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A systematic study o f  the c u r r e n t  d e l i v e r e d  by monopolar excess 
' ,  

charge i n  i n s u l a t o r s  under s h o r t  c i r c u i t  c o n d i t i o n  was performed. Typ ica l  

d i s t r i b u t i o n s  were s tud ied  r e s u l t s  were der i ved .A t ten t ion  

was g iven t o  the condi t i o n s  t o  the c u r r e n t  reversa l .  

Um estudo s is temát i co  da cor ren te  l i b e r a d a  na descarga em c u r t o  

c i r c u i t o  de i so lan tes  com excesso monopolar de carga f o i  rea l i zado .  Dis-  

t r i b u i ç õ e s  t í p i c a s  foram estudadas e resu l tados  aproximados ob t idos .  Foi 

dada atençiio à obtenção das condições que devem s a t i s f a z e r   as d i s t r i b u i ç õ e s  

de carga a f i m  de que dêem origem à reversão da cor ren te .  

I n  two preceding papers, ( ~ e f s  1 e 2 )  publ ishéd i n  t h i s  Review, 

the genera'l s o l u t i o n  o f  the equations governing the  mot ion o f  f r e e  excess 

monopolar charge i n  sandwiched i n s u l a t o r  samples under g iven appl i e d  v o l -  

tage (whicti may be a f u n c t i o n  o f  the  t ime) were presented. Ref. ( I )  covers 

the case ir1 which the  i n i t i a l  charge touches o n l y  one o f  the  e lect rodes,  

whi l e  Ref. (2) extends the  s o l u t i o n  t o  the general case when t h e  charge 

f i l l  up the! space between the  e lect rodes.  However i n  o rder  t o  o b t a i n  the  

externa1 cur ren t ,  which i s  the u s u a l l y  measured phys ica l  q u a n t i t y ,  a some- 

what compl icate computat ional work i s  needed and we decided t o  c a r r y ,  o u t  

a systematic study o f  the  c u r r e n t  d e l i v e r e d  by d i f f e r e n t  charge d i s t r i b u -  



t i o n s  i n  s h o r t  c i r c u i t ,  such t h a t  cou ld  g i v e  t o  the  exper imenta l i s t -con f i -  

dent t h a t  the  model applies-means t o  i n f e r  from t h e  measured c u r r e n t ,  how 

the charges were d i s t r i b u t e d  i n i t i a l l y .  Among the e f f e c t s  many t imes ob- 

served i n  e l e c t r i c a l  measurements i n  i n s u l a t o r s  i s  the  c u r r e n t  reversa l ,  

t h a t  i ç ,  the cu r ren t  changes s ign  d u r i n g  discharge. We t r y e d  t o  understand 

t h i s  e f f e c t ,  p r o v i d i n g  a  r u l e  a n t e c i p a t i n g  i t s  ohservat ion.  

1. THEORY 

1.1. General 

The f r e e  monopolar space charge mot ion i s  charac te r i zed  by the  

f a c t  t h a t  a l l  charges move w i t h  a  v e l o c i t y  p ropor t iona l  t o  the  e l e c t r i c  

f i e l d .  We w r i t e  the  equations i n  recluced uni  t s  (unprimed), g i v i n g  below the 

r e j a t i o n  between them and r e a l  ones (pr imed). 

E i' E i ( o r  j )  = - (or j ' )  ; V = V '  
r i p p  ?p= 

Eq. ( 1 )  i s  the Poisson 's  Equatinn, w i t h  E ( Z f )  the f i e l d ,  p ( p l )  

the charge dens i t y .  Eq. (2) i s  the  c o n t i n u i t y  equation, i ( i f )  being the  

c u r r e n t  dens i t y ,  x ( x f ) ,  the p o s i t i o n  coord ina te  and t ( t l )  the  t ime.  In (6), 

rnay be chosen a t  w i l l .  Equation ( 3 )  i s  the d e f i n i t i o n  o f  the  c u r r e n t  

d e n s i t y ,  and the  m o b i l i t y  dropped ou t  due t o  the use o f  reduced u n i t s .  

For the same reason, the  p e r m i t t i v i t y  E i s  absent i n  E q . ( 4 ) ,  d e f i n i n g  the 

t o t a l  externa1 c u r r e n t  j' which, as i t  i s  w e l l  knnwn, i s  a  o n l y  f u n c t i o n  



o f  the  t ime. tn Eq. ( 6 )  R i s  the  th ickness o f  

f i e s  the boundary c o n d i t i o n  o f  the  problem, V 

age. 

the  sample. Eq. (5)  espec 

(V i )  being the appl i ed  v01 

1.2. An alpproximate result 

Here, we w i l l  n o t  repeat the  procedure t o  be used i n  order  t o  

t ransform the  system o f  p a r t i a 1  d i f f e r e n t i a l  equat ions (Eqs.1-4) suhjected 

t o  the i n t e g r a l  boundary condi t i o n  Eq. (5 )  i n  a  system o f  t o t a l  d i f f e r e n -  

t i a 1  equations ( i t  i s  i n  t h i s  sense t h a t  we say t h a t  the system has been 

so lved) .  This may be found i n  Ref. 2 .  

The 'system wi 1 1  be used t o  der i ved  an app;oximate s o l u t i o n  va- 

1 i d  f o r  nlaãrl y  un i fo rm charge d i s t r i b u t i o n .  

Suppose t h a t  

1 
p(x,O) = a, + b,  (x - 

w i t h  a, >> b,. Let  us assume the  p (x , t )  remains 1 inear. i n  r ,  t h a t  i s ,  

p (x , t )  =a . ( t )  + b ( t ) ( x  -:) and we want t o  f i n a l  a ( t )  and b ( t ) .  Two w e l l  

known r e s v l t s  support the assumption: f i r s t ,  the non un i fo rm charge densi -  

t y  tends t o  became more un i fo rm as the t ime goes on (3) ; second, the  ex- 

t e r n á l  c u r r e n t  i s  o n l y  a gross measure o f  the charge d e n s i t y  ( t h a t  i s ,  as 

i t  w i l l  bis shown below, depends on i n t e g r a l s  performed over the  charge den- 

s i t y )  and t h e r e f o r e  i s  insens ib le  t o  the exact form o? the  charge dens i t y .  

With V=O, the Poissonis Equation g ives  

Using the c o n t i n u i t y  equation, the f o l l o w i n g  r e s u l t s :  

Equating t o  zero the  c o e f f  i c i e n t s  o f  s0 and x' and t a k i n g  i n t o  

account t h a t  a ( t )  remains >> b ( t )  , we get  



m+ 3 a ( t ) b ( t )  = O whose s o l u t i o n  dt 

a o 
a ( t )  = -- 

bo 
and b ( t )  = 

The t o t a l  charge i n s i d e  the sample i s  a l  so a ( * ) .  Therefore we conclude 

t h a t  i t  decreases w i t h  the t ime as a o / ( l  c a,t) .  

tn order  t o  o b t a i n  the externa1 c u r r e n t ,  we i n t e g r a t e  Eq. (4 )  

i n  z (us ing E q . ( l ) ) :  

S u b s t i t u t i o n  o f  b'(1 , t )  and ~ ( 0 , t )  f rom Eq. (8) g i ves  

As sa id  before, the reduced u n i t s  depends on the choice o f  o;, 
R 

which w i l  l now be f ;xed i n  such a way t h a t  p i &  = i, p 1  ( X ' ~ O ) & '  w i t h  t h i s  

choice, a, equal i s  t o  1 and we have 

I n  r e a l  u n i t s ,  we have (us ing Eq.  ( 6 ) )  

1/4 

w i t h  0; = 05 , q being the charge ins ide  Lhe sample. A p l o t  o f  [Jw] 
as a f u n c t i o n  o f  the t ime prov ides the "alue o f  3 . 



1.3. The Total Current and Current Reversal 

An expression f o r  the t o t a l  c u r r e n t  usefu l  i n  d i s c u s s i n g  the 

c u r r e n t  reversal  w i l l  now be der ived.  

We have, wi t h  V=O 

O = /' E(s, t )& o r ,  i n t e g r a t i n g  by p a r t s  and us ing  ' o Po i sson 's  Equat i o n  

On the  o t h e r  hand, 

1 

E ( l  , t )  - E(O,t) = pL+,t)di.. 
o 

Us i ng now Eq. ( 9 ) ,  we ge t  

w i t h  q the  t o t a l  charge, as before, and 

Eq. (12) shows t h a t  the s ign  of the c u r r e n t  depends on the mean 

p o s i t i o n  &) o f  the charges; i f  g rea te r  than h a l f  o f  the sample th ickness,  

i t  w i l l  p o s i t i v e ,  and nega t i ve  otherwise.  For instante, the l i n e a r  char-  

ge d e n s i t y  p ( x , t )  = a ( t )  + b ( t ) ( x  - i) w i t h  b > O ,  w i l l  g i v e  a p o s i t i v e  

cu r ren t .  



2.1. Linear and almost linear charge densities 

F ig .  1 shows the  exact  r e s u l t s  ( t h a t  i s  c a l c u l a t e d  accordi'ng t o  

Ref .2) o f  th ree  discharges corresponding t o  l inear  charge d e n s i t i e s ,  w i t h  

the  i n i t í a l  mean depth equal t o .  66 (curve a, .60 (curve b)  and .52 (curve 

c). I n  the case o f  curve a, a,= 1 and b , =  1.92 i n  the n o t a t i o n  o f  Eq.  7, 
and we cou ld  h a r d i y  expect the approximation der i ved  i n  t l ie prev ious sec- 

t i o n  (Eq.10) t o  h o l d  f o r  i t .  However, Eq.10 does p rov ide  a very good ap- 

prox imat ion  as F ig .  2 shows, which r e f e r s  t o  curve n c a l c u l a t e d  us ing  Eq. 

10.  F ig .  3 shows the r e s u l t s  f o r  curve c. We have obta ined t h a t  rnonotoni- 

c a l l y  inc reas ing  (ar decreasing) charge den.si t i e s  - unless they have a 

exact result 

0.12 ...O. eq 10 approximation 



- exact result 

eq. 10 approximation 

l a r g e  arnount o f  charge near one e l e c t r o d e  - g i v e  a  c u r r e n t  c l o s e l y  s a t i s -  

f y i n g  Eq. 10, and i n  a11 cases no c u r r e n t  reversal  i s  observed. 

This  r e s u l t  suggests t h a t  Eq.10 i s  perhaps a l s o  a  good approx i -  

mation even f o r  charge d e n s i t i e s  s t r o n g l y  depar t ing  from a  s t r a i g h t  l i n e .  

2.2. Charge diotributions with burnps or shells 

F ig .  4 shows th ree  charges d i s t r i b u t i o n s :  
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3.5 r .... 
I ..e.. 

corresponding to distributions of fig. 7 b.. ..."" 

the values o f  b , ,  b ,  and b ,  a r e  such as t o  g i v e  the sarne i n i t i a l  charge. 

A11 these d i s t r i b u t i o n s  a l s o  have the snme value o f  2. The c u r r e n t s  a r e  

shown i n  F i g .  5 and the p l o t  accord ing t o  Eq. 1 1  i n  F ig .  6. O f  course, 

cases b  and c  do n o t  g i v e  s t r a i g h t  l i n e s  bu t  tend t o  becorne s t r a i g h t  a t  

h igher  times. We have observed t h a t  d i s t r i b u t i o n s  w i t h  burnps g i v e  curves 

w i t h  p o s i t i v e  concav i t y  w h i l e  the oppos i te  happens w i t h  d i s t r i b u t i o n s  w i t h  

a s h e l l .  I n  F ig .  6 i t  i s  a l s o  shown the angular  c o e f f i c i e n t a , o f  the s t r a i -  

ght  p o r t i o n s  o f  curves b and c. We note t h a t  f o r  curve b ,  a, i s  g rea te r  

than 1 and f o r  curve c, ao i s  smal ler  than 1 .  



2.3. Current Reversal 

According t o  the resu l  t s  o f  Sect ion 1 (Fig. 2 ) ,  a c u r r e n t  re-  

versa1 w i l l  be observed whenever the  mean depth o f  the charge d i s t r i b u t i o n  

crosses the  p lane x= l  /2. 

F ig .  7 shows two d i s t r i b u t i o n s  and F ig .  8 t h e i r  discharges bo th  

d i s p l a y i n g  c u r r e n t  reversa l .  O f  course, we would l i k e  t o  know i f  i t  i s  

poss ib le  t o  p r e d i c t  such a behavior .  Although o n l y  these two curves a r e  

shown i n  t h i s  work, the f o l l o w i n g  r u l e  was tes ted  i n  many cases w i t h  g rea t  

(and almost complete) success: 

Take the i n i t i a l  charge d i s t r i b u t i o n  and f i n d  the  p o s i t i o n  o f  

the mean depth. Suppose > 1/2 (as i n  Fig. 6 ) .  Cut away equal amounts 

- corresponding to distribution a - fig 7 

...... corresponding to distribution b - fig 7 
0.06 



of space near tne e lec t rodes  ( f o r  instance . 1 near x = O and x = I )  and 

consider  the i n i t i a l  charge comprised i n s i d e  t h i s  smal ler  d i s tance  ( t h a t  

i s ,  t h e c h a r g e b e t w e e n  . I a n d  . Y ) a n d f i n d a g a i n t h e m e a n d e p t h .  Repeat 

the procedure again and again.  I f  a t  some stage the mean depth crosses,rno- 

v i n g  t o  the l e f t ,  the p lane a t  z = 1/2, c u r r e n t  reversa l  w i l l  be observed. 

I n  F i g .  6,  a c u t  a t  x = .25 and .75 c l e a r l y  shows :hat the remaining d i s -  

t r i b u t i o n  ( . 25  < z < .75) has a mean depth smal ler  than . 5  and t h e r e f o r e  

both d i s t r i b u t i o n s  d i s p l a y  c u r r e n t  r e v e r s a l .  Th is  r u l e ,  when a p p l i e d  t o  

d i s t r i b u t i o n s  o f  Fig.4 ind ica tes  t h a t  the reversa l  would n o t  be observed, 

as i n  f a c t  they a r e  no t .  

The working reason c f  t h i s  r u l e ,  as we have v e r i f i e d ,  i s  t h a t  

the  t ime needed f o r  charges, i n i t i a l l y  a t  a same d is tance  from the e l e c -  

trodes a t  r = O and x = I, t o  move t o  the  nearby e lec t rode ,  i s  approxirna- 

t i l y  the same. Therefore, the charge remaining I n  the sample i s  d i r e c t l y  

r e l a t e d  t o  the i n i t i a l  charge d i s t r i b u t i o n  and desp i te  the deformat ion i n  

the pa t te rn ,  due t o  the charge motion, i t s  mean depth i s  very n e a r l y  the 

same as the corresponding i n i t i a l  one. 

Using t h i s  r u l e  as a guide, we were a b i e  t o  cons t ruc t  charge 

d i s t r i b u t i o n s  w i t h  bumps and s h e l l s ,  d i s p l a y i n g  even th ree  c u r r e n t  rever-  

sa ls  d u r i n g  the ' i r  discharges. 

3. FINAL REMARKS 

The important p o i n t  t o  the e x p e r i m e n t a l i s t  i s  t o  know what mo- 

de1 descr ibes the maasured externa1 c u r r e n t .  According t o  our  r e s u l t s ,  o f  

no c u r r e n t  reversa l  i s  observed, the  best  t e s t  i s  g iven by the used o f  Eq.  

' (11):  i f  a t  l a r g e  t imes a s t r a i g h t  l i n e  i s  obta ined,  i t  may be sa id  t h a t  

we have excess charge o f  o n l y  one s i g n  and t h a t  the  charges behave as free. 

A b e t t e r  :est f o r  the model i s  obta ined i f  the  p l o t  accord ing 

t o  Eq. 11 i s  made choosing as the  zero t ime (and p u t t i n g  f o r  j r ( 0 )  t h e c o r -  

responding c u r r e n t )  some t ime a f t e r  the beginn 

i s  so because the f i r s t  stage o f  the  d ischarge 

s e l y  on the shape o f  the charge d i s t r i b u t i o n  ( 

i n g  o f  :he d ischarge.  Th is  

depends somewhat more c l o -  

i n  Ref .  4 the d ischarge g i -  



ven by the f r e e  space charge d i s t r i b u t i o n  f o l l o w i n g  i n j e c t i o n  was s tudied)"  

w h i l e  l a t t e r  the  d i s t r i b u t i o n  became n e a r l y  un i fo rm and Eq . l l  should apply. 

On the o t h e r  hand, i f  a  c u r r e n t  reversal  i s  observed, i t  cannot 

be sa id  t h a t  ou r  model a p p l i e s .  I f  i t  i s  known t h a t  a c t u a l l y  the sample has 

excess char-ge o f  one sign, the r u l e  developed il; the prev ious sec t ion  may 

be used t o  i n f e r  how the  charge was d i s t r i b u t e d  i n  the  beginning o f  the 

d  i scharge. 
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