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P a r t i c l e s  moving along the magnetic f i e l d  l i n e s  emit under 

favorable cond i t ions  Cherenkov r a d i a t i o n  i n  a cold., r a r e f  ied plasma. A 

pecul i a r  phenomenon occurs f o r  curved magnetic f ields: f o r  exampl e, i n  

a t o ro ida l  magnetic f i e l d  the r a d i a t j o n  s p i r a l s  inward and approaches 

a resonance. Both the generation and the study o f  the p ropaga t i on  o f  

these Cherenkov modes appear t o  be w i t h i n  reach o f  present technology. 

Par t ícu las  que se movem ao longo das l inhas de um campo mag- 

né t i co  emitem, em condições favoráveis,  radiação Cherenkov em um plas-  

ma f r i o  r a r e t e i  to.  Um fenômeno pecul i a r  ocor re  para campos magnéticos 

curvos; em um campo magnético to ro ida l  , por exemplo, a radiação esp i-  

r a l a  para dentro e se aproxima de uma ressonância. Tanto o estudo da 

geração quanto da propagação desses modos de Cherenkov parecem es ta r  

ao alcance da a tua l  tecnologia.  

I t  i s  we l l  knownthat e lec t rons  r a d i a t e  i n  vacuum on l y  i f  they 

a re  accel erated (and the generat ion o f  these waves i s "instantaneous"), 



whereas i n  a  d i e l e c t r i c  medium they a l r e a d y  emi t  r a d i a t i o n ,  i f  ~ ( w ) > l ,  

f o r  cons tan t  r e c t i l i n e a r  mot ion  (Cherenkov r a d i a t i o n ) .  Th is ,  however, 

i s  a  c u m u l a t i v e  e f f e c t  which r e q u i r e s  aw/c>>l i f  a i s  t h e d i s t a n c e  t r a -  

versed i n  t h e  medium and w t h e  f requency emi t ted .  

Cherenkov r a d i a t i o n  can a l s o  be generated by e l e c t r o n s  mo- 

v i n g  through a  c o l d ,  magnet i zed  plasma where, however, o n l  y t h e  case o f  

a  homogeneous magnetic f i e l d  and r e c t i l i n e a r  mot ion  has been i n v e s t i -  

gated so f a r  i n  1  i t e r a t u r el .  Here we r e p o r t  some r e s u l t s  f o r  c i r c u l a r  

mot ion  i n  a  t o r o i d a l  f i e l d  ( ~ l u s  numer ica l  r e s u l t s  f o r  a  d i p o l e  f i e l d )  

which may be o f  a s t r o p h y s i c a l  re levance  ( p u l s a r  magnetosphere) , b u t  we 

hope t h a t  t h e  main conc lus ions  o f  t h i s  paper can be t e s t e d  i n  t h e  I a -  

b o r a t o r y  w i t h  p resen t  technology.  

We d e s c r i b e  t h e  p r o p e r t i e s  o f  m a t t e r  by a  phenomenolog i c a  l 
.t+ 

d i e l e c t r i c  tensor  E. A s & n d a r d m a n i p u l a t i o n  o f  Maxwe l l ' s  equa t ions  
-t 

g i v e s  f o r  t h e  induced magnetic f i e l d  6B due t o  a  small  externa1 c u r r e n t  
-+ 

6 j  (see e.g.Ref .1)  

t+ - 1  4 4  - 1  -+ 
r o t  E r o t  6gU = (w/c)' 6aw + ( ~ T / c )  r o t  E 6 j U  (1 

where t h e  s u b s c r i p t  w  i n d i c a t e s  F o u r i e r  t r a n s f o r m a t i o n  w i t h  respec t  t o  

t ime.  

Our f i n a l  aim i s  t o  s o l v e  equa t ion  ( I )  f o r  c i r c u l a r  mot ion  

o f  charges i n  an a n i s o t r o p i c  medium. We proceed by f i r s t  s o l v i n g  t h e  

problem f o r  r e c t i l i n e a r  mot ion  i n  t h e  g i v e n  medium and then g e n e r a l i -  

z i n g  t h e  r e s u l t s  t o  c i r c u l a r  mot ion .  

We cons ider  here  a  c o l d ,  one-component magnetized p lasma. I t s  

d i e l e c t r i c  p r o p e r t i e s  a r e  c o n v e n i e n t l y  descr ibed
2 

by t h e  two parame- 

t e r s  Y: = R/w, i2 = eB/mc and X: = (o  /u)', o.$ = 47re2n/w. We s h a l l  con- 
P 

f i n e  our  d i s c u s s i o n  t o  t h e  case Y>>X>l and n e g l e c t  terms o f  o r d e r  X/Y. 

The d i e l e c t r i c  tensor  then takes t h e  form 

Here Y  = a / ( ~ 2 ) 1 1 2  i s  t h e  u n i t  v e c t o r  a l o n g  t h e  magnetic f i e l d .  The 
a 

d i e l e c t r i c  c o e f f i c i e n t s  a r e  connected w i t h  t h e  q u a n t i t y  X  by E,, = 1-X, 



&L = 1 .  We note tha t  E,, i s  negat ive according t o  the above i nequa l i t y  

X > 1 and tha t  we a re  i n  a  sense dea l ing  w i t h  a  un iax ia l  medium w i t h  

one negat ive index. 

For r e c t i l i n e a r  motion one can ob ta in  an exact so lu t i on  t o  

(1) .  For the sake o f  s i m p l i c i t y  we choose a  coordinate system i n  such 

a  way tha t  the background magnetic f i e l d  coincides w i t h  the z -ax is .  

The d i e l e c t r i c  tensor (2) i s  then diagonal , and equation (1) takes the 

form 

E,;' (a2/ax2 + 

The so 

ob ta in  the Green 

u t i o n  can be found by a  coordinate transformationl . We 

s  f unc t i on  t o  (3) from thevacuum Green's f unc t i on  
- - 

through the s u b s t i t u t i o n  = 6, x , Y = JE, ,  y and i = 6 z  

G ( r  , r )  = < E, ,/T exp (&;/c) (4) 

where 

A f t e r  some ca l cu la t i ons  (see eq. 111.18 re f .  1 ) we get  f o r  

r e c t i l i n e a r  motion o f  an e lec t ron  alono the mannetic f i e l d  

/2(s in(saw/c)) /s , aw/c f i n i t e  
f ( s )  = 

2n6 ( s )  , aw/c -t m 

As i n  the case of an i s o t r o p i c  medium, Cherenkov r a d i a t i o n  

i s  emit ted f o r  s O and aw/c>>l. However, the r a d i a t i o n  pa t te rn  i s  

much more compl icated,  as can be seen by making a  comparison wi t h  

the i so t rop i c  case. 



The r a d i a t e  power per  u n i t  f requency i s  

As a consequence, t h e  r a d i a t i o n  becomes s m a l l e r  w i t h a  h i g h e r  

Loren tz  f a c t o r  v o f  t h e  e l e c t r o n s .  

We now t r e a t  t h e  r a d i a t i o n  f rom c i r c u l a r  mot ion  a long  a t o -  

r o i d a l  magnetic f i e l d .  I t  i s  n o t  p o s s i b l e  t o  f i n d  a Green's f u n c t i o n  

t o  (1) s i n c e  f o r  a  t o r o i d a l  magnetic f i e l d  t h e  d i e l e c t r i c  tensor  beco- 

mes space dependent i n  a c a r t e s i a n  frame. There fo re  we have t o  r e l y  on 

approx imate methods. I n  t h e  sense o f  a  WKB approx imat ion  o u r  s o l u t i o n  

f o r  r e c t i l i n e a r  mot ion  should s t i l l  h o l d  l o c a l l y .  One l e a r n s  f rom an 

a n a l y s i s  o f  c i r c u l a r  mot ion  i n  a i s o t r o p i c  m e d i u m t h a t t h e  formulas f o r  

t h e  r a d i a t e d  power a r e  even t h e  same f o r  r e c t i l i n e a r  and c i r c u l a r  mo- 

t i o n ,  so t h a t  we a r e  q u i t e  sure t h a t  o u r  l o c a l  s o l u t i o n s  ( 5 ) ,  (6) a r e  

good approx imat ions.  However, t o  draw conc lus ions  about  t h e  f i e l d s  f a r  

f rom t h e  charge we have t o  s tudy t h e  propagation o f  t h e  wave f i e l d s  

g iven  by ( 5 )  through t h e  medium. For t h i s  we use t h e  approach d e s c r i -  
+ 

bed i n  Ref.  3 and c o n s t r u c t  t h e  r a y  p a t h  g i v e n  by &/dT = V X D ,  &/dT 

= - V-tD where D i s  t h e  d i s p e r s i o n  r e l a t i o n  which can be expressed as x 
D = ~ , , k : ,  + c l k2  - E , , E ~ ( w / c ) ~ ,  and d / d ~  means t h e  c o v a r i a n t  d i f f e r e n t i -  

a t i o n  a long  t h e  r a y  p a t h  w i t h  respec t  t o  t h e  a f f i n e  parameter T. The 

d i s p e r s i o n  r e l a t i o n  i s  a  f i r s t  i n t e g r a l  t o  t h e  r a y  equa t ions .  I n  cy -  

1 i n d r i c a l  c o o r d i n a t e s  we o b t a i n  

These equa t ions  can be e a s i l y  i n t e g r a t e d .  To s i m p l i f y  mat- 

t e r s  we p u t  k Z ( 0 )  = O .  With  t h e  h e l p  o f  t h e  d i s p e r s i o n  r e l a t i o n  t h e  

4-component o f  t h e  wave v e c t o r  can be e1 imi nated f rom ( 7 ) .  Taking t h e  

c o o r d i n a t e $ a s a n e w a f f i n e p a r a m e t e r o f  t h e r a y t r a j e c t o r i e s ,  t h e  

d i f f e r e n t i a l  equa t ion  f o r  k  can immediate ly  be so lved .  We f i n d  t h a t  r 
f o r  l a r g e  va lues  o f  4 - 4 ,  t h e  wave v e c t o r  grows e x p o n e n t i a l l  y  as 



The ray  t r a j e c t o r y  i s  obtained by a f u r t h e r  i n t e g r a t i o n .  

Asymptot ical ly  we get  

The waves there fore  propagate inwards as s ta ted above and 

approach a resonance cond i t ion .  What happens a t  t h i s  r e s o n a n c e  can 

again be studied by means o f  a hornogeneous, an i so t rop i c  medium. Let  3 
p o i n t  i n  the z - d i r e c t i o n  and E,, - E (z ) ,  = 1. We then o b t a i n  f o r  B = 

-- B = b (z )  exp ( ~ K x )  
Y 

so tha t  i n  WKB approximation 

At  the resonance (E(z) = O) we f ind t o t a l  r e f  l e c t i o n  w i  t h  

zero ampl i tude i n  WKB approximat ion. A f u l  l e r  treatment s t i l  1 g ives to-  

t a l  r e f l e c t i o n  but  ins ide  the region E(z)>O. 

An experimental v e r i f i c a t i o n  o f  our conclusion could be done 

i n  the labora tory  w i t h  a r a r e f i e d  plasma s a t i s f y i n g  the cond i t i on  

Y>>X>I, which impl ies,  normal ized t o  a magnetic f i e l d  o f  100 KG: ~ 1 0 "  

B,~s-'], (*i = 1 0 "  B,[s-'I and a plasma pressure o f  p - B5 Torr  
P 

i n  a vessel o f  l i n e a r  dimension L>>~.B;' cm. The c o n t r i b u t i o n  o f  the 

ions i s  n e g l i g i b l e .  

We conclude w i t h  the remark tha t  Cherenkov r a d i a t i o n  could 

a l s o  be o f  importance f o r  the  pulsar magnetosphere. I n  the canonical 

p i c t u r e  charges move along a magnetic d i p o l e  f i e l d  through a plasma, 

which i n  c e r t a i n  regions s a t i s f i e s  the Cherenkov cond i t ions .  The ray 

equations f o r  the Cherenkov waves can no longer be in tegra ted a n a l y t i -  



c a l l y  f o r  a d i p o l e  f i e l d .  A computer c a l c u l a t i o n ,  however, shows t h e  

same f e a t u r e s  as f o r  c i r c u l a r  mot ion.  I n  a d d i t i o n ,  we remark t h a t  t h e  

Cherenkov r a d i a t i o n  would a l s o  be coherent  i f  t h e  normal coherencecon- 

d i t i o n  i s  s a t i s f i e d ,  so t h a t  c u r v a t u r e  - and Cherenkov- rad ia t ion  can 

be o f  comparable importance i n  c e r t a i n  reg ions  o f  t h e  canon ica l  p u l s a r  

magnetosphere. 
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