qzin-3

x [- zpl(z—in,l-in;l;-Azq'2)+(r+¢n)zyl(2—¢n,1-in;z;-xzq‘2)} . (24)
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Eq. (24) differs fromTG Eq. (27¢) only by a nunerical factor, since our
I,(A;q) is def ined as 2v6 |,(A;q) of TG Eq. (23b).

(2) Scattering by He atons (Z=2)

Setting | =Il=m=mi=v =0 (i=1,2) and 4,=4,=1/k, Eq. (10) for 1le-nls
transitions reduces to

100 = 2 [ B5a) [0,B)700) 7 -, 0,8, (D) |ab
0
(25)
by using Eq. (19) and TC Eq. (18) which leads to

I, (0, A59) = -(A2,) 72 (26m)? T(E)T(1-in)g> "2

Y . . _ -24 X , -
Alnn 2F1(l-m,l-m;l;-)\f q %) + 1, “n 2F1(l-7,n,l-7/n;l;)\: a*)

m

-2(24n) " (A 0,) 72 J b Jo(qb)(ixlb)-2£n LZin-l,O(ixlb)(ixzb)-Zln
0

X L oléA,p) db =27 . TC Eq. (19). (26)

2Zn-1,
(3) Scattering by L, atoms (2=3)
Setting 1= '.=mj=mé=\)3.=0 and A3= 1/4(5 = 1,2,3), and then using Eq.(19)

and Eq. TC (18)" we obtain the generating functions for i%s-n%s transi-
tions as'’

N ) T ey 2EN-2
I, (A0 ,59) = (Alxzxa) 2 {(2zn) T(En)T(1-In)g X
3 iy )\2.
x I I}\.Zm zFl(l-in,l-in;l;—‘—j-)] +
g1 L7 e

+ 2(2¢n)" J b J,(qb) [(i)\lb)-%n I
0

(iX, 'B) (iA,) “24N; (£A,D)

24n-1,0 24n-1,0
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. -21n " . =211 s
+ (z)\lb) LZin—l ,o(t/\lb) (£2,B) LZin-l ,0(1)\327)

+ (ir,p) 72N Lygnot o (E3,0) (21,5) 247 Dygnot olha b)] db

lw

+ 2(26n) ¢ J b 7 (b) [ (iij)]db (27)

(1A b) "2
0 j J

22n-1,0

1

For small-angle scattering, the contributions to the scattering
amplitude come mainly from the region where the impact parameter is large
and the incident particle does not see much of inner electrons!®; thus we
may use the following approximation

> > > >
T(B57,,7,,7,) = T,(B57,) . (28)

12 ’

It can be easily shown that the generating function can be written as

1
Vg T{v,+5) (= 344 +v
o) =2 4 ) — [0 7, @ @
3 0 3

( M4V +2 )

J ;) 3 3 (M3+2+2V3 M3+2]
x 2 r s, -M MY 29

IZ‘- 0\313)‘ {2 J { 2 My ,Msy Ma’\)S( ) (29)

For ¥y = Vv, = 0 case, EQ. (29) becomes Egq. (15) of Ref. 17 by using Egs.
(19), (20) and TG (18).

Finally, we present an even simpler result for the interaction
of the charged particle, with the atomic electrons and nucleus having

the following form'®’2% (valid for alkali atoms)

i _ A exp(-Ar)

(30)

where ;Z is the coordinate of the valence electron. In Eq. (30), 4 and

A are respectively, the depth and the range of the effective potential
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between the charged particle and (Z-1) inner electrons and {Z-1) protons

of atom. Then we have

224K, (AD)

K.
7

F(g;;l""’;z) = P(Z;;Z) =1 - (lz"gzvl/b)nn exp (31)

Substituting (31) into (7), we can easily obtain the following genera-

ting function

v, i
M Z T, += ) ® 3444V
e/ 2 2772 AR/
IO, q) =232 74, (<) ——-——-—-J b J. (qb) db
2 zZ 1; JT . M,
N A B RS
x =~ r| £~ 5 - M (\_b)
13 {beJ Z 7 [Pmym My,
24K, (Ab) L
x exp | ——— . (32)
K. J
1

Now we consider the charged particle - lithium scattering with MZ=\)Z=0,

then we have

=2 2 4 N RO P ,
IL0sg) =2 X J[o b, (gh) {1 LI (25m)7 (21,0) 2, | B)

[Beax, 00)]]

| — - db ,

B (33)
after lengthy but straighforward calculations. Using Ko()xb) -+ 0 as
b >« , we obtain
I,(A;q) = 2(24n)? A;z j b Jo(qb)

o
324K, (A\D) ) 27
v oxp || (AT Lop oA B) b, (34)
7

since the main contributions come from the region where the impact pa-
rameter is large. When A -~ 0, Eq. (34) will be reduced to Eq. (20) as

we expect.
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