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The one-dimensional (or  1 inear chain)  I s i ng  model i; studied 

by means o f  a  d i f f e r e n t i a l  operator  app l ied  t o  an exact sp in  co r re la -  

t i o n  func t i on  i d e n t i t y  obtained by Callen. We de r i ve  the  exact r e s u l t s  

f o r  the  ze ro- f i e l d  inagnetization, c o r r e l a t i o n  func t i on  s u s c e p t i b i l i t y ,  

interna1 energy and spec i f  i c  heat. The general features and complexi t y  

oé the present formalism For t r e a t i n g  more r e a l i s t i c  and complicated 

I s i n g  problems a re  a l s o  b r i e f l y  discussed. Owing t o  t h e i r  s i m p l i c i t y ,  

the method can e a s i i y  be fo l lowed by f i r s t  year graduate stuaents. 

O  modelo de l s i n g  unidímensional (ou de cadeia ! inear )  é es- 

tudado por meio de um operador d i f e r e n c i a l  apl icado a uma ident idade e- 

xata para a função de correlação de spins obt ida  por Cal len.  Obtemos 

resul tados exatos para a  magnetização de campo zero, energia in terna e  

c a l o r  espec i f i co .  Os t raços gera is  e  a  complexidade do presente forma- 

l ismo para o  tratamento de problemas de I s i n g  mais r e a l i s t i c o s  e  com- 

p l icados são também d iscut idos  brevemente. Devido i sua simpl ic idade, o  

método pode ser fac i lmente  seguido por estudantes de pr imei ro  _ ano de 

p6s-graduação. 

+ Work p a r t i a 1  l y  supported by CNPq and FINEP (B raz i l  ian ~ ~ e n c i e s ) .  



1. INTRODUCTION 

The I s i n g  model i s  c e r t a i n l y  one o f  t h e  most e x t e n s i v e l y  s t u -  

d i e d  many body systemsl. The reason f o r  t h i s  i s  due t o  t h e  f a c t  t h a t  i t  

can descr ibe  f a i r l y  w e l l  numerous p h y s i c a l  systeins, as f o r  example,mag- 

n e t  i c  s p i n  system ( f e r r o - a n d  a n t  i fe r romagnets )  , b i n a r y  a l  l o y s  ( brass 

Zn-Cu), l a t t i c e  gas, and so on. 

The s i m p l e s t  form o f  t h e  I s i n g  model appears i n  one-dimension 

l a t t i c e  ( l i n e a r  c h a i n )  f o r  s p i n  1/2, w i t h  nearest- neighbor  i n t e r a c t i o n s  

and i n  t h e  absence o f  an e x t e r n a l  f i e l d .  l t  was i n  t h i s  fo rm t h a t  W. 

~ e n z '  proposed i t  t o  h i s  s tuden t  I s i n g ,  i n  t h e  e i i r l y  1920, i n  o r d e r  t o  

s tudy a magnetic phase t r a n s i t i o n 3 .  I s i n g  d i d  n o t  f i n d  a long- range o r -  

der  a t  any f i n i t e  temperature. Indeed, one says t h a t  t h e  I s i n g  cha inun-  

dergoes a "phase t r a n s  i t ion" a t  z e r o  temperature..  

However t h e  two-dimensional (square l a t t i c e )  I s i n g  model i n  

t h e  absence o f  an e x t e r n a l  f i e l d  does shows a phase t r a n s i t i o n  a t  a f i- 

n i  t e  temperature. I t has been so lved e x a c t l y  by Onsager4, i n  1944, and 

i t  i s  now considered t h e  t u r n i n g  p o i n t  i n  t h e  s tudy  o f  phase t r a n s i t i o n  

i s  one o f  t h e  few exac.t ly s o l v a b l e  s t a t i s t i -  

t e x h i b i t s  a second o r d e r  phase t r a n s i t i o n .  

and c r i t i c a 1  phenomena. I t  

c a l  mechanical models tha  

I n  t h i s  paper we 

namical p r o p e r t i e s  o f  t h e  

p resen t  a s imp le  d e r i u a t i o n  o f  t h e  thermody- 

I s i n g  l i n e a r  cha in ,  based on a method t h a t  

can e a s i l y  be f o l l o w e d  by f i r s t  year p o s t  graduate s tuden ts .  The method 

i s  achieved by i n t r o d u c i n g  a d i f f e r e n t i a l  o p e r a t o r  i n t o  an exac t  s p i n  

c o r r e l a t i o n  f u n c t i o n  equa t ion  o b t a i n e d  by c a l l e n 5  i n  1963 (here c a l l e d  

by C a l l e n ' s  i d e n t i t y )  as r e c e n t l y  suggested by Kaneyoshi and co-wor- 

k e r s 6 ' l o .  Very r e c e n t l  y severa1 u s e f u l  t h e o r e t  i c a l  technoques t o  deal  

wi t h  two- and three- dimensional  I s i n g  problems (no t  y e t  so lved  e x a c t l y )  

have been proposed based on these  r igo rous  s p i  n c o r r e l a t  i o n  r e l a t  ionslWB 

The main purpose o f  t h i s  d i d a c t i c a l  work i s ,  i n  ç p i t e  o f  i t s  

s i m p l i c i t y ,  t o  p resen t  an a p p l i c a t i o n  o f  t h e  d i f f e r e n t i a l  o p e r a t o r t e c h -  

n ique  t o  a s o l v a b l e  model i n  o r d e r  t o  c l a r i f y  t h e  mathematical s t r u c t u -  

r e  o f  t h e  nove1 method. The a b i l i t y  o f  t h e  fo rma l i sm t o  deal  w i t h  more 

r e a l i s t i c  and compl icated problems w i l l  be b r i e f l y  d iscussed l a t e r  on. 



I n  sec t ion  2 we introduce t h e  model  and d e r i v e  Ca l len 's  

i d e n t i t y  f o r  the s i t e  magnetization. I n  sec t ion  3 the  exponential d i f -  

f e r e n t i a l  operator, the bas is  o f  the present method, i s  introduced. I n  

the fo l l ow ing  sect ions we study the magnetization (sec t ion  4 ) ,  the cor -  

r e l a t i o n  func t i on  and the suscept ib i  l i t y  (sec t ion  5) and the  interna1 

energy and the s p e c i f i c  neat (sect ion 6). The l a s t  sec t ion  i s  devoted 

t o  a n a l y í i s  and comments on the extension and app l i ca t i on  o f  the pre- 

sent fornialism for  higher dimensional l a t t i c e s  (square l a t t i c e )  and f o r  

h igher sp in  systems. 

2. THE HAMILTONIAN MODEL AND CALLEN'S IDENTITY 

The Hamiltonian f o r  the I s i n g  model i n  one dimension, i n  an 

externa1 f i e l d  h ,  i s  g iven by 

where the sum on i runs from 1 t o  N, w i t h  ai = a i+N ' and 6 = + I .  ai i s  

t he  dynarriical v a r i a b l e  which can take two values, 1 1 ,  and J i n  the  cou- 

p l i n g  constant between neighboring s i t es .  

I f  we i n t e r p r e t  t h i s  hami l tonian as descr ib ing  a rnagnetic sys- 
-+ I+ 

tem, then ai i s  the z-component o f  a sp in  operator  (S = associated 

w i t h  the  ion l oca l i zed  a t  s i t e  i which can have sp in  up (O. = + I )  o r  
2 

down (a = - 1 )  and J i s  the exchange i n te rac t i on .  The spin system i s  i 
ordered when a1 1 spins a r e  up (or down) . The magnetic f i e l d  i s  added i n  

order t o  break - the symnetry and t o  favour the ordered phase t o  be up o r  

down. The parameter t h a t  measures the  order ing  o f  the  system (cal led the  

long-range order parameter) i s given by m = <ai>. I n  the  ordered phase 

m#O, wh i l e  i n  the disordered phase m=O. 

The expectat ion (average) va lue o f  the spin v a r i a b l e  a t  the  

l a t t i c e  s i t e  i i s  g iven by 



- BH 
where Z = Tr e and Tr (=trace) means the sum over a1 1 alowed s ta tes  

o f  the system. Here B = I / k  T, where kg i s  the Boltzmann constant, arid E 
T i s  the absolute temperature. 

Now, our o b j e c t i v e  i s  t o  ob ta in  from (2)  an i d e n t i t y  which i s  

more s u i t a b l e  f o i  c a l c u l a t i o n .  This r e l a t i o n  i s  known as Ca l len 's  iden- 

t i t y5 and i t  i s  val  i d  f o r  any d imens iona l i ty  o f  the l a t t i c e  w i t h  sp in  

one-half although i n  t h i s  paper i t  w i l l  be on l y  app l ied  f o r  the  one-di- 

rnensional l a t t i c e .  

Let  us separate the hamil ton ian (1) i n t o  two par ts :  one (de- 

noteci by H.) which includes a l l  con t r i bu t i ons  associated w i t h  the l a t -  
Z 

t i c e  s i t e  i, and the o ther  (denoted by H') which does not  depend on the 

s i  t e  i. Then one has 

where 

B .  = 40. C a - hu. = -0 B z z o i+6 z ii' (4 1 

and Ei = d  C u + h  i s  the l oca l  f i e l d  on s i t e  i. (Note tha t  E i s  a 
6 i+6 i 

func t i on  o f  the  spin var iab les  o f  the  neighbors o f  a and there fore  i t  i' 
does not  depend on the s i  t e  i ) . 

We know tha t  f o r  every l a t t i c e  s i t e  i aiid the sp in  var ia-  

b les  conniute, i . e . ,  [ai,q = O,  and i he re fo re  

This corninutativity, as a r e s u l t  o f  the  algebra o f  t:he operators,  p lays 

a fundamental r o l e  ir! the d e r i v a t i o n  of Ca l ien ls  i d e n t i t y .  We w i l l  com- 

ment i n  sec t ion  6 about the s i t c a t i o n  when Ili and I l '  do not  commute. 

Let  us w r i t e  the t race  i n  the fo l lowing form, 

S r l t r  
( i )  ' 



+I 

Here t r ( k )  = stands f o r  the t race  associated w i t h  the v a r i a b l e  a t  
0 - 1  k-" 

s i t e  k, and T r '  = ( r t r ( k ) ) .  
k # i =  1 

We can w r i t e  expression (2) using ( 3 ) ,  (5) and (6) as 

1 -BOii+"') 1 -@Hi 
<o.> = - ( T r ' t r  

( i > %  e 
} = - (Tr 1 

e -6'4' 
Z Z Z 

( t r  ($)ai e 11 

-@li -BHi 
I n s e r t i n g  i n  the bracket ( t r  e ) / ( t r ( { )  e ) = 1 ,  we get  

( i  

Now, usiny equation (4) we can ca l cu la te  e x p l í c i t l y  the expression 

the parentheses 

Subs t i t u t i ng  these r e s u l t s  i n  (7) we oh ta in  

~ r í e - @ ~  tanh @E,) 



<oi> = <tanh BE .> , Z 

which i s  the s i n g l e - s i t e  Ca l len 's  i d e n t i t y .  

3. EXPONENTIAL DIFFERENTIAL OPERATOR 

a Let D be a d i f f e r e n t i a l  operator  - and l e t  eaD be an opera- as 
t o r  def ined as (a  i s  a parameter), 

crD 
Applying e t o  a a r b i t r a r y  f unc t i on  f ( i )  i t  i s  easy t o  see t h a t  

Let  us apply r e l a t i o n  (9) i n t o  equation (8) 

We take tanh x ou t  o f  the average because i t i s  a number, i .e., i t does 

n o t  conta in  any sp in  operator  ( t he  va lue o f  x should be taken equal t o  

zero a f  t e r  a I 1  the  operat  ions have been perforrned) . 
Using the expression f o r  the l oca l  f i e l d  Ei [see eq. (4)], we 

get  . 
(W C ai+& + Bh)D 

<o .> = <e o > tanl i  X 
Z 



&rD C a 
= <e i+6> tanh (X + Bh) I 

I n  the l a s t  step we have appl ied  the proper ty  (9) t o  the f i e l d  dependent 

pa r t .  Now we can r e w r i t e  the  above equation as 

I f  we note t h a t  the sp in  operators U have the property:  = 
i 

= = 
i ... = 1 and oi = u3 = U ?  = ... we can w r i t e ,  f o r  any A, i z 

Aoi 
e = cosh A + ai s inh  A . 

Using t h i s  r e s u l t  i n  ( l l ) ,  we ob ta in  

This r e s u l t  i s  exact and i s  v a l i d  f o r  any l a t t i c e  s t r u c t u r e  

o f  a sp in  one-hal f  I s i n g  rnodel w i t h  nearest-neighbor i n te rac t i ons .  We 

w i l l  now use equation (13) t o  de r i ve  the  therrnodynarnical p rope r t i es  of 

the I s i n g  l i n e a r  chain. 



4. MAGNGTIZATION 

For the i !near chain,  6 can have onl  y two values, + i .  Therefo- 

r e  equation (13) y i e l d s  

Using the  d e f i n i t i o r i s  of cosh(6~D)  and sinh(&TD) we 

[e2"" + e cosh2 ( & r ~ )  = r - 2 &JD 

Subs t i t u t i ng  these r e s u l t s  i n  (14) and app ly ing  the exponen- 

t i a l  operator  expression (9)  i n  the  func t i un  t a n h ( ~ f 3 h )  and a t  the 

end tak ing  = O ,  we obta i n  a f  t e r  a simple algebra 

where 



Here the func t i on  f(~) i s  de f ined as f(y) = tanh y. 

The zero- f  i e l d  inagnetization can he easi  l y  ohtained' from (161, 
1 

p u t t i n g  h=O i n t o  equation (16) t o  g i ve  c; = c = O and b = - f ( 2 W ) .  Cal- 2 
l i n g  m ( ~ , h = O )  = <z>, which due t o  t r a n s l a t i o n a l  invar iance i s  s i t e  i n -  

dependent , rde get 

Thi s shows tha t  the  zero- f  i e l d  magnet i z ã t i o n  (order parameter) 

can be d i f f e r e n t  from zero on l y  when tanh(28J)=l, which occurs as @-ta. 

I n  other words, an ordered phase can on l y  be a t ta ined  a t  P = G 1 9 .  

5. CORHELATION FUMCTION AND SUSCEPTIBILITY 
AT ZERO FIELB 

In order t o  ob ta in  the magnetization i n  the  presence o f  the 

f i e l d  and the ze ro- f i e l d  s u s c e p t i b i l i t y ,  which i s  def ined by 

we have t o  ca l cu la te  the spin c o r r e l a t i o n  func t i on  <a a > which ap- i+l i-I 
pears i n  (16). 

One can prove, f o l l ow ing  the same procedere used t o  deduce the 

f i r s t  Ca i len ls  i d e n t i t y  Egiven by rnpression ( e u ,  the two-s i te  Callenis 

i d e n t i t y  g iven by 

Again, going through the same steps from (10) t o  (16) we get ,  



with a, b and c given by (17). 

Therefore, at zero field, we obtain from (21) 

Due to translational invariance, the correlation function de- 

pends only upon the distance between i and &, i.e.; 

where r = i-k is a measure of the distance between spins, in units of 

a lattice constant. Therefore, 

This equation can be rewritten as follows 

which irnplies that the right-hand site must be independent of r. Hence 

ke can assume g(r+l )/g(r) = Y and as a consequence (doing r+r-1) we 
n obtain g(r)/g(r-1) = Y which impl ies the recursiori relation g(rin) = y 

gb). Note that this only occurs because both ratios involve functions 

separated by one unit of distance sites. Thus, we get 

Solving this quadratic equation for Y, we obtain two solutions: 
Yl = 

= tanh(&r) and y, = [tanh(@~)]-'. In the high ternperature l imit (8= 0) 

we should expect that no correlation exist betweeii the sites, as a con- 

sequence of the highly thermal disorder. Therefore, the only physically 



acceptable solution is Y = tanh(W). It is also a physical imoosi t ion 

that the correlation function should get smaller with increasing dis- 
r 

tances. I n  particular, for the Ising chain we shall take g(r) = Y . No- 
te that this behaviour is also predicted by the recursion relation 

g(r1 + r )  = yr g(rr) when we assume an origen rr=O, with g(0) = 1.The- 

refore 

g(r) = 9i-k = [tanh(&JUr . (22) 

In Fig.1 we show a plot of g ( r )  as a function of r. 

We can now calculate the zero-field susceptibility, starting 

frpm the equation (16) for the magnetization, rewritten as21 , 

where <ai+l~z-l> i s gi 

zero. 

After a simpl 

the exact resul t 

ven 

e a 

(23) 

by (22), for r=2, when h i s taken equal to 

lgebra we obtain for x~(T,~=o) = - "E h) ' I ,=O' 

Fig.1  - The zero- f ie ld  two s i t e  spin corre lat ion g( r )  = <O,F> as a 

function of s i t e  separation c ( i n  uni ts  of a l a t t i c e  constant).  



Fig.2 - The inverse r e r o - t i e l d  s u s c e p t i b i l i r y  as a tunct ,on o f  the tem- 

perat txe.  Note tha t  xT(T,h=O) diverges a: T=O. The non- ir i teract ing l i- 

m i t  case (dashed-line) i s  a lso p loLted fo r  the sake o f  cmpar ison.  

1  2J/kgT x ( l , h  =O) = - e T k ~ T  
, (24) 

which i s  shown as a  f u n c t i o n  o f  temperature i n  F ig.2.  A s  we see, i n t h e  

neighborhood o f  t h e  c r i t i c a 1  temperature T  =O t h e  z e r o - f i e l d  s u s c e p t i -  
C 

b i l i t y  has an e s â e n t i a l  s i n g u l a r i t y ,  ! .e .  xT e x p ( l / ~ )  as T+O. N o t i -  

c e  a l s o  t h a t  t h e  p a r t i c u l a r  case o f  a  ~ O B - i n t e r a c t i n g  ( p e r f e c t  para-  

magnet) ! inear  c h a i n  I s i n g  model i s  e a s i l y  ob ta ined  f rom (24) a l l o w i n g  

the  exchange paraae te r  J t o  approach zero.  

6. INTERNAL ENERGY AND SPECIFIC HEAT 

The i n t e r n a l  energy o f  t h e  system i s  g i v e n  by 

which can be d i r e c t l y  ob ta ined  u s i n g  t h e  s p i n  c o r r e l a t i o n  f u n c t i o n ,  

g i v e n  by express ion  (22 ) .  So, 

We w i l l  now p resen t  another  way t o  c a l c u l a t e  t h e  i n t e r n a l  



energy, which i s  usefu l  when one deals w i t h  two- 01- three-  dimensional 

l a t t i c e s .  I n  those s i t ua t i ons  the two sp in  c o r r e l a t i o n  func t i on  i s  no t  

known exac t l y  (except f o r  the square l a t t i c e " ,  and approximatiuns 

have t o  be made. We wi I 1  comrnent about these approximations l a t e r  i n  

the paper. 

Using r e l a t i o n  (20), we can r e w r i t e  (25) as 

U = - 1 J<o;+~ tanh(fli)> = - C <Ei t a n h ( 4 )  > , (27) 
i ,6 i 

where E; = C J U ~ + ~ .  Introduc 

have 
6 

U = - C  
i 

ng t h e d i f f e r e n t i a l  operator  D=a/az, we 

Let  us now d e f i n e  a new func t i on  G . ( ~ , D )  as 
2 

whose d e r i v a t i v e  w i t h  respect t o  the parameter y i s  

By comparing equations (28) and (301, we can immediatly see t h a t  

which i s  completely general, w i t h  no approximation made. 

For the l s i n g  l i n e a r  chain we ob ta in  f o r  G i ( y , D )  def ined i n  

equation (291, the resu l  t 

and f o r  i t s  d e r i v a t i v e  we get  



S u b s t i t u t i n g  t h i s  r e s u l t  i n  (31) and u s i n g  r e l a t i o n s  (15) we 

o b t a i n ,  

which can be r e w r i t t e n  as 

which i s  t h e  same r e s u l t  ob ta ined  b e f o r e  as g i v e n  by equa t ion  (26) .  

dU Now t h e  z e r o- f  i e l d  s p e c i f  i c  hea t ,  def iried as CT(T, h=O) = -, 
may be e a s i l y  eva lua ted  u s i n g  equa t ion  (35) 

dT 

which goes t o  z e r o  a t  T=O, i n  agreement w i t h  t h e  r h i r d ' l a w  o f  thermody- 

namics. I n  F i g . 3  we show c ( ~ , h = O )  as a  f u n c t i o n  of  t h e  temperature.  

F i g . 3  - The z e r o - f i e l d  s p e c i f i c  heat  as  a f u n c t i o n  o f  the  temperature. 

Note t h a t  i n  agreement w i t h  the  t h i r d  law of thermodynamics cT(T,h=O) 

goes t o  zero  a t  P=O. 



7. CONCLUSION AND COMMENTS 

I n  t h i s  paper we have presented a s imp le  der  

thermodynamical p r o p e r t i e s  o f  t h e  s p i n  1/2 I s i n g  l i n e a  

o f  a nove 

exac t . 

equat ions  

f u n c t  ions - 

d i f f e r e n t i a l  

i v a t i o n  o f  some 

r c h a i n  by means 

o p e r a t o r  scheme. The r e s u l t s  ob ta ined  a r e  a l l  

T h i s  was poss 

(8) and (2011 

do n o t  e n t e r  

i b l e  because we s t a r t e d  from exac t  r e l a t i o n s  [see 

and f o r  t h e  l i n e a r  c h a i r  two s p i n  c o r r e l a t i o n  

i n  t h e  c a l c u l a t i o n  o f  t h e  ze ro  f i e l d  m a g n e t  i - 
z a t i o n  Lsee equa t ions  (16-18) i  and t h r e e  s p i n  c o r r e l a t i o n s  do n o t  en- 

t e r  i n  t h e  c a l c u l a t i o n  o f  g ( r )  [see equa t ions  (21-2211 and o f  xT(T,h=0) 

[see equat ions  (23-24)] . 

For I s i n g  systems C a l l e n ' s  i d e n t i t i e s  a r e  exac t  because H. 
Z 

and H '  commute b e e  equa t ion  (511. However f o r  o t h e r  model s, a s  f o r  

example t h e  t r a n s v e r s e  I s i n g  model, t h e  X-Y model and t h e  Heisenberg 

model, H .  and H' do n o t  commute. For those models i t  i s  n o t  p o s s i b l e  t o  
Z 

o b t a i n  a s imp le  exac t  r e l a t i o n .  T h i s  i m p o s s i b i l i t y  r e s i d e s  i n  f a c t  t h a t  

because t h e  commutator Lli H 7  i s  n o t  a c-number, i .e., i t does n o t  i' 
commutes w i t h  b o t h  H .  and H' .  However, i t  i s  p o s s i b l e  t o  o b t a i n  a gene- 

'L 

r a l  r e l a t i o n  f o r  those  models which can be used as a s t a r t i n g  p o i n t  f o r  

some approx imat  i ~ n ~ ~ .  

Even i f we t r e a t e d  I s i n g  models, f o r  which t h e  s t a r t i n g  r e -  

l a t i o n s  a r e  exact ,  c e r t a i n  approx imat ions  have t o  be done i f  we deal  

w i t h  h igher  d imensional  ~ a t t i c e s ~ - ' ~  (where t h e  number o f  ne ighbors  i s  

2>2) .  

One can e a s i l y  check t h a t  f o r  a square l a t t i c e  t h e  equa t ion  

f o r  t h e  z e r o - f i e l d  l a t t i c e  rnagne t i za t ion  ob ta ined  f rom equa t ion  (13) ,  

i s  g i v e n  by 



F i g . 4  - The s i t e  notation for a square l a t t i c e .  

where m(P,h=O) = <ao> [see Fig.4 f o r  s i t e  l a t t i c e  n o t a t i o n j .  Here a' 

and b' are  some func t ions  o f  temperature. 

Thus, we see from the above equat ion tha t  i n  order  t o  calcu- 

l a t e  m(T,h=O) we must know the th ree sp in  c o r r e l a t i o n  func t ions .  I f  we 

generate the equations f o r  these th ree sp in  c o r r e l a t i o n  f u n c t  i o n s  we 

w i l l  f i n d  i t s  dependence on higher order func t ions ,  and a complicated 

set  o f  coupled equations i s  obtained. 

However we can approximate (13) neg lec t ing  the c o r r e l a t i o n  
6-10 

between s i t e s ,  as f o l l ows  

Considering z neighbors (6 runs from 1 t o  2) and the  t rans la -  

t i o n  invar iance o f  the  l a t t i c e ,  we have 

This approximation i s  the s implest  one tha t  can be done and 

provides r e s u l t s  t ha t  a re  b e t t e r  than the  t r a d i t i o n a l  mean f i e l d  appro- 
6-10 

ximat.ion . 

As a f i n a l  remark we must p o i n t  ou t  t ha t  the procedure pre-  

sented i n  t h i s  paper has been appl ied by T.Kaneyoshi and co l l abo ra to rs  

t o  study a number o f  problems o f  i n t e r e s t .  Other problems under study 

by the  authors and col la 'borators are: S u s c e p t i b i l i t y  o f  p lanar la t t i ce ;  



Thermodynamics o f  a  pure and d i l u t e d  t ransverse I s i n g  model; I s i n g  'mo- 

de ls  w i t h  competing i n te rac t i ons ;  Dynamics o f  the I s i n g  model near the 

c r i t i c a l  po in t ;  Thermodynamical p roper t ies  o f  a  b inary  I s i n g  a l l o y  A 
P 

B1 -p; Thermodynamical p rope r t i es  o f  a  layered I s i n g  ferromagnet. The 

extension and a p p l i c a i i o n  o f  the present formaiism f o r  h igher spins sys- 

tems has been al ready successfu l ly  achieved i n  arder t o  study several 

problems o f  i n te res t ,  such as Cnote tha t  now the i d e n t i t y  (12) i s  no t  

v a l i d  any more]: S t a t i s t i c a l  mechanics o f  an one-dimensional I s i n g  f e r -  

romagnet w i t h  s i n g l e - s i t e  anisotropy;  Phase t r a n s i t i o n  o f  the Blume- 

-Cape1 model; E f f e c t  o f  c r y s t a l - f i e l d  an iso t ropy  on magnet ical ly  orde- 

red ! s i ng  systems; D ipo lar  and quadrupolar o rde r i ng  i n  s = 3/2 I s i ng  

systems; 'Therrnodynamical p rope r t i es  o f  the general ized I s i ng  model. 

F i n a l l y ,  several at tempts t o  extend the present: method i n  o r -  

der t o  inç lude c o r r e l a t i o n  e f f e c t s  a r e  now under i nves t i ga t i on  and a l l  

these problems w i l l  be reported i n  near f u tu re .  

The authors a re  indebted t o  Professors Maur ic io  E. Coutinho 

F i l ho ,  J.R.L. de Almeida and S i l v i o  R. Sal inas f o r  the many en l i gh te-  

n ing anel usefu l  discussions which s t imu la ted t h i s  pub! icat ion.  We a r e  

a lso ,  indebted t o  Professor T. Kaneyoshi f o r  numerous va luab le  discus-  
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