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We study w i t h  a  simple model how deuteron-, t r i t o n -  and a- 

- c l us te rs  behave concerning t h e i r  c l u s t e r  s t r u c t u r e  i d e n t i t i e s  dur ing  

the sca t te r i ng  process and j u s t  a f t e r  reaching nuclear matter  o f  f i n i -  

t e  s ize.  

Se estuda, atrav6s de um modelo simples, como aglomerados 

deuteron-, tr  i t o n  e a1 f a  comportam-se, com respe i to  à s  suas es t ru tu ras  

de aglomerados durante o  processo de espal haiento e  logo após a t i n g i -  

rem uma matér ia nuclear f i n i t a .  

I t  i s  i n te res t i ng  and i n s t r u c t i v e  t o  consider what w i l l  a r i -  

se w i t h  a  nuclear c l u s t e r  when i t  i s  put  i n  i n f i n i t e  nuclear matter  

w i t h  a  c e r t a i n  dens i ty .  ,The presence o f  nuclear matter  w i l l  a f f e c t  the 

c l u s t e r  through the Paul i  exclusion e f f e c t  and the po ten t i a )  f i e l d  ac- 

t i n g  on i t .  This problem was f i r s t  inves t iga ted by one o f  us (H. 0 . )  

and A. Kuriyama fo r  deuteron c l u s t e r  i n  connection w i t h  the t r a n s i t i o n  

between the deuteron- l ike  super s t a t e  and the deuteron- l ike  boson gas 

+ This work was supported i n  p a r t  by FINEP and CNPq (8razi. l  ian Agen- 

c ies)  

++ Permanent address: D i v i s i on  of Mathematical Physics, Fukui Univer- 

v e r s i t y ,  Fukui, Japan 910. 



statel . This deutercn c l u s t e r  problem has been subsequentl y  stud ied i n  

more deta i 1 2 .  

I n  t h i s  paper we extend our cons idera t ion  t o  t r i t o n  and a l -  

pha i n  nuclear matter .  I n  the sense o f  l oca l  dens i t y  a p p r o x i m a t  i o n  , 
t h i s  study could t e l i  us hcw c l u s t e r i n g  can grow on a nuclear surface 

o f  f i n i t e  nuc le i  and a l s o  how a c l u s t e r  can keep I t s  i d e n t i t y  d u r i n g  

the course o f  scat te r  ing process. 

2. MODEL AND EQUATIONS 

i) Deuteron 

A deuteron i n  nuclear matter  i s  described e s s è n t i a l l y  by the 

Bethe-Goldstone equationl". We use a s imple Yamaguchi form3, separa- 

b l e  i n  momentum space, as an s- s ta te  nucleon-nucleon i n t e r a c t i o n  

Ca lcu la t  ions have been done2" by using more rea l  i s t i c  interact ions i n -  

c l ud ing  repu ls ive  core and s t rong tensor component. Although thes t rong  

tensor component g ives r i s e  t o  an i n t e r e s t i n g  p o l a r i z a t i o n  e f f e c t  on 

deuteron2, i n  average i t  gives a q u i t e  s i m i l a r  r e s u l t  t o  t h a t  obtained 

frorn the  simple i n t e r a c t i o n  l i k e  Eq. (2.1). The simple force, Eq.(2.1) , 
w i l l  be used i n  the f o l l o w i n g  discussion.  With the  i n t e r a c t i o n  (2.11, 

the BG-equation fo r  deuteron w i t h  energy E i s  reduced t o  the d isper -  

s ion  equation 
m 

M* 

where the  e f f e c t i v e  mass M* takes care  o f  the  e f f e c t  o f  the  p o t e n t i a l  

f i e l d  generated by nuclear matter  and Qi2 i s  the  angle-averaged Paul i 

opera t o r  de f  ined by 



1 ,  
K I T - k l  "F 9 

K~ k 2  + -r E kF , (2.3) 

x 2  2 (k2 + -r - kF)/ , otherwise , 

where k ,  nI and k are  respect ive ly  the r e l a t i v e  momentum, the center -  
F 

of-mass momentum and the Fermi momentum o f  nuclear matter. The Fermi 
2 3 momentum kF i s  re la ted  t o  the dens i ty  p by p = --T k 

3n. F '  
The b ind ing 

energy E o f  the deuteron c l u s t e r  i s  solved as a func t i on  o f  kF, K and 

ii) Triton and Alpha 

Now f o r  t r i  ton and alpha 

ded t o  solve the problem exact l  y, s 

ther  d i rec ted  a t  g e t t i n g  a physical 

i n  nuclear matter, i t  i s  not  inten- 

ince the present c a l c u l a t i o n  i s  ra-  

p i c tu re .  We set  up a t r i a l  wave 

func t i on  i n  momentum space 

A 

YA = {- i = l  1 ;;}. exp (- H (2 

(A '= 3 f o r  t and A = 4 '  f o r  a )  

where the Paul i - p ro jec t i on  operator Q i s  given by 

A 

I n  Eq. (2.4), the  f i r s t  expanent ia1 represents the i n te rna l  wave func- 
i -+ + 

t i o n  o f  c l u s t e r  w i t h  P k =-K/A, K 5 Pki and the second exponential re-  i i- 
presents the center-of-mass wave func t i on  o f  the  c l u s t e r  which i s  mo- 

-+ 
v ing  w i t h  momentum K an average. The s i ze  parameter o f  c l u s t e r  b i s  

9 
t rea ted as a var i a t  ional  parameter. 

The in te rna l  energy o f  c l u s t e r  i n  nuclear matter  w i l l  be g i -  

ven by the expectat ion value o f  the  Hamiltonian 



w i t h  respect t o  YA o f  Eq.(2.4). Some algebra lead t o  

where 

m 

= I k  exp i - b 2  (k2+K /A2) 1 j,, (2b29k /A )  k2dk 
9 

F 

w i t h  Z,(Z) and j , ( ~ )  being spher ical  Bessel func t ions  w i t h  imaginary 

argument. l n  Eqs. (2.12) and (2.13) we have used the angle-average ap- 

proximat ion fo r  the  Pau l i  operator .  The mass number A i s  put  on the 

i n te rac t i on ,  G and g ( k )  , because the  i n t e r a c t i o n  parameters g and ~i A  A 
of Eq. (2.1) need be adjusted t o  reproduce the energy and rad ius  o f  

f ree  t r i t o n  (A=3) and alpha (A=4). l t i s  known tha t  the e f f e c t i v e  i n t e -  

rac t i on ,  say G-matrix, changes q u i t e  s t rong l y  depending on massnumber 



i n  very l i g h t  n u c l e i , ~  because o f  the  sh ie ld ing  e f f e c t  o f  the s t rong 

tensor force5.  Thus the choice o f  d i f f e r e n t  i n t e r a c t i o n  parameters i n  

d i f f e rence  nuc le i  i s  na tu ra l  i n  such a s imple e f f e c t i v e  i n t e r a c t i o n  as 

Eq. (2.1). 

3. RESULTS AND DISCUSSION 

Calculated b ind ing energies o f  t he  deuteron-, t r i t o n -  and 

a lpha- c lus ters  i n  nuclear matter  a re  shown respec t i ve l y  i n  Figs.  1 ,  2 

and 3 w i t h  respect t o  the  Fermi momentum o f  nuclear matter  k F  A va lue 

o f  K ceriter-of-mass momentum c a r r i e d  by the  c l u s t e r ,  i s  at tached t o  
g' 

each curve. The nucleon e f f e c t i v e  massM* has been pu t  equal t o  M 

throughout. 

ca l  

and 

c i p 

a l l  

OCC 

t e r  

Every curve s t a r t s  a t  k =O w i t h  the b ind ing energy o f  a f r e e  F 
d, t o r  a. With increas ing k the b ind ing  o f  a c l u s t e r  becomes weaker 

C 
F 

and a t  a c r i t i c a l  value kF the c l u s t e r  ceases t o  be bound. The c r i t i -  

k value f o r  a . c l u s t e r  "at res t "  (K =O) i s  seen t o  be 0.25, 0.40 
F g 

0.55 f m - '  f o r  d, t and a, respect ive ly .  The Paul i exc lus ion  p r i n -  

l l e  which nuclear matter  imposes on the  c l u s t e r s  i s  responsible f o r  

the above behaviors. More e x p l i c i t l y  stated,  momentum components 

upied by nucleons i n  nuclear matter  cannot 6e a v a i l a b l e  f o r  a c l us -  

t o  const ruc t  i t s  bound wave func t ion ,  as i s  e x p l i c i t  i n  the  equa- 

t i o q s  giv='n i n  2. We thus n a t u r a l l y  understand t h a t  as the nuclear mt- 

t e r  dens i t y  increases, the longest- surv iv ing  c l u s t e r  i s  the a- c lus te r ,  

and then t and d. The a- c lus te r  i s  most compactly bound i n  conf igura-  

t i o n  space and there fore  most extended i n  momentum space, thus being 

l eas t  subject  t o  the momentum c u t o f f  due t o  the Pau l i  p r i n c i p l e .  It i s  

noted tha t  if we take a more appropr ia te  t a i  1 behavior f o r  t and a- 

c l u s t e r  wave func t ions ,  the c r i t i c a l  k values w i l l  becomes somewhat P 
l a rger  than those obtained here by us ing  the simple Gaussian form. I n  

t h i s  sense the r e s u l t  f o r  the d -c lus te r  i s  most r e l i a b l e .  

The above r e s u l t s  f o r  K =O can be i n te rp re ted  i n  the local. 
g 

dens i t y  approximation. A c l u s t e r  w i t h  bound s t a t e  s t r u c t u r e  can appear 

on the nuclear surface o n l y  i n  the  req ion w i t h  dens i t y  lower than a 



c r i t i c a l  va1ue.v The 
N w i t h  k and being 
P 

fm-'1. We have thus 

c 8 3  c r i t i c a l  dens i t y  p - i s  e s t h a t e d  bypc=($/kP) pN 
C 

the  normal Fermi momentum and densi t y  ( = 1.4 
P 

With a Fermi- type dens i t y  d i s t r i b u t i o n  i n  mind, pc given i n  Eq. (3.11, 

corresponds t o  a nucleus o f  a q u i t e  sharp edge. Even i n  such a lowden- 

s i t y  t he  Pau l i  p r i n c i p i e  can i n h i b i t  a subgroup o f  nucleons from cons- 

t i t u t i n g  a bound s ta te  c l u s t e r .  

The s i t u a t i o n  changes, i f  the  c l u s t e r s  run through nuclear 

matter  w i t h  a non-zero momentum K With increasing I! t he  c lus terscan 
g' g 

remain as bound s ta tes  more e a s i l y  and the c r i t i c a l  Fermi momentum k; 
increases, as i s  evident  i n  Figs.  1-3. The value o f  k$ reaches the  nor-  

N mal value k F =  1.4 fm-' a t  K 2 4.0, 4.5 and 5.0 f m - '  f o r  d-, t- and 
(I 

a- c lus ters ,  respect ive ly .  ~ e c a l l  t h a t  K i s  the center-of-mass momen- 
g 

tum o f  a c l u s t e r ,  hence i t s  share per nucleon i s  K /A w i t h  A=2, 3 o r  
g 

4. We thus see t h a t  the d-, t- and a- c lus te r  can remain i n t e r n a  l l y 

bound even enough ins ide  a nucleus, i f  they run w i t h  the  momentum per 

nucleon o f  2.9, 1.5 and 1.25 fm- '  respect ive ly .  For a c l u s t e r  running 

O. 4 O. 8 1.2 

Deuteron 

Fig. l - The binding energy E of the deutercn cluster versus the Fermi 
momentum of nuclear matter k for different values o f  the center-of- 

-mas$ momentum K (fm). 
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Fig.2  - The binding energy E of the t r i t o n  c luster  versus k F .  

r e l a t i v e  t o  nuclear matter ,  the Pau l i  p r i n c i p l e  can o n l y  c u t  o f f  an 

unimportant p a r t  o f  the  momentum component needed t o  const ruc t  the i n -  

t e r n a l l y  bound s t ruc tu re .  

Let  us now consider a c l u s t e r  scat tered by a nucleus. I n 

t h i s  case the c l u s t e r  f ee l s  the p o t e n t i a l  f i e l d  generated by the nu- 

cleus and gains a c e r t a i n  amount of k i n e t i c  energy i n  a d d i t i o n  t o  i t s  

inc ident  energy Eo .  I n  the  sense o f  the l oca l  dens i t y  approximation, 

when the  c l u s t e r  passes through a p o r t i o n  o f  the  nucleus w i t h  dens i ty  

p, each nucleon c o n s t i t u t i n g  the  c l u s t e r  gains a k i n e t i c  energy o f  

( F í 2 k d 2 ~  + A ) ,  where k corresponds t o  p and h i s  the  separat ion  ener- P 
gy of the l eas t  bound nucleon, ~8 MeV. Thus the  e f f e c t i v e  center-  o f  - 
-mass momentum K o f  the c l u s t e r  reads 

g 

For the ve ry  low inc ident  energy @,=O), Eq. 0 . 2 )  leads t o  K =Ak  
g F by 

neg lec t ing  &. Regardi'ng Figs. 1-3 as d e f i n i n g  the  b ind ing energy E as 

a func t ions  o f  k and K we can t race  the c l u s t e r  passing thoughanu- F g' 
c leus  by fo l lowing the po in t s  g iven by E (k  K =A ) .  We f ind t h a t  an 

F9 g '% 
a - p a r t i c l e  w i t h  zero inc ident  energy maintains i t s  boundness a1 1 the 

way through the n~ ic leus ,  i .e .  O (kF ,  K =4k$ i s  always negat ive f o r  
N g 

kF 6 kF. For d and t, E (k K =2kJ and Et(kp, K =3kF) v a n  i s h  a t  
d F' g g 



F i g . 3  - The b inding energy E o f  the  a lpha  c l u s t e r  versus kF 

k  0 .4  and %0.8 fm-l , respect i v e l  y. I n  order f o r  a deuteron and a t r i -  
F- 

ton t o  be ab le  t o  pass the highest  dens i t y  p a r t  o f  the  nucleus w i thout  

l os ing  t h e i r  boundness, t h e i r  inc ident  energy E,  must be h igh  enough 

t o  s a t i s f y  

w i t h  $ ( ~ ~ , k ~ )  being j u s f  Eq. (3 .2 ) .  We f i n d  such E, values t o  be % 80 
9 

MeV f o r  d and % 20 MeV f o r  t. 

F i n a l l y  i n  Figs.  4 and 5 the b ind ing energies o f  the  t- and 

a- c lus te rs  a re  drawn w i t h  respect t o  the v a r i a t i o n a l  parameter b spe- 

c i f y i n g  the harmonic o s c i l l a t o r  s ize .  (See E q . ( 2 . 4 ) ) .  Energy minima 

s h i f t  t o  la rger  b s ide  w i t h  increasing k This f ea tu re  i s  cons is ten t  F' 
w i t h  weaker b ind ing energies and hence l ess  compact wave funct ions.No- 

t e  however t ha t  t h i s  b does not  l i t e r a l l y  charac ter ize  the ex ten t i on  

o f  the wave func t ion ,  but  'i' o f  Eq.(2 .4)  should a c t u a l l y  be much more A 
extended because o f  the Paul i operator  $. 

The deuteron-, t r i t o n -  and a lpha- c lus ters  i n  nuclear matter  

have been studied w i t h  a ra ther  simple and crude model. We a re  aware 



Fig.4 - The binding energy E of the t r i t o n  cluster  versus the size pa- 

rameter o f  c luster  t ,  for center-of-mas5 mmentum of  t r i t o n  cluster 

K equal to  6frn-' (a )  and 3frn-' ( b ) .  
g 



F i g . 5  - The binding energy E o f  the alpha cluster versus b. (a) $=6frn7' 

and (bJ K -3fm-'. 



t ha t  t h i s  simple minded approach soniehow d i d  not  take i n t o  account pru-  

p e r l y  var ious  importanf e f f e c t s  which p lay  an important r o l e  i n  t h i s  

are  o f  physics.  For instsnce, the separable nucleon-nucleon in terac t ion  

(eq.2.1) used i n  t h i s  work i s  no t  so r e a l i s t i c  s ince i n te rac t i ons  i n -  

c l ud ing  repu l s i ve  core  somehow a f f e c t  the r e s u l t s .  By a l s o  making the 

approximation M*=M, we d i d  riot take i n t o  cons idera t ions  c a r e f u l l y  the 

e f f e c t  o f  the  average p o t e n t i a l  f i e l d  generated by the  nuclear mat ter .  

However i t  i s  s t i l l  a d i f f i c u l t  task t o  t r e a t  simultaneously a l l  these 

e f f e c t s .  Our idea was b a s i c a l l y  t o  t r e a t  the problem i n  a more i n t r o -  

duc tory  way, hoping tha t  s'oniething i n s t r u c t i v e  could be achieved. Ever, 

w i t h  our approximations tbe  r e s u l t s  obtained a re  not  SG f a r  fran r a a -  

1 i t y .  
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