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The (3Z+l ) -d imensional  i n t e g r a l  occurr ing i n  t h e  Glauber am- 

p l i t u d e  f o r  s c a t t e r i n g  o f  charged p a r t i c l e s  by Z- e l e c t r o n  atoms i s  r e-  

duced t o  a one-dimensional i n t e g r a l  r e p r e s e n t a t i o n  i n v o l v i n g  productsof  

m o d i f i e d  Lomrnel f u n c t i o n s .  Some e x p l i c i t  r e s u l t s  a r e  o b t a i n e d  f o r  t h e  

charged p a r t i c l e  c o l l i s i o n  w i t h  h idrogen,  he l ium and l i t h i u m .  

A i n t e g r a l  de (3Z+1)-dimensões que aparece na amp l i tude  de 

Glauber para o espalhamento e n t r e  as p a r t í c u l a s  carregadas e os  átomos 

de Z- e lé t rons  é reduzida à i n t e g r a l  un id imens iona l ,  envolvendo os  p ro-  

dutos de funções modi f icadas de Lommel. Os r e s u l t a d o s  e x p l í c i t o s  sãoob-  

t i d o s  para o espalhamento e n t r e  as p a r t í c u l a s  carregadas e h id rogên io ,  

hé l  i o  e I í t i o .  

1. INTRODUCTION 

I n  a recen t  paper' n o n p e r t u r b a t i v e  p a t h - i n t e g r a l  approxima- 

t i o n ,  we show t h a t  t h e  Glauber amp l i tude  f o r  a charged s t r u c t u r e l e s s  

p a r t i c l e  Z'e ( w i t h  i n i t i a l  v e l o c i t y  V and rnomentum K.) by an a r b i t r a r y  i z 
Z- e lec t ron  atom f rom i t s  i n i t i a l  s t a t e  $i t o  i t s  f i n a l  s t a t e  $ can be 

w r i  t t e n  as 
f 



Here we have 

and = -Zr/vi ( i n  a tomic u n i t s j  by assurning t h a t  t h e  i n t e r a c t i o n s  o f  
+ 

t h e  i n c i d e n t  charged p a r t i c l e  ( r )  w i t h  t h e  bound e l e c t r o n s  and t h e  nu- 
-+ 

c l e u s  a r e  screened coulornbian. I n  Eqs. (1) and ( 2 ) ,  q i s  t h e  momentum 
-+ 

t r a n s f e r  v e c t o r ;  and s a r e  t h e  r e s p e c t i v e  p r o j e c t i o n s  o f  t h e  p o s i -  i -f 

t i o n  v e c t o r s  o f  i n c i d e n t  charged p a r t i c l e s  and bound e l e c t r o n s  ( ri ) 

o n t o  t h e  p lane  perpend icu la r  t o  t h e  d i r e c t i o n  o f  t h e  Glauber p a t h  i n t e -  
-+ -+ 

g r a t i o n :  q, % and s a r e  a11 cop lanar .  
j 

I n  a  p rev ious  publ i c a t i o n 2  ( t o  be r e f e r e d  t o  h e r e a f t e r  as 
3-5 

T C) ,  new a n a l y t i c a l  method f o r  reduc ing  t h e  Glauber amp l i tude  f o r  

charged p a r t i c l e  - neutra1 atom c o l l i s  

g r a l  r e p r e s e n t a t i o n  i n v o l v i n g  m o d i f i e d  

Using these methods, t h e  r e s u l t s  f o r  e  

t ic le- hel ium c o l l i s i o n s  have been repor  

t o  p o i n t  o u t  t h a t  these methods can be 

ons t o  a  one - dimensional i n t e -  

Lommel f u n c t i o n s  a r e  proposed. 

a s t i c  and i n e l a s t i c  charged p a r -  

e$ 9 6 - 9  . I n  t h i s  paper we w ish  

extended t o  reduce t h e  t h e  Glau- 

ber  amp l i tude  ( I ) ,  a  (3~+1) -d imens iona l  i n t e g r a l ,  t o  a  one- dimensional  

i n t e g r a l  s u i t a b i e  f o r  numer ica l  i n t e g r a t i o n .  

I n  Sec. 2 ,  we descr ibe  t h e  a n a l y t i c a l  method f o r  reducing t h e  

Glauber ampl i tude  (1 ) t o  a  one-dimensional i n t e g r a l  . Then we c a r r y  o u t  

t h e  c a l c u l a t i o n s  f o r  t h e  s c a t t e r i n g  between charyed p a r t i c l e  and hydro-  

gen, he l ium and l i t h i u m  i n  Sec. 3 .  

2. ANALYTIC METHOD 

l n  t h i s  paper, we assume t h a t  t h e  p roduc t  o f  t h e  bound- state 

wave f u n c t i o n s  has t h e  f o l  l ow ing  forml 



where (r O @I ) a r e  t h e  s p h e r i c a l  coord ina tes  o f  t h e  j t h  bound-elec- i' j' i 
t r o n  and Y b  a r e  normal i zed  s p h e r i c a l  harmonics". App ly ing  Eqs.(2.5.6), 

(2.5.17) and (2.5.29) o f  Ref . 1 1 , t h e  Eq . (3) becomes 

and 

w i t h  n < ( R  .-m .)/2 and n! 5 (R!+m'.)/2. We have, f o r  l a t e r  con- 
j,max 3 3 3,max 3 3 

venience, s e t  M.=T m '  - .+2n .+2n! and 2v .=R .+R !-m .+m '.-2n .-2n ' 
r7 i- , i912k,j-$,~ 3 3 3 3 3 3 3  3 ,i' 

S u b s t i t u t i n g  Eq. (4 )  i n t o  Eq. ( I ) ,  we immediately o b t a i n  t h e  s e l e c t i o n  

r u  1 e 

F . ( q ) = O  i f  .+R'.-m.+m'.) i s o d d i n t e g e r .  
fz ( 5  3 3 3 

We n o t e  t h a t  t h e  Glauber amp l i tude  can be w r i t t e n  as 



In E q . ( 6 ) ,  we d e f i n e  t h e  g e n e r a t i n g  f u n c t i o n  v i a  

where M = 1 M 
j = i  i' 

Ernploying the  s tandard formulas12 f o r  Jv and K v ,  

and then changing v a r i a b l e  s + bs we f i n d  t h a t  ( 7 )  can be w r i t t e n  as i i' 2 



We now u t i l i z e  the  r e s u l t 1 2  t h a t  

F i na l  l y, the  (3Z+2) -d imens i ona l  i n t e g r a l  (7) has been reduced t o  the  

f o l l o w i n g  one-dimensional i n t e g r a l  

I ( h  = 2  

where we d e f i n e  M (3) v  i a  
Fi>v 

W e  now in t roduce  the i n t e g r a l  r ep resen ta t i on  o f  Thomas and Ger- 

juoy14 (Eq. (A6)  o f  Ref. 14, t h i s  re fe rence  wi I 1  be r e fe red  to  h e r e a f t e r  

as TG) t o  rep lace  t he  i n t e g r a l  over  @ i n  Eq. (11) by an equ i va l en t  i n -  

t e g r a l  i n v o l v i n g  Bessel f unc t i ons ;  namely 

(1 2) 

The i n t e g r a l  over  s i s  s imply15 



Hence 

I n  Eq. (141, we d e f i n e  

I t  was p o i n t  o u t  by Thomas and chan2 t h a t  t h e  

K may be w r i t t e n  as a f i n i t e  sum of terms i n v o l v  
72 ,P ,m 

mel f u n c t i o n s L  ( i x )  v i a T C  Eq. ( A 7 )  ,., ,v 

i n t e g r a  

i n g  mod 

1 o f  c l a s s  

i f  i e d  Lom- 

S u b s t i t u t i n g  Eqs. (11)- (16)  i n t o  Eq. (IO), we then o b t a i n  t h e  g e n e r a t i n g  

f u n c t i o n  i n  terms o f  i n t e g r a l s  over  p roduc ts  o f  one, two, ..., and Z mo- 

d i f  i e d  Lommel f u n c t i o n s .  App ly ing  TC Eq. ( ~ 7 ) ,  TG Eq.  ( ~ 3 )  and (85 ) ,  t h e  

in tegra1,which i n v o l v e s o n l y  one m o d i f i e d  Lommel f u n c t i o n s  may be evalua-  

ted  i n  c losed  form as a f i n i t e  sum o f  t h e  hypergeometr ic  f u n c t i o n s  ,F,.  
-+ -f 

This resul t is understandable i f  webreak up the  f u l  l r ( g ; r , ,  . . . , r Z )  o f  Eq. - 

(2) i n  a f a s h i o n  analogous t o  t h e  Glauber m u l t i p l e - s c a t t e r i n g  expansion3, 

narne l y 



I f  t h e  expansion (17) í s  used i n  Eq. ( 7 ) ,  we immediately o b t a i n ,  u s i n g  

t h e  procedure o f  Thomas and ~ e r j u o ~ ' ~ ,  t h e  terms i n v o l v i n g  ,F, come f rom 
2 + +  

t h e  i n t e g r a l  over  sum C rifb;ri) ; whereas t h e  i n t e g r a l  i n v o l v i n g  t h e  
i =  1 

p roduc t  over  n modi f ied  Lommel f u n c t i o n s  comes f rom t h e  i n t e g r a l  w e r  t h e  
-+ + 

produc t  o f  n r .  (b ; r  .) . 
2 Z 

3. RESULTS 

To i l l u s t r a t e  t h e  method presented i n  t h i s  paper, we cons ider  

the  f o l  lowi17g cases: 

(1) S c a t t e r i n g  by hydrogen atoms (Z=I) 

A.  1s - ns  T r a n s i t i o n s  

When R=Rtm:mt=M=v=O and A = 1/4, Eq .  (10) reduces t o  

I n  Eq .  ( 1 8 ) ,  !G (Ab) was d e r i v e d  by Thomas and chan2 
O , "  

( IO) ,  (11) end (14b), o r 1 6  



which ieduces, v i a  TC Eq. (l8), t o  

i n  agreement w i t h  the  genera t ing  f u n c t i o n  p rev i ous l y  de r i ved  by Thomas 

and Gerjuoy (TG Eq. ( 1 9 ~ ) ) .  Here and PF1 a r e  the  usual  l y  gama and hy-  

pergeometr ic  f unc t i ons ,  r espec t i ve l y .  

6. 1s - np Trans i t i ons  

When k n = O , R 1 = l  , m a = - l  and A = J 3 / 8 ,  Eq. ( 1  0)  becomes 

where M (hb) was der  ived by Chan and Chen (Eqs. (1 1 )  and (18) o f  r e f .  
1 9 0  

61, namei y, 

= 4in(Xb)-*fil+i~l) (ihb) - I -2iq L2in, i (ihb) -iq ( i ~ b ) - ' ~ ~ ~  
2in-1,O @@I. 

S u b s t i t u t i n g  Eq. (23) i n t o  Eq. (22), and then app l y i ng  TC Eq. (~7), TG Eq. 

(83) and TG Eq. (85), we o b t a i n  



E q .  (24) differs f rom TG Eq .  (27c) only by a numerical factor, since our 

I, (A ;q) i s def i ned as 2J6 I, (A ;q) of TG E q  . (23b) . 

(2) Scattering by He atoms (2=2) 

Setting I . = I  !m.m!=vi=O (i=] ,2) and A1=A1=1/4, Eq .  (10) for ]'s-nls 
2 2 2 2  

transitions reduces to 

o 

by using Eq.  (19) and TC Eq.  (18) which leads to 

m 

-2 ( i  ( h , )  - 1 b Jo (qb) (iAlb) '2iq-1 ,O (iAlb) (ih,b) 
o 

L ~ i n - ~  ,O (ih,b) db = 2-? TC Eq. (19). 

(3) Scattering by Li atoms (2=3) 

Setting 1 . = I  ! m  .*!=v .-O and A .= 1/4(j = 1,2,3), and then using Eq .  (19) 
3 3 . 3  3 3 3 

and Eq.  TC (18), we obtain the generating functions for 1,s-n2s transi- 

tions as17 



For srnal l -angle s c a t t e r i n g ,  t h e  c o n t r i b u t i o n s  t o  t h e  s c a t t e r i n g  

amp l i tude  come ma in ly  f rom t h e  r e g i o n  where t h e  impact parameter i s  l a r g e  

and t h e  i n c i d e n t  p a r t i c l e  does n o t  see much o f  i nner  e l e c t r o n s 1 8 ;  thus we 

may use t h e  f o l l o w i n g  approx imat ion  

I t  can be e a s i l y  shown t h a t  t h e  g e n e r a t i n g  f u n c t i o n  can be w r i t t e n  as 

For id, = v, = O case, Eq. (29) becomes Eq. (15) o f  Ref.  17 by u s i n g  Eqs. 

(1 9) , (20) and TG (1 8 ) .  

F i n a l l y ,  we p resen t  an even s i m p l e r  r e s u l t  f o r  t h e  i n t e r a c t i o n  

o f  t h e  cbarged p a r t i c l e ,  w i t h  t h e  atomic e l e c t r o n s  and nucleus hav ing  

t h e  f o l  l ow ing  f ~ r m ' ~ ' ~ ~  (va l  i d  f o r  a l k a l  i atoms) 

-+ 
where rZ i s  t h e  c o o r d i n a t e  o f  t h e  va lence e l e c t r o n .  I n  Eq. (30),  A and 

A a r e  r e s p e c t i v e l y ,  t h e  dep th  and t h e  range o f  t h e  e f f e c t i v e  p o t e n t i a l  



between the charged p a r t i c l e  and (2-1) inner  e l e c t r o n s  and (E-1) p ro tons  

o f  atom. Then we have 

-f + -+ 
LiAK, (Xb) 

-+ ; , .  = ; = 1 - ( l%-sz l /b )  2irl exp 
Z (31) 

Ki 

S u b s t i t u t i n g  (31) i n t o  (7 ) ,  

t i n g  f u n c t i o n  

we can e a s i l y  o b t a i n  t h e  f o l l o w i n g  genera- 

Now we cons ider  t h e  charged p a r t i c l e  - l i t h i u m  s c a t t e r i n g  w i t h  M =V =O, z z 
then we have 

pim0 ( *b 111 
.i 4 (33) L 

a f t e r  leng thy  b u t  s t r a i g h f o r w a r d  c a l c u l a t i o n s .  Using Ko(Xb) -i O as 

b -+ a , we o b t a i n  

2 i ~ ~ ,  (Xb) 
x exp I ] (ii3b)-2irl ~ 2 ; ~ - i  ,O ( i X 3 b )  &I , 

s i n c e  the  main c o n t r i b u t i o n s  come f rom t h e  r e g i o n  where t h e  impact pa- 

rameter i s la rge .  When A + O,  Eq.  (34)  wi 1 1 be reduced t o  E q .  (20) as  

we expec t . 
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