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The Jacobi Greenls f u n c t i o n  i s  der i ved  by means o f  the  r a d i a l  

Coulomb Green's func t ion .  

Deriva-se a função de Green de Jacobi por meio da função de 

Green r a d i a l  Colombiana. 

I t l s  we l l  known i n  quantum mechanics t h a t  the r a d i a l  p a r t  o f  

the  schr8dinger equat ion f o r  the Coulomb problem i n  momentum space i s  a 

p a r t i c u l a r  Jacobi d i f f e r e n t i a l  equation. I n  the present paper %use  t h i s  

f a c t  t o  c a l c u l a t e  the Jacobi Greenls func t ion .  

2. JACOBI GREENS' FUNCTION 

The Jacobi d i f f e r e n t i a l  opera to r  i s  

where v i s  in teger ,  p o s i t i v e  and the convenient choise @+a, $-a f o r  the 
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pararneters o f  the d  

the  n o t a t i o n .  

f f e r e n t i a l  opera to r  i s  o n l y  in t roduced t o  s i m p l i f y  

We f i r s t  

d e r i v e  the Green's 

B take ou t  i n  Dx the  weight f u n c t i o n  ( I - x ) ~  (I+x) and 

unc t ion  f o r  the f o l l o w i n g  d i f f e r e n t i a l  operator  

d2 I L = (1-x2) - +  2(6-a) - 2(t3+c(+l)x p ( p  + 2a + 26 + 1) 
x  

(2) 
dX2 

where u = V-a-6. 

The Green's f u n c t i o n  f o r  t h i s  d i f f e r e n t i a l  opera to r  s a t i s f i e s  

the inhomgeneous d i f f e r e n t i a l  equat ion 

which i s  bounded on 1 C x < m; here a > - 1  and B > - 1  i n  o rder  t o  make 

the weiçht  f u n c t i o n  non-negative and i n t e g r a b l e  but  formal r e l a t i o n s  a r e  

v a l i d  w i thou t  t h i s  r e s t r i c t i o n .  

I n  oraer  t o  o b t a i n  the  corresponding d i f f e r e n t i a l  equat ion i n  

the momentum space we can use the f a c t  t h a t  the Jacobi opera to r  can be 

der i ved  from che associated Legendre d i f f e r e n t i a l  opera to r  by d e r i v a t i o n  

and we get  the  f o l l o w i n g  d i f f e r e n t i a l  equat ion 

Th is  d i f f e r e n t i a l  equat ion can be e a s i l y  i d e n t i f i e d  w i t l .  t he  

r a d i a l  equat 

I s  

1 
F (p ,p i )  = 

on f o r  a  rnult idimensional Coulomb probleml and the  s o l u t i o n  

r (V+V+I ) n- l 
~ ( P P I )  Km;"+l/* (2i~<)W-, ;~+1/2 ( 5 )  

where n = a+B and rn = c-0; M (x)  and W,l;v(x) a r e  the Whi t t a k e r  func-  u ;v 
t i o n s  and p,(p,) i s  the lesser  (g rea te r )  o f  p and p '  r e s p e c t i v e l y .  

401) 



The Green's f u n c t i o n  f o r  the L operator  i s  c a l c u l a t e d  per-  
x 

forrning the Four ie r  a n t i - t r a n s f o r m a t i o n  o f  eq. (5) and i t o s  no t  d i f f  i c u l  t 

t o  show t h a t  g(x,xl) i s  g ived by2 

(2 ip  ) exp ( i p  ' x  ' ) '%-m;v+1/2 

I n  o rder  t o  c a l c u l a t e  t h i s  i n t e g r a l  we use i n t e g r a l s  repre-  

sen ta t ions  f o r  the  Wh i t taker ' s  f u n c t i o n s 3  and we have f o r  ( x ,  t h e  

f o l  lowing i ~ n t e g r a l  . 

w i t h  the r e s t r i c t i o n  Re(vkm+l) B 0. 

The i n t e g r a l  i n  the  p v a r i a b l e  g ives  

exp [- $ (v+n+i i (v+n+i ) ( I  + x - ~ t ) - ~ - ~ - '  

and the  i n t e g r a l  i n  t '  

2 - v - ~  (n+m;nm) 
'v-n 

where @ f y t )  (ir) i s  the  second Jacobi func t ion .  The i n t e g r a l  i n  p1  repro-  

duces a  Whi t taker  f u n c t i o n 3  



and we o b t a i n  for g(x,x') the  i n t e g r a l  

2n r (v+n+l ) r (n-v) (n+m ;n-d 
g ( x , x ' )  = - ( 2 i )  @v -n (x) x 

r  (v+m+l ) r  (V-m+l ) 

I-n-v 
v +  7; 

where we have rnade an a n a l y t i c  c o n t i n u a t i o n  i n  the  t complex plane. 

The c a l c u l a t i o n  o f  t h i s  i n t e g r a l  i s  s t r a i g h t f o r w a r d  and can 

be perforrned by means o f  hypergeometric func t ions  and g ives  a P(a 'b) (x)  n 
Jacobi func t ion .  

The f i n a l  expression f o r  g (x ,x ' )  i s  

The Green's f u n c t i o n  f o r  the  D operator  i s  obta ined incorpo-  
x 

r a t i n g  the  weight f u n c t i o n  i n  eq. (9) .  

3. CONCLUSIONS 

P a r t i c u l a r  cases o f  the  Jacobi Green's f u n c t i o n  a r e  Legendre, 

enbauer and Tchebichef Green's f u n c t i o n .  I f  we p u t  i n  eq.(9) a=B=rn/2, 



vi i n teger ,  we get  the Green's f u n c t i o n  f o r  associated Legendre f u n c t i o n ;  

a+B = h-1/2, a-B = 0, w i t h  h > -1/2 f o r  the  Gegenbauer f u n c t i o n .  For 

the  Tchebichef func t ions  we have two specia l  cases; a  - B = O,cx+B =-1/2 

f o r  the  f i r s t  k i n d  f u n c t i o n  and a - B =  O ,  cx + B =  1/2 f o r  t h e  second k i n d  

f u n c t  ion4, 

By means o f  t h i s  c a l c u l a t i o n  o f  the  Green's f u n c t i o n  we can 

a l s o  get  i n t e g r a l s  represen ta t ion  and var ious  a d d i t i o n  theorerns f o r  t h i s  

k i n d  o f  Jaicobi f u n c t i o n s 5.  
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