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Closed representat íons f o r  the  Green's f u n c t i o n s  o f  t h e  ~ c h r 8 -  

d inger  d i f f e r e n t i a l  equat ion w i t h  a N-dimensional i s o t r o p i c  harmonic os- 

c i l l a t o r  p o t e n t i a l  a r e  obta ined by means o f  the  S t u r m- L i o u v i l l e  expansion 

method. 

Calcula-se representações fechadas para a função de Green para 

a equação d i f e r e n c i a l  de schr;dinger com um potencial t i p o  o s c i l a d o r  har-  

mõn i c o  i so t rõp ico  N-dimensional pe lo  método de expansão t i p o  Sturm -Liou- 

v i l l e .  

1. INTROIDUCTION 

The present paper con ta ins  a d e r i v a t i o n  o f  t h e  Green's func- 

t i o n  f o r  the schrgdinger d i f f e r e n t i a l  equat ion ' f o r  t h e  N-dimcnsional i so -  

t r o p i c  harmonic osc i  1 l a t o r .  ~ i t c h m a r s h \ a l c u l a t e d  the  Green's f u n c t  ion  
I I 

f o r  the  Schrodinger d i f f e r e n t i a l  equat ion w i t h  one-dimensional i s o t r o o i c  

harmonic o s c i l l a t o r  by means o f  the  S t u r m- L i o u v i l l e  expansion. A c losed 

represen ta t ion  f o r  the t r i - d imens iona l  case was c a l c u l a t e d  bymeans o f  the 

Sturrn-Liow i 1 l e  expansion i n  terms o f  Whi t t a k e r ' s  funct  ion2. An in tegra l  r e -  

p resen ta t ion  f o r  N-dimensional i so t rop icharmon ic  o s c i l l a t o r w a s  c a l c u l a t e d  

by Bel l a n d i  F i l h o  and Caetano ~ e t o ~  us ing  a spec t ra l  decomposi t i o n  o f  the  

Greenls Pi inct ion i n  terms o f  the  harmonic o s c i l l a t o r  wave func t ion .  We 
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c a l c u l a t e  f o r  the  Schrudinger d i f f e r e n t i a l  equat ion w i t h  one N- d imens io-  

na1 i s o t r o p i c  harmonic o s c i l l a t o r  p o t e n t i a l  the Green's f u n c t i o n  by means 

o f  the  S tu rm- L iouv i l l e  expansion i n  sec t ion  2 where we present  a  c losed 

i n t e g r a l  rep resen ta t ion  and i n  s e c t i o n  3 i s  showed how t o  o b t a i n  a c losed 

represen ta t ion  i n  terms o f  the product o f  two Whi t taker ' s  func t ions .  

2. INTEGRAL REPRESENTATION 

The S tu rm- L iouv i l l e  method4 c o n s i s t s  i n  w r i t i n g  the  Green's 

f u n c t i o n  i n  terms o f  two l i n e a r l y  independent s o l u t i o n s  o f  the  correspon- 

d ing  homgeneous equat ion.  

The Green's f u n c t i o n  f o r  the  ~ c h r g d i n ~ e r  d i f f e r e n t i a l  equat ion 

w i t h  one N-dimensional i s o t r o p i c  harinonic o s c i l l a t o r  p o t e n t i a l  s a t i s f i e s  

the f o l l o w i n g  inhomogeneous d i f f e r e n t i a l  equat ion 

where V; i s  the N-diniensional Laplac ian operator .  

To apply  the  S tu rm- L iouv i l l e  method we s h a l l  f i r s t l y  make one 

p a r t i a 1  wave expansion f o r  the  Green's f u n c t i o n  

V 
where C (y)  are  the Gegenbauer pol ynanials and ~ ~ ( r , r ' ; E )  i s  t h e  r a d i a l  

lJ 
Green's f u n c t i o n  t h a t  s a t i s f i e s  the  f o l l o w i n g  d i f f e r e n t i a l  equat ion 

The s o l u t i o n  of t h i s  d i f f e r e n t i a l  equat ion c a l c u l a t e d  by means 

o f  the S tu rm- L iouv i l l e  expansion i s  



where A = E/ f iw;  M h) and w U t V h )  are  t h e  Wh i t taker ' s  func t ions ,  M i s  
U ,v 

regu la r  as z-O and W i s  regu la r  as r'-+-, and r' > r .  

To c a l c u l a t e  the  t o t a l  Green's f u n c t i o n  we w r i t e  the  product  

o f  the Wh i t taker ' s  func t ions  i n  one i n t e g r a l  represen ta t ion 5 and in t rodu-  

ce i n  eq.(2) and we o b t a i n  

To performe the  sum we can use the  f o l l o w i n g  Neumann expansion6 

where $(a:) i s  the modif  i e d  Bessel f u n c t i o n  and t h e r e f o r e  

cN(l;,f ' ; E )  = 



Th1s express ion i s  an i n t e g r a l  representat  i o n  f o r  the t o t a l  

Green's f u n c t i o n  f o r  the ~ c h r 8 d i n ~ e r  d i f f e r e n t i a l  equat ion which the N- 

dimensional i s o t r o p i c  harmonic o s c i l l a t o r  and i t  i s  the same as obta ined 

by Bel l a n d i  Filho-Caetano ~ e t o ~  us ing  a general ized Mehler formula. 

3. CLOSED REPRESENTATION 

I n  order  t o  get  a c losed represen ta t ion  f o r  the t o t a l  Green's 

func t ion  $(; , ; ' ;E)  i n  terms o f  func t ions ,  we c h a n g e  t h e  vai-  i a b l e  
i +p 

cshv = - i n  eq. (5 )  
1-5 

and we note t h a t  the second s ide  o f  the eq. (6) can be w r i  t t e n  i n  the f o l -  

Iowing way 

where z = cose and y = rr' shv. 

If the number N i s  odd we çan o b t a i n  a c losed represen ta t ion  

f o r  the  t o t a l  Green's f u n c t i o n  by us ing  the  f o l l o w i n g  r e l a t i o n  f o r  the  

modif i e d  Bessel f u n c t i o n 6  

1 
where in = 2 ( ~ - 1 )  i s  in teger  and non-negative number, and t h e r e f o r e  



The i n t e g r a l  i n  eq. (1 1 )  reproduces a product  o f  two Whi t t a k e r  ' s  

f u n c t i o n s"  and the  f i n a l  express ion f o r  the t o t a l  Green's f u n c t i o n  i s  

where we have de f ined  

a n d M  (s) i s  t h e n o r m a l i z e d  W h i t t a k e r ' s  f u n c t i o n a n d w i t h  <2+<'2=z2+;'2 
?-';v .+ * 

and 55' = I> .P'  = rr' cose. 

The expression (12) i s a closed represen ta t ion  f o r  theGreenls 

f u n c t  i o n  i n  terms o f  Whi t t a k e r ' s  func t ions  f o r  the schr8dinger d i f f e r e n -  

t i a 1  equat ion w i t h  a N-dimensional i s o t r o p i c  harmonic o s c i l l a t o r  p t e n t i a l  

when N i s  one odd number. 

For the even dimension i t  wasn' t  poss ib le  t o  o b t a i n  a c losed 

represen ta t ion  i n  terms o f  Wh i t taker ' s  func t ions .  Th is  problem was a l s o  

discussed by i iost1er7 when he c a l c u l a t e d  the Coulomb Green's f u n c t i o n  

i n  the  N-dirnensional space. He obta ines a l  so a c losed represen ta t ion  i n  



terms o f  Wh i t taker ' s  func t ions  f o r  the  odd-dirnension bu t  f o r  evendimen- 
-t + 

s i o n  o n l y  f o r  the p a r t i c u l a r  case where r 1 r '  (Ref.8).  

The author thanks very  much Prof .Dr .J .Bel landi  F i l h o  f o r  the  

suggest ion o f  t h i s  theme and forrn many use fu l  d iscuss ions.  
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