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The f o l l o w i n g  ques t ion  i s  asked: What should be the  s t r u c t u -  

r e  o f  a space-time symmetry S i f ,  i n  a f i n i t e  L i e  group combinat ionwi th  

an i n t e r n a l  symnetry J ,  the  m u l t i p l e t s  o f  p a r t i c l e s  de f ined  by the u n i -  

t a r y  representat ions o f  S have the same mass? The answer i s  g iven by a 

se t  o f  c o n d i t i o n s  on the  L i e  a lgebra o f  S. When these c o n d i t i o n s  a r e  a-  

voided i t  i s  poss ib le  t o  d e r i v e  a c l a s s  o f  space-time symmetries which 

admit non zero m u l t i p l e t  mass s p l i t t i n g .  The p a r t i c u l a r  cases o f  semi 

simple groups SO(P,S) a r e  s tud ied.  

Pergunta-se: qual ser i a  a e s t r u t u r a  de uma s i m e t r i a  do espa- 

ço-tempo S se, em um grupo de L i e  f i n i t o  combinado com uma s i m e t r i a  

in te rna  6, os m u l t i p l e t o s  das p a r t í c u l a s  d e f i n i d a s  pelas representa-  

ções u n i t á r i a s  de S t ivessem a mesma massa? A resposta é dada por um 

conjunto de condições sobre a á lgebra de L i e  de S. Quando essas condi-  

ções são ev i tadas é possíve l  deduzi r  uma c lasse  de s imet r ias  do espaço 

-tempo que admitem uma separação não nu la  das massas de um mul t i p l e t o .  

Os casos p a r t i c u l a r e s  de grupos semisimples S O ( P , S )  são estudados. 

The a l g e b r a i c  p r o p e r t i e s  o f  the  Poincaré group together  w i t h  

t h e  a n a l y t i c  p r o p e r t i e s  o f  the  mass operator  have produced severa1 theo- 

rems showing t h a t  the  u n i f  i c a t i o n  o f  the  Poincaré and in te rna l  groups o f  

symmetries cannot agree w i t h  the  experimental e ~ i d e n c e " ~ .  These results 

a r e  geneml ized  by a we l l  known theorem by L. OIRai fear ta 

more p rec ise  r e f o r m ~ l a t i o n s " ~ .  I t  s t a t e s  t h a t  a f i n i t e  d 

group P generated by a combinat ion o f  the Poincaré group 

n a l  s y m e t r y  group J g ives  always a zero squared mass d 

p a r t i c l e s  belonging t o  the same sp in  m u l t i p l e t .  

gh and i t s  

mensional L i e  

and an i n t e r -  

f fe rence  f o r  



There a r e  th ree  bas ic  ways t o  avo id  the mentioned theorem: 

(a) t o  assume t h a t  G i s  an i n f i n i t e  L i e  group, (b) a d m i t t i n g  t h a t  G i s  

not  a L i e  group and f i n a l  l y ,  (c) r e p l a c i n g  P by another s u i t a b l e  space- 

- t ime s y m e t r y .  The a l t e r n a t i v e  (a) has been explored t o  a c e r t a i n  ex- 

t e n t  but i t  faces the d i f f i c u l t i e s  inherent  t o  the c l a s s i f i c a t i o n  o f t h e  

represen ta t ions  o f  i n f  i n i  t e  L i e  groups6. I n  t h i s  case an extended ver-  

s ion  o f  the theorem have been proposed7. The a l  t e r n a t i v e  (b) f inds i t s  

most express ive example i n  the c u r r e n t  supersymnetric theor ies  whers G 

i s  assumed t o  be a graded L i e  a lgebra e.  

I n  t h i s  note the p o t e n t i a l  i t i e s  o f  the a l t e r n a t i v e  (c)  a r e  

inves t iga ted .  More p r e c i s e l y  the arguments o f  O 1 R a i f e a r t a i g h ' s  theorem 

a r e  inver ted  so t h a t  the s t r u c t u r e  o f  a  space-time s y m e t r y  S may beob- 

ta ined  under the supposi t ion t h a t  no mass s p l i t t i n g  w i l l  occur when Y 

and J a r e  cornbined i n  â f i n i t e  L i e  group G. Then by exc lus ion,  i t  w u l c i  

be poss ib le  t o  f i n d  the type o f  symmetry which i s  compatible w i t h  a non 

zero mass s p l i t t i n g .  

I n  the case o f  P the mass operator  i s  de f ined  by the secund 

o rder  Casimir opera tu r  

where 'iab i s  the Minkowski rnet r ic  and pa the momenturn operators. Expres- 

s ion  ( I )  suggests t h a t  the mass opera to r  M 2  f o r  S should be taken t o  a 

quadrat i c  form def  ined i n  the un ive rsa l  envel l op ing  a lgebra Z(S) o f  S, 

composed w i t h  a g iven c o l l e c t i o n  o f  generators o f  the L i e  a lgebra o f  S 

such t h a t :  ( I )  M 2  commutes w i t h  a l l  elements o f  S ( t h a t  i s  M 2  belongs 

t o  the cen te r  o f  E(s)) ; (2) M 2  i s  s e l f  a d j o i n t  when regarded as an ope- 

r a t o r  a c t i n g  on a H i l b e r t  space and (3)  when S reduces t o  P by a g iven 

r u l e  then M 2  should reduce t o  (1) f o l l o w i n g  the  same r u l e .  With these 

cond i t i ons  M 2  may qual i f y  as a niass operator  w i t h  a cont inuous spectrum 

con ta in ing  r e a l  i s o l a t e d  p o i n t s .  

I t  i s  no t  the purpose o f  t h i s  note t o  d iscuss the f u n c t i o n a l  

a n a l y s i s  aspects o f  the mass operator  as t h i s  has been the  sub jec t  o f  

substancia l  d iscuss ion
g
.  Here the  main i n t e r e s t  l ies  on the a l g e b r a i c  

aspects o f  the problem. 



The paper has been organized as fo l lows :  Theoreml s t a t e s  t h e  

algebraic: cond i t i ons  which S has t o  s a t i s f y  t o  produce a ze ro  mass 

sp l  i t t i n g  i n  a s p e c i f i e d  form a combinat ion wi t h  J. Theorem2 shows which 

cond i t i ons  S has t o  s a t i s f y  when no mass s p l i t t i n q  a r i s e s  w i t h  an a r b i -  

t r a r y  combinat ion. The f o l l o w i n q  c o r o l a r y  s ta tes  t h a t  a semi simplegioup 

cannot s a t i s f y  theorem 2 unless i t  i s  Abel ian.  At  the end the  paper pre- 

sents an a p p l i c a t i o n  o f  the l a s t  c o r o l a r y ,  where an express ion f o r  the 

mass sp l  i t t i n g  r e s u l t i n g  from S = ~ O ( r , s ) ,  i s  obta ined.  

I t  i s  assumed t h a t  the  generators o f  S may be rearranged so 

t h a t  they a re  separated i n  two c lasses:  the generators  M e n t e r i n g  i n  a 
the  composit i on  o f  M~ and the  rema i n i n g  ones denoted by Li (bo ldface 

L a t i n  ind ices  run from h + 1 t o  the  dimension o f  the algebra).Therefore, 

accord ing t o  the mentioned p r o p e r t i e s  the mass opera to r  may be w r i t t e n  

as 

where aab 
= aba a r e  c e r t a i n  c o e f i c i e n t s  n o t  a l l  zero. No t i ce  t h a t  the 

M ' s  are  not  requ i red  t o  commute. 
a 

The generators o f  the combined symmetry G n o t  be longing t o  

s" a r e  denoted by N ( c a p i t a l  La t  i n  ind ices  assume values which are d i f -  
A 

fe ren t  from these i n  the ind ices  o f  the generators o f  s) .  Therefore the 

genera to r j  o f  G a re  M ,L. and N A .  When unspeci f  ied, an a r b i t r a r y  gene- 
a 2 

r a t o r  o f  (; wi11 be denoted by Ea ( ~ r e e k  ind ices  running through the en- 

t i r e  L i e  a lgebra o f  G). Therefore Ea may be e i t h e r  M L .  o r  N A .  
a' z 

Summation convention i s  a p p l i e d  throughout t o  a l l  k inds  o f  

i nd ices  w i t h  t h e i r  respec t i ve  range. For s i m p l i c i t y  the same l e t t e r s  a r e  

used t o  designate the groups and the respec t i ve  L i e  a lgebras.  The f o l -  

lowing general lemma r e s u l t s  from spec t ra l  theory i n  H i l b e r t  spaceslO.  

Lernma. Consider a s e l f  a d j o i n t  operator  M~ a c t i n g  on a H i l -  - 
b e r t  space R .  Cet E be another operator  a c t i n g  on H such t h a t  a t  l e a s t  

one e igens ta te  lb> o f  M2 l i e s  i n  the domain o f  E. Then: 



where rn2 i s the eigenvalue of M2 corresponding to the eigenstate 10 
a 

and 

V k @ )  = [M2,  v k l k - l ( ~ ) ]  , V  ( E )  = E ,  ( 4 )  

k>a integer 

The expression ( 4 )  for v k ( E )  can be written in terms of the 

adjoint representation of G. This follows from a simple induction on k :  

I f  D ( E  ) denotes the elements of the adjoint representation of G, then a 
D < E ~ , )  = [ E ~ , E ]  and 

Now 

Taking k=2 and applying the above expression for V, ( E ) ,  and expression 

for V 2 ( E )  in terms of D ( M  ) is obtained. The result is then replaced in 
a 

the expression for V 3 ( E )  and so forth. Then it follows that for any k ,  

where the coeff icients b ( e )  
ab.. . c l d e . .  . . .$ are cornbinations of products 

of aab. They have a total of 2 k  indices with p-k indices a, b ... c and 
3k-p  i nd ices d, e . . . f. 

Theorem 1. Let G a Lie algebra of finite dimension or of in- 

finite but numerable dimension. Let S be a subalgebra of G such that 

its universal enveloping a'gebra contains the operator (2). For a given 





can be found. I n  the f i r s t  s o l u t i o n  the generators Y belong t o  an 
a  

Abel i a n  normal subgroup o f  S and i t may c o n t a i n  the Poincaré group i n  a 

p a r t i c u l a r  case. The second s o l u t i o n  does n o t  con ta in  a subgroup o f  S 

generated by the M and f o r  t h a t  reason i t  cou ld  be regarded as unpny- a  
s i c a l .  The l a s t  equat ion (9) says t h a t  the in teger  N i s  a n i n d i c a t o r o f  

t h e  form o f  immersion of S i n  G. As N increases the  equations (9) beco- 

me more d i f f i c u l t  t o  be solved b u t  the  two rnentioned types o f  s o l u t i o n s  

always emerge. 

For the more i n t e r e s t i n g  case o f  an unspec i f i ed  imers ion oF 

S on G the  va lue o f  N should be taken t o  be a r b i t r a r i i y  large.  I n  t h i s  

case i t  i s  i n t e r e s t i n g  t o  ask i f  i t  i s  p o s s i b l e  t o  f i n d  a symmetry S 

which does no t  s a t i s f y  (9) .  For an a r b i t r a r y  L i e  a lgebra G t h i s  may be 

d i f f i c u l :  t o  answer but  i f  G i s  an a lgebra o f  f i n i t e  dimension an ans- 

wer may be g iven.  Such l i m i t a t i o n  i s  a  consequence o f  the  n i l p o t e n c y  o f  

a  l i n e a r  combinat ion o f  the opera to rs  D ( M  ) .  The f o l l o w i n g  statements 
a  

deal w i t h  such s i t u a t i o n .  

Lemrna: Le t  G be a f i n i t e  L i e  a lgebra c o n t a i n i n g  anon  Abe l ian  

sub a lgebra S. Tne necessary and s u f f i c i e n t  c o n d i t i o n s  f o r  'the e x i s t e n -  

ce o f  constants  ba such tha: b" D ( M  ) i s  n i l p o t e n t  a r e  
a  

where Ea,  E a r e  opera to rs  o f  S, chosen among Ma and Li and C' denote B aB 
the s t r u c t u r e  constants  o f  G.  

c! 
Assuming the e x i s t e n t e  o f  the constants  b , the  n i l p o t e n c y  

condi t i o n  requ i res  an in teger  N ruch t h a t  (ba D ( M ~ ) ) "  = O ,  a>N. Thcre- 

f o r e  

Now under the  hypothesis t n a t  G i s  f i n i t e ,  the opera to rs  D ( M  ) a r e  a l s o  
a n 

f i n i  t e  and t h e r e f o r e  (12) says t h a t  f o r  any va lue  o f  n (ba D ( M  ) )  i s  a  
equ iva len t  t o  a l i n e a r  combinat ion o f  commutators. 

From the  L i e  a lgebra o f  S: 



where E%, E a r e  e i t h e r  L,. o r  Mb. r e t  be the  e lenen t r  o f  an inver  
B 

t i b l e  rna i r i x  def ined hy ha = Then from ( 1 3 ) :  

P ~ [ D ( E  a 1, D(P B 1.1 - = P ~ c $ ~ ( L ~ I  t ba D ( M ~ )  . 

Sirice b
a 

D ( M ~ )  i s  a 1 inear  combinat i o n  o f  commutator;i i t f o l  lows 

" (L?)  = O .  Therefare 

["@a) . o(E&] = D(M a ) . 

Furthermore, from t h i s  express ion 

(ba D(Ma))- = T ~ [ c ( E ~ ) ,  D ( E ~ )  (ba D ( M ~ ) ) ~ - ' ]  

+ Ta' D ( B ~ )  [(ba D ( M ~ ) ) ~ - ~ ,  D I E ~ ) ]  . 

t h a t  

(14) 

Again the  r i g h t  hznd s ide  of t h i s  equat ion mcst be a l i n e a r  combinat ion 

of conunutators o n l y .  Therefcre set  

Taking n=:> the  non Abel ian s o l u t i o n  o f  the  above equat ion requ i res  t h a t  

ba D([M,,~! = O ,  o r  e q ~ i v a l e n t l y ,  

Rec ip roca l l y ,  suppose t h a t  t h e  c s n d i t i o n s ( l 1 )  h o l d  trus and d e f i n e  the  

constaots  b
a 

= ra6 ca where again rU6 i s  an i n v e r t i b ! e m a t r i x .  Thcn 

fi-orn (14) 

t li 
Taking the n power o f  t h i s  eqcat ion and cons ider ing  (11) i t  fol :ows 

t tia t 



. 
1 

Therefore ~ r ( b ~  D ( M ~ ) ) ~  = O which imp l ies  

Theorem 2: I f  S i s  a r b i t r a r i l y  conta ined i n  a f i n i t e  dimen- 

s iona l  L i e  group G and s a t i s f y i n g  (11) then no mass s p l i t t i n g  r e s u l t s .  

tn  f a c t ,  the n i l p o t e n c y . c o n d i t i o n  (15) can be w r i t t e n  as 

(2n > 2N f a c t o r s )  : 

af3 Since t h e  constants  ba 
depend on an a r b i t r a r y  m a t r i x  T , 

they can be chosen so t h a t  the  l e f t  hand s5de o f  (161, m u l t i p l  i e d  by E 

equal s expression (5). Therefore, Vn(E)  = O, n > N and from ( 3 )  i t f o l -  

lows t h a t  the squared mass d i f f e r e n c e  vanishes. 

The Poincare a lgebra P i s  one example o f  a L i e  a lgebra sa- 

t i s f y i n g  (1 l )  w i t h  Eu = M = P , where P a r e  the  Bomentum opera to rs  
a a a 

and EB = L. the generators  of the Lorentz  subalgebra. The mass opera- 
Z 

t o r  i n  t h i s  example i s  g iven by ( 1 ) .  Consequently no mass s p l i t t i n g c a n  

be obta ined w i t h  a r b i t r a r y  f i n i t e  L i e  group combinat ions o f  P w i t h  i n -  

terna1 symmetries. Th is  i s  the content  o f  O IRa i fear ta igh 's  theorem. 

Coro lary .  I f  S i s  semi-simple the o n l y  poss ib le  s o l u t i o n  o f  

(11) i s  Abel ian.  

Since there  a r e  no Abel ian i n v a r i a n t  proper subgroups i n  S, 

a1 1 generators o f  S can en te r  i n  the composi t i o n  o f  M2 which may be 

w r i t t e n  as 

whe r e  



and a r e  the  s t r u c t u r e  constants  o f  S. Since i n  t h i s  case a l l  gene- 

r a t o r s  o f  S a r e  o f  the  type M the  equations (11) reduce t o  
a '  

The f i r s t  o f  these equat ions expresses o n l y  the L i e  a lgebra o f  S i n  i t s  

a d j o i n t  rep resen ta t ion .  The second equat ion imp l ies  t h a t  S i s  Abel ian.  

Th is  r e s u l t  shows'that i t  i s  poss ib le  t o  o b t a i n  a m u l t i p l e t  mass s p l i t -  

t i n g  w i t h  a geometr ical symmetry which i s  semi-simple and non Abel ian.  

From (6) and (3)  i t  f o l l o w s  t h a t  t o  o b t a i n  a non zero mass 

s p l i t t i n g  S should n o t  be a normal subgroup o f  G. Th is  c o n d i t i o n  w i l l  

become c l e a r  i n  the  f o l l o w i n g  example. 

Consider the semi-simple non Abe l ian  group S = SO( r ,s )ac t ing  

on a pseudo Eucl idean space w i t h  m e t r i c  s igna tu re  r+s .  Le t  denote 
Iiv 

the Car tes ien components o f  the  m e t r i c  tensor  i n  the m e n t  i o n e d  space 

(here Greek ind ices  run from 1 t o  p ,  the dimension o f  the space). I f  

LPv denote the generators o f  SO(P,S), the proposed mass ope.rator i s  

I t  i s  i n t e r e s t i n g  t o  n o t i c e  t h a t  i n  t h e  case o f  t h e  de S i t t e r  group 

~ 0 ( 4 , 1 )  which i s  c o n t r a c t i b l e  i n  the Poincaré group, the above mass ope- 

r a t o r  reduces t o  (1) a long w i t h  the c o n t r a c t i o n  procedure . 

Le t  {A) = {A,, A, ... A ) be a set  o f  eigenvalues o f  the V 
V 

Casimir opera to rs  o f  s ~ ( r , s ) .  Denote by li the Hi l b e r t  representat  íon  {AI 
space o f  an un i  t a r y  represen ta t ion  o f  So(r ,s) .  Taking the d i r e c t  sum o f  

a l l  poss ib le  such spaces, a  l a r g e r  H i l b e r t  space H i s  obta ined.The com- 

bined symmetry G i s  taken t o  be a f i n i t e  L i e  group c o n t a i n i n g  S O ( ~ , S )  

as a subgroup and such t h a t  I;r i s  a  represen ta t ion  space f o r  G.Thus t h i s  

represen ta t~ ion  o f  G i s  completely reduci  b l e  respect  t o  S O ( ~ , S ) .  M, i s  

assumed t o  t>e s e l f  a d j o i n t  as an operator  i n  H. A m u l t i p l e t  o f  ~ 0 ( r , s )  

i n  G i s  descr ibed by each base s t a t e  vec to r  i n  H{Al. Objects  be longing 

t o  d i s t i n c t  m u l t i p l e t s  have a sqtiared mass d i f f e r e n c e  g iven by ( 3 )  w i t h  

k = 1 and <crl~lb> # 0: 



' ,  o f  Z O ( r , s : .  Denste an a r b i  t r á r y  generator o f  G by 

p a r t i c u l ò r  a generator o f  I , L v v ;  a generator n o t  

j't l i v , ~ A J  = C! and f i n a l l y ,  s ince S  i s  no t  a  norma 

can a l s o  oe a n i x i n g  generators h! such t h a t  
Cvl 

whore / a>,  / h>  are  s t 3 t e  vec to rs  helonginq t o  d i s t i n c t  rep resen ta t iuns  

which can be i n  
sb 

i n  S, NAB s x h  t h a t  

1  subgroup cf G, 

i f  F i s  an operator  OP C not  i n  S O ( r , s )  i t  i s  a  l i n e a r  combinat ion o: 

H and ?;AE onl  y. Therefore o;: 

where , denotes the ant icommutator.  Replaclng i n  (15) and denot ing 

the squared mass d i f f e r e n c z  express ion becornes: 

C A B C D  <aIUCDIb> 1 + (a CpoTA+ b CpUAB)  ---- 
< a ~ l b >  1 

I t  i s  c l e a r  t h a t  t h i s  express ion vanishes w h e n e v e r  S O ( ~ , S )  

i s  a normal subgroup of G. Note the nature o f  the two c o r i t r i h t i n g  terms 

one o f  them depends o n l y  on the m ix ing  geverators  P/ w h i l e  tk-e o ther  
AE 

depends on :he generators L c f  t k e  in terna1 groUp. 
i!P 



I n  t h i ç  examp:e no exp lana t ion  abou: the na tu re  o: the space 

- t ime was giksn. Ttie case where tne space o f  the  group ~0(r,s) i s  asso- 

c i a t e d  w i t h  a the ernbedding space of the space-time may be o f  i n t e r e s t .  

The p a r t i c u i a r  case o f  ~ 0 ( 4 , 1 )  c ~ r r e s p o n d s  t o  a c la5s  o f  s p a c e - t i m e s  

w i t h  consta:it curvatUre o f  the de S i t t e r  type. The rnaximal numberofpa-  

rane te rs  o f  a space-time isonietry occurs o n í y  on t h i s  s i t u a t i o n .  Fur-  

t h e r m r e  i n  the  f l s t  I i m i t  o f  such space-time the Poincaré group may be 

recovered by group c o n t r a c t i o n  and the opera to r  (18) r e d u c e s  t o  the 

usual mass operator" .  

The aurbor i s  indebted t o  the i a t e  pr0f.J.A. Swieca f o r  ha- 

v ino  suogested i: problem which i m t i v a t e d  the present  W O ~ K .  
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