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The s i n g l e  impur i t y  problem f o r  the c l a s s i c a l  l i n e a r  cha in  i s  

solved e x a c t l y  us ing  the Transfer  M a t r i x  approach t o  c a l c u l a t e  the  den- 

s i t i e s  o f  s ta tes  o f  e x c i t a t i o n s  (phonons). Th is  paper i s  a  d i d a c t i c  pre-  

sen ta t ion  t o  i l l u s t r a t e  how the  formal ism works i n  a simple case, having 

i n  mind f u t u r e  extensions t o  deal w i t h  problems on d isordered a l l o y s .  The 

same resu l  t s  have been obta ined p r e v i o u s l y  by Hor i  and Asahi ( P r o g . ~ h e o r .  

Phys. 17 ,  523 (1957)) and exact c a l c u l a t i o n s  f o r  a r b i t r a r y  dimensions can 

be found i n  Maradudin e t  aZ rs  paper "Theory o f  L a t t i c e  D y n a m i c s  i n the  

Harmonic Approximat ion" (so l  i d  S ta te  Phys Supp. (1 963) ) .  

O problema de uma impureza iso lada numa cadeia l i n e a r  c l á s s i c a  

é r e s o l v i d o  em forma exata usando o tratamento da M a t r i z  de Transferência 

para c a l c u l a r  a  densidade de estados das exc i tações (fonons) : Este t raba-  

I ho é uma apresentação d i d á t i c a  que deseja i l u s t r a r  como o forma l ismo fun-  

c iona num caso simples, tendo em mente f u t u r a s  extensões no estudo de l i -  

gas desodernadas. Os mesmos resul tados j á  foram ob t idos  por Hor i  e  Asahi 

(Prog.Theor.Phys. 1 7 ,  523 (1957)) e  resul tados exatos a p l i c á v e i s  a dimen- 

sões a r b i t r á r i a s  se encontram no a r t i g o  de Maradudin et a2 "Theoryof La t -  

t i c e  Dynalnics i n  the Harmonic Approximation" ( s o l  i d  S t a t e  P h y s .  Supp.  

(1963)).  

- 
* With p a r t i a 1  f i nanc ia1  support from CNPq ( B r a s i l ) .  



1. INTRODUCTION 

We encounter I n  t h e o r e t i c a l  phys ics a b i g  number o f  problems 

which can be solved wi t h  the he lp  o f  the  Transfer  M a t r i x  (TM) formal ism. 

As a general c h a r a c t e r i s t i c ,  when the rnethod i s  app l i cab le ,  the equat ions 

o f  motion o f  the system show a c e r t a  

(usual l y i n  the  s i  t e  represen ta t ion )  

phys ica l  p r o p e r t i e s  of equ iva len t  un 

r a t i o n  o f  the so c a l l e d  t ransference 

m i t s  the  reduc t ion  o f  the dimensiona 

n k i n d  o f  p e r i o d i c i t y  o r  r e g u l a r i t y  

i n  scch a way, t h a t  we can connect 

t s  o f  the system by successive ope- 

f u n c t  ions (TM) . The procedure per -  

i t y  o f  the mathemstical problem and 

the task l e f t  c o n s i s t s  o f  c a l c u l a t i o n  o f  the  TM and i t s  corresponding e i -  

genvalurs. 

Below we s h a l l  mention some cases where the  method i s  success- 

f u l  l y  employed: 

a) as a c l a s s i c a l  example we r e c a l i  the exact s o l u t i o n s  o f  the 

one a r d  two-dimensional I s i n g  probiem as presented f o r  i n s t a n c e i n M a t t i s 1  

book'. I n  the case o f  tne l i n e a r  chain a mathematical problern o f  dimen- 

s iona l  i t y  2", w i t h  being the t o t a l  n m b e r  o f  sp ins i n  the chaic ,  i s  r e -  

duced t o  f i n d  t h e  eigenvalues o f  a  (2x2) TM. The phys ica l  p r o p e r t i e s  i n -  

voived i n  the  t ransference opera t ion  a r e  the s i t e  p r o b a b i l i t i e s  o f  having 

sp in  up o r  down. For the sur face I s i n g  magnet we a l s o  have a reduc t ion  o f  
N dimensional i t y  ( i rom 2" r o  2 ) when the  TK approacb i s  used. F i n a l l y ,  

i n  both problems, the p a r t i t i o n  f u n c t i o n  i s  c a l c u l a t e d  us ing  the  TM e i -  

genvalues; 

b) the  ~ r 8 n  i g - ~ e n n e y  model f o r  a  one-d imençional per iod  i c  po- 

t e n t i a l  can a l s o  be solved w i t h  the same procedure3.  Due t o  the  t r a n s l a -  

t i o n a l  invar iance the Schr8dinger equat ion i s  j u s t  solved f o r  a u n i t  c e l ! .  

The TM i s  then used t o  match the wave f u n c t i o n  from one c e l l  t o  the  n r x t ;  

c )  i n  s tudy ing  sur face p r o p e r t i e s  the method looks p a r t i c u l a r -  

l y  w e l l  s u i t e d  t o  c a i c u l a t e  the Densi ty  o f  States (DQs) o f  semi- i n f i n í t e  

c r y s t a l s ,  f o r  hoth the e l e c t r o n i c  and phonon spectra.  The method i s  o f  

r a p i d  convergence and has the advantage o f  being exact once the Hamil to- 

n ian  o f  the system i s  known4. The method has become very  popular  and has 

been used by a STg number o f  au thars 4 t o  c a l c u l a t e  sur face DOS. 

Our i ~ t e r e s t  i n  the formal ism i s  concerned w i t h  the  phonon 

spectra o f  d isordered a l l o y s ,  aproblem whichcanbeappronched w i t h  an ex- 



tens inn o f  the TM method5. We want t o  present  here, as a f i r s t  elementary 

s tep when moving i n  t h a t  d i r e c t i a n ,  an exact s tudy o f  the phonon DOS f o r  

the c l a s s i c a l  l i n e a r  chain o f  harmonic o s c i l l a t o r s  when a s u s t i t u t i o n a l  

impur i t y  i s  in t roduced i n  the system. Due t o  the s i m p l i c i t y  o f t h e p r o b l e m  

i t  w i l l  r e s l ~ l t  easy t o  i l l u s t r a t e  the  c e n t r a l  ideas around theIMapproach,  

and we w i l l  sperid some e f f o r t  i n  do ing t h a t  i n  d e t a i l .  

Although beirig known t h a t  the atomic l i n e a r  chaii; does n o t  

possess lonq range o rder  a t  f i n i  i e  temperature6, i t  represents one o f  the  

most uçed examples i n  S o l i d  S ta te  phys ics and i t  i s  quoted i n  the  n i a j o r i -  

t y  o f  the  c l a s s i c a l  textbooks i n  the f i e l d 7 .  

The i n s t a b l l i t y  o f  the l i n e a r  chain, which i s  r e l a t e d  t o  a d i -  

vergent c o n t r i b u t i o n  o f  f l u c t u a t i o n s  f o r  a one-dimensional system,can be 

supressed íF we assume t h e  presence o f  another i n t e r a c t i o n  o f  h igher  d i -  

mensional character  (I i k e  three-dimensional e l e c t r o n i c  cohesion) .  I f  t h i s  

i n t e r a c t i o r i  i s weakl y coupled t o  t h e  etomic o s c i  1 l a t i o n s  we c a n  s t  i \ 1 

t r e a t  the systen! as one-dimensional (o r  quasi-one-dimensional) when con- 

ce rn ing  the phonon p r o p e r t i e s .  i n  what f o l i o w s ,  and w i thou t  e x p ! i c i t  r e -  

ference t o  t h a t  f a c t ,  we w i l l  assume t h a t  we a r e  d e a l i n g  w i t h  one o f  such 

systems. 

F ' i r s t l y  we w i l l  so lve  the case o f  a p e r f e c t  mo~oatomic l i n e a r  

chain. This  problem i s  used t o  d e f i n e  the Green Funct ion formal isrn and t o  

show how the rnethod can be used t o  c a l c u l a t e  the  DOS per atom. The TM i s  

employed t o  so lve an i n f l n i t e  se t  o f  equations f o r  the d i f f e r e n t  Green 

func t ions  ir! the s i  t e  represen ta t ion .  

l h e  boundary c o n d i t i o n s  s a t i s f i e d  by the phys ica l  s o l u t i o n s  o f  

the TM a re  discussed and t h e i r  phys ica l  meaning i s  made c l e a r  through the 

use o f  our  e x p ! i c i t  example. 

Once the re levan t  q u a n r i t i e s  a r e  de f ined  by s o l v i n g  the above 

mentionec! t r i v i a l  problem, we proceed t o  break the t r a n s l a t i o n a l  symmetry 

by in t roduc ing  a subs t i tu t iona l  i m p u r i t y  i n  the chain.  I t  i s  shown i n  t h i s  

work how the  TM method can a l s o  hanale t h i s  case even i n  the absence o f  

t r a n s l a t i o n a l  invar iance.  The procedure i s  e x a c t l y  s i m i l a r  t o t h e a p p r o ã c h  

used t o  study e l e c t r o n i c  sur face s ta tes .  I n  t h i s  l a t t e r  case the presence 

o f  the sur face has a!so broken t t ie t r a n s l a t i c n a !  symnietry i n  one o f  the  



s p a t i a l  d i rec t ions ' ,  never the ieçs the TM formal ism can be used t o  so lve 

the problem f o r  the bu lk  c r y s t a l .  

chain.  This  f a c t  can be understood phys 

w i l l  o s c i l l a t e  a t  f requencies which a re  

atoms o f  the chain.  

i c a l l y ,  s ince a  1 

una t ta inab le  f o r  

Local ized s ta tes  around the impur i t y  a r e  obta ined when the i m -  

p u r i t y  mass i s  smal ler  than the atomic mass c h a r a c t e r i z i n g  t h e  p e r f e c t  

i g h t  impuri t y  atom 

the more massive 

2. THE PERFECT MONO-ATOMIC CHAIN 
AND THE GREEN FUNCTION FORMALISM 

Our system, c o n s i s t i n g  o f  a  c o l l e c t i o n  o f  Ir i d e n t i c a l  harmonic 

o s c i l l a t o r s ,  i s  shown i n  F ig.1.  The q u a r i t i t i e s  and a r e  the sp r ing  

constanr and the  atomic mass r e s p e c t i v e l y .  The dev ia t ions  o f  atomr from 

t h e i r  e q u i l  i b r ium p o s i t i o n s  a re  denoted by q v ( t )  (V = 1,2,. . . , N ) ,  and pe- 

r i o d i c  boundary cond i t i ons  a re  assumed from the beginning: 

The w e l l  known Lagrangian o f  the system i s  g iven by 

where ui, = ( ~ h ) " ~  i r  the  na tu ra l  frequency o f  the  o s c i l  l a i o r s .  i f  we 

look f o r  a  harmonic r o l u t i o n  q  (t) = A v  eiwt o f  the  equations o f  mot ion v 
we get  the r e l a t i o n s  

Fig.1  - The mcnoatomic linear chain  showing the atom displacement for an 

arbitrary con f i gu ra t i on .  



The former equations can be w r i t t e n  i n  m a t r i x  form by u s i n g t h e  

N-dimensional ampl i tude vec to r  

A r  - 

and (NXN) mat r i ces  f o r  the k i n e t i c  and p o t e n t i a l  energy. The complete set  

o f  equat ions g iven by (3) reduces t o  

IA2 1.A = (T + v )  4 - 

where 1  i s  the  (NXN) i d e n t i t y  and the  o t h e r s  matr ices a re  de f ined  by 

Th is  n o t e t i o n  w i l l  prove use fu l  i n  f u t u r e  c a l c u l a t i o n s .  

Going back t o  the  set  o f  equations ( 3 ) w e n o t e t h a t t h e i r  s t r u c -  

t u r e  i s  independent o f  the  index v ( s i t e  index). i n  o t h e r  words, the  ma- 

t r i x  elenients o f  T and V, i n  the represen ta t ion  used, a r e  independent o f  

the s i t e  index. 

This i s  one o f  the conditions which altows ue to  use the Ti4 t o  

hop from ona s i t e  to  the next. I f we d e f i n e  a  t r a n s f e r  f u n c t  i o n  (TM) by 

i n s e r t i o n  of t h i s  d e f i n i t i o n s  i n t o  the systeni (3) y i e l d s  the f o l l o w i n g  

equat ion f o r  4 (w) 

~ c ; . ( 8 ) ,  being a  second degree a l g e b r a i c a l  equation, has two s o l u t i o n s  g i -  

ven by 



One of the conditions to be satisfied by the physicai solution 

lim @(u) = o , (!C! 
Iw(-  

meaning that the system will m t  be able t o  responíS to pertcrbations of 

very hlgh frequencies. 

Concerning propagation along the chain we can distinguish two 

regimes : 

a) for w2 > 4 w i  the TM is rea! and the solution satisfying the 

condition (10) is 

which cap be rewritten in exponential form 

where 

The physical picture correçponding to this case is that a 

turbation with a frequency / W ( ~ Z I I J ,  iriduced at an arbitrary site wil 

darnped by a factoi ( - )e - '  when going to the next atom. The net resu 

w propagct2on along t he  chain.: 

per- 

1 be 

lt is 

b )  for w2<4w0 the TM is complex arld can be written as an uni- 

tary complex number 



where the phase a(w) i s  g iven Sy 

As a r e s u l t  we n c t e  t h a t  an o s c l l l a t i o n  w i t h  a frequency w i n  

t h i s  range, w i l l  propagate from one s i t e  t o  the  next  by j u s t  changing i t s  

phase i n  ?:a(w). The TE s ign  i n  (13) has t o  be chosen so as t o  y i e l d  a po- 

s i t i v e  density of s tates  a f t e r  c r i t e r i a  t h a t  we w i l l  show soon i n  t h i s  

sect ion.  

As a summary we reniark t h a t  we ger propagat ion o n l y  f o r  f r e -  

quencies Iwl < 2wo and o s c i l  l a t i o n s  f o r  Iul > 2 0 ,  wF11 be damped i n  the 

medium. The c u t  o f f  trequency w = 2u, i s  associated w i t h  the Bragg d i f r a c -  

t i o n ,  which i s  a t y p i c a l  phenomenum i n  a p e r i o d i c  s t r ü c t u r e .  

I n  o rder  t o  c a l c u l a t e  the spsctrum o f  e x c i t a t i o n s  i n  our  sys- 

tem we d e f i n e  the Green f u n c t i o n  o r  reso lven t  by 

The t o t a l  DOS D(u2) can be c a l c u l a t e d  from the reso lven t  by 

= - -  I ir li. 1 ~ ~ ~ ( u ~ + i c )  , 
'n 

E+O+ v 

where Im rneans imaginary p a r t  and Tr  neans the t r a c e  over the s i t e  repro-  

sen ta t ion .  

i t  i s  we l l  known t h a t  the eigenvalues o f  our  probiem a r e  r e a l  

and p o s i t i v e 8 .  W r i t i n g  as Q? > 0 the  eigenvalues o f  (T+V) and us ing  a re -  
3 

presen ta t ion  where G i s  diagonal we get  



and i n t e g r a t i o n  over the energy y i c l d s  the  t o t a l  number o f  s t a t e s  

m j dw2 D(w2) = N . (18) 
O 

l t  i s  a l s o  poss ib le  t o  de f ine  a spec t ra l  DOS per s i t e  t a k i n g  

the  diagonal elements o f  the  reso lven t  

1 
L) (u2)  E - - Im s (a2 + {E) . 

'J VV 

!n  t h i s  case the norma l i za t ion  c o n d i t i o n  i s  

From the d e f i n i t i o n  o f  

i s  known as the  Dyson equat ion 

D (w') = 1 . v 

the reso lven t  operator  we o b t a i n  wha 

(2 1 

whIch y i e l d s ,  by t a k i n g  m a t r i x  elements, the  f o l l o w i n g  se t  o f  r e l a t i o n s  

Again, as i n  the case o f  the ampli tudes, the s t r u c t u r e  o f  the  

equations does na t  depend on the s i t e  ind ices .  Th is  f a c t  a l l ows  us the  

use o f  t rans fe r  func t ions  (TM) f o r  s o i v i n g  the system o f  equations g iven 

by (22) .  De f in ing  these func t ions  by 

f o r  V X v ,  and 

f o r  v ? ~ ,  we note t h a t  separate s u b s t i t u t i o n s  o f  these r e l a t i o n s  i n t o  equa- 

t i o n  (22) conduce t o  equat i o n  (8 ) ,  both f o r  x and $. tnc iden ta l l y  we remark 

t h a t  x and $ do no t  represent inverse opera t ions  o f  each o t h e r  s ince they 

ac t  on d i f f e r e n t  subspaces. Moreover, due t o  the f a c t  t h a t  propagat ion t o  



the  r i g h t  and t o  the  l e f t  a r e  equ iva len t  i n  a monoatomic l i n e a r  cha in  w i t h  

p e r i o d i c  boundary cond i t i ons ,  the o n l y  p o s s i b i l i t y  l e f t  i s  g iven by 

Using now the r e l a t i o n s  G = $Gvv and G 
v+l ,v v - ]  ,v = OGv,, we ob- 

t a i n  

As before,  two cases must be considered: 

a )  f o r  w2>4~;, t h a t  i s  when no propagat ion i s  present,  the  TM 

$(w2) i s  r e a l  y i e l d i n g  a vanish ing DOS. E x c i t a t i o n s  o f  the system a r e  res-  

t r i a t e d  t o  t h e  band O 6 w2 C 44,. The s i g n  o f  $+ o u t s i d e  t h e  band i s de- - 
termined by the  c o n d i t i o n  (10); 

b) i n s i d e  the  band the  TM 1s an u n i t a r y  cornplex number and the- 

r e f o r e  the re  i s  a ne t  c o n t r i b u t i o n  t o  the  DOS. The c o r r e c t  s ign  o f  4, i s  - 
now determined through the use of r e l a t i o n s  (241 and (19), so as t o  yieZd 

a positive DOS. I n  t h i s  case the proper TM i s  g iven by (I (w2) and the  s i  t e  + 
dens i t y  o f  s ta tes  resu l  t s  i r 1  

O f o r  w2 > 4w; , 

Vv(w2) = (25) 
1 2 

f o r  O s w2 < 4wo . 
.rrJw2 (44-w2)  

The graph o f  CV(w2) i s  shown i n  F i g .  2 .  I t  d i s p l a y s  the t y p i c a l  DOS f o r  a 

one-dimensional system w i t h  Van Hove's s i n g u l a r i t i e s  o f  the inverse squa- 

re- roo t- type .  Since DV(w2) i s  independent o f  the s i t e  index - f o r  t h i s  

spec i f  i c  example worked ou t  here -, the t o t a i  DOS D(w2) i s  j u s t  g iven by 

where N i s  the t o t a l  number o f  o s c i l l a t o r s .  

Up t o  now our  example i s  t r i v i a l  and a l l  we have done i s t o  r e -  

d e r i v e  w e l l  known resu l  t s  w i t h  a r a t h e r  soph is t i ca ted  f o r m a l  i s m  ( I  i k e  



O i 
z 

F i 5 . 2  - The s i n g l e  s i t e  DOS f o r  the p e r f e c i  nonaatornic cha i i i .  The area 

under lhe graph i s  norrnalized t o  1 ,  s i nce  t h i s  i s  the t o t a l  nurnber @ f  

degi-ees of fi-eedom per s i t e .  The v a r i a b l e  z used f c r  i h e  a t sc i ssa  i s  da- 

f ined a a  3 : w2/400 ,  rneaning chat a value o f  z = I correspoiids t o  the 

c u t - o f f  frequericy uc = Zw,. 

"crackino a  nue w i t h  a  hvdrau l i c  hammer"). ! n  the next  sec t ion  we w i l l  

so ive the same probleri; wheti p u t t i n g  an i m p u r i t y  i n  the chain, and t h e f o r -  

malism a l ready  Qeveloped w i l l  prove economic ând e leyan t .  

7. 

3. IMPURITY STATES: LOCALIZEB MOBES 

Assuming t h a t  a  s u b s t i t u t i o n a l  i m p u r i t y  o f  mass M h  i s  located 

a t  the s i t e  v , ,  as shuwn by Fig.3, the  equations o f  mot ion now y i e l d s  

and 

where the  f a c t o r  r i s  the r a t i o  between the  masses e n t e r i n g  i n  our  pro-  

blem. i . e .  



Fig.3 - The l i n e a r  cha in  wich a  impu r i t y  atom. I n  the casz considered we 

are assuming t ha t  the sp r i ng  constants  a re  not  changed and the impu r i t y  

i s  o n l y  character ized by a  d i f f e r e n t  mass. 

The m a t r i x  eiements f o r  the k i n e t i c  and p o t e n t i a l  energy a r e  

now g iven by 

Due t o  the  presence o f  t h e  i m p u r i t y  the  s i t e  DOS w i l l  n o t  be 

independent o f  the s i t e  index now. The i n t e r e s t i n g  q u a n t i t y  t o  c a l c u l a t e  

i s  Dv (u2 ) .  The equat ions f o r  the corresponding Green func t ions  a r e  
o 

if v # v0,  and 

(u2-2wO)~, +O v = - ( G v o ~ o + i  ,vo + Gv +o-1 ,vo 1 ( 3 0 ~ )  
o-  9 o 0-  

f o r  o = 1,2,3 ,... . 

Although the  t r a n s l a t i o n  symmetry i s  broken, tne equat ions o f  

motion s t i l l  have a regu la r  p a t t e r n  when hopping t o  the r i g h t  o r  t o  the 

l e f t  o f  the  i m p u r i t y  s i t e .  The TM approach s t i l l  works i n  t h i s  case i f  

the r e s t r i c t i o n  o f  neuer crossing the impurity s i t e  i s  f u l f i l l e d .  Again 

due t o  symmetry we must have 

and 



I n s e r t i n g  t h e  l a t t e r  r e l a t i o n s  i n  equa t i on  (30a) y i e l d s  

where t h e  s i g n  o f  t h e  TM has t o  be chosen i n  t h e  same way as i n  t h e  case 

o f  t h e  p e r f e c t  l a t t i c e .  I f  we do t h a t  c h o i c e  p r o p e r l y  we f i n d  two cases: 

I .  For O<rSl no l o c a l i z e d  s t a t e s  a r e  p resen t .  The cor respon-  

d i n g  DOS i s  g i v e n  by 

o((,,2) = r . 
71 

and two exarnples a r e  shown n Fig .4 .  Note t h a t  f o r  srnall r ( b i g  i m p u r i t y  

case) t h e r e  i s  a  marked d e p l e t i o n  o f  s t a t e s  i n  t h e  neighborhood o f  t h e  

upper band edge. T h i s  f a c t  i s  p h y s i c a l l y  unders tandable  s i n c e o s c i l l a t i o n s  

Fig .4  - The DOS a t  the impur i ty  s i t e  f o r  values o f  r < 1 .  The pure mono- 

atomic case i s  a i s o  shown i n  dashed l i n e  f o r  comparison. We note a s h i f t  

o f  s t a tes  t o  the low f requrncy  s ide o f  the spectrum, which i s  cons i s ten t  

w i r h  i he  f a c t  t ha t  the impu r i t y  i s  m r e  massive than the r e s t  o f  the 

a  tom*. 
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z F i g . 5  - The DOS a t  the impu r i t y  s i t e  f o r  l i g h t  impu r i t y  masses. Again 

the D3S f o r  the pe r f ec t  l i n e a r  cha in  i s  shown f o r  comparison purposes. 

Note t ha t  the area under the ~ r a p h ,  which represents  the f r a c t i o n a l  num- 

ber a f  no" i o c a l i r e d  s ta tes,  i s  v i s i b l e  smal ler  than i n  t he  pe r f ec t  case. 

The f r a c t i o n a l  nurnber o f  s t a tes  l ack i ng  i s  assoc ia ted t o  the 6 - f unc t i on  

l oca l i zed  s t a t e  s p l i t t e d  o f f  from the continuum. The v a r i a b l e  z used i n  

the graph i s  def ined under Fig.2. 

o f  more massive atoms should s h i f t  t o  lower f requencies.  The character  o f  

the Van Hove's s i n g u l a r i  t y  a t  the  upper band edge has a l s o  changed t o  the 

square r o o t  type. For r c lose  t o  one a peak i s  developed i n  the  DOS i n  

a k i n d  o f  a resonant s ta te .  

No l o c a l i z e d  s ta tes  a r e  present  s ince  a massive i m p u r i t y  w i l l  

f o r c e  the cha in  t o  o s c i l l a t e  f o l l o w i n g  i t s  lower frequency motion. 

I I. For r > 1 we got  s t a t e s  o u t s i d e  the  band O < w2 < 4wE..~ho-  

se s ta tes  ar>e o f  ZocaZized character s ince  f o r  energ ies i n  t h a t  range the 

TM i s  expon&!ntiaZZy decaying as ind ica ted  by r e l a t i o n  (11). Two exarnples 

a r e  shown i r i  F ig .  5 d i s p l a y i n g  6- funct ion l o c a l i z e d  s t a t e s  s p l i t t e d  o f f  i n  

the h igh  frequency region.  The phys ica l  p i c t u r e  i n  t h i s  case i s  a l i g h t  

i m p u r i t y  o s c i l l a t i n g  a t  h i g h  frequencies, whose o s c i l l a t i o n s  can n o t  be 

fo l lowed by the  sorrouding more massive atoms. 



The d e n s i t y  o f  s ta tes  a t  the i m p u r i t y  s i t e  can be w r i t t e n  i n  

closed form. The r e s u l t  i s  

Both aensi t i e s  o f  s t a t e s  g iven by r e l a t i o n s  (32) and (33) a r e  

p r o p e r l y  n o i m a l i ~ e d  t o  one. 

I r i  the next  sec t ion  we do the f i n a l  remarks and d iscuss ions,  

4. FINAL DISCUSSIONS 

Here we have solved the problem o f  the  phonon spectrum i n  the 

case o f  a s i n g l e  impur-ity i n  a monoatomic l i n e a r  chain.  Th is  work i s  p a r t  

o f  a wider prograni aimed t o  study the p r o p e r t i e s  o f  d isordered a l l o y s  and 

d isordered magnetic m a t e r i a l s  w i t h  p a r t i c u l a r  i n t e r e s t  i n  the  ca 

o f  the e x c i t a t i o n  spect ra of those systems. 

We have i l l u s t r a t e d  here the use o f  the TM formal ism 

w i t h  a problem o f  t h i s  k ind .  The method can be extended and comb 

c u l a t i o n  

t o  deal 

ned w i t h  

severa1 approximat ion  schemes t o  t r e a t  d i sordered systems5' '. Somet imes 

exact s o l u t i o n s  can be obta ined as i.n the example shown i n  t h i s  paper. 

I n  c l o s i n g  t h i s  sec t ion  and concerning t o  our  r e s u l t s ,  we want 

t o  remark the  fo t tow ing :  

i )  when the i m p u r i t y  mass i s  smal ler  than the massof the atoms 

forming the  chain, we get  l o c a l i z e d  s t a t e s  s p l i t t e d  o f f  from thecontinuum 

f o r  the DOS a t  the i m p u r i t y  s i t e ;  

i i )  f o r  the  small i rnpur i ty  concen t ra t ion  regime ( d i l u t e  a l l o y ) ,  

when no c o r r e l a t i o n s  between i m p u r i t i e s  i s  expected, a simple superposi- 

t i o n  o f  i s o l a t e d  impur i t y  problems should descr ibe f a i r l y  w e l l  the beha- 

v i o r  o f  the system; 



i i i )  as lorig as the concen t ra t ion  o f  i m p u r i t i e s  increases a 

l a r g e r  number o f  s ta tes  i s  removed from the band and f i n a l l y  t h i s  se t  o f  

6 - func t ion  s i n g u l a r i t i e s  generates an impur i t y  band f o r  the t o t a l  DOS. 

Usual ly  a rounding o f  the sharp DOS edges corresponding t o  the  pure case 

i s a l s o  obta ined f o r  the d isordered 41 l o y ,  and a change i n  character  o f  

Van Hove's s i n g u l a r i t i e s  should a l s o  be expected. Work i s  under progress 

t o  study those problems. 
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