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The d i f f u s i o n  equat ion f o r  p a r t i c i e s  i n  a  Riemannian space sub- 

j e c t  t o  a  s i n g l e  c o n s t r a i n t  i s  discussed, as w e l l  as the  i m p l i c a t i o n s  o f  

the  holonomy and non-holonomy o f  t h i s  s i n g l e  c o n s t r a i n t .  

Discute-se a  equação de d i f u s ã o  para p a r t í c u l a s  em um espaço de 

Riemann, s u j e i t a s  a  um ún ico  v i n c u l o ,  bem como as consequências da holono- 

mia e  anolonornia deste v i n c u l o .  

1. INTRODUCTION 

I n  a  prev ious paperl we have argued t h a t  the c lass ica l  equaf ions 

o f  mot ion f o r  a  p a r t i c l e  sub jec t  t o  a  non-holonomic c o n s t r a i n t  cannot be 

equ iva len t  t o  equat ions der i ved  by the van ish ing  o f  the f i r s t  v a r i a t i o n  o f  

an a c t i o n  f u n c t i o n a l .  Th is  r e s u l t  immediately r a i s e s  a  few quest ions t h a t  

we w i l l  t r y  t o  answer and c l a r i f y  i n  t h i s  paper. 

n e r t z 2  was one o f  the f i r s t  t o  ques t ion  the v a r i a t i o n a l  p r i n c i -  

p l e  o f  c l a s s i c a l  mechanics based on the  non-holonomy o f  c o n s t r a i n t s .  The 

o r i g i n a l  enunc ia t ion  o f  Hami l ton 's  p r i n c i p l e  r e f e r s  s p e c i f i c a l l y  t o  ho lo -  

nomic systerns. When one considers non-holonomic c o n s t r a i n t s  the v a r i a t i o -  

na1 p r i n c i p l e  can be genera l i zed  by t r e a t i n g  the c o n s t r a i n t s  as subs id ia -  

r y  c o n d i t i o n s  t o  the  f i r s t  v a r i a t i o n  o f  the a c t i o n  i n t e g r a l .  The issue 

u s u a l l y  r a i s e d  around t h i s  p o i n t  i s  whether the v a r i e d  paths areamong geo- 

m e t r i c a l l y  poss ib le  paths o r  no t .  A recent  e x p o s i t i o n  on t h i s  o l d  problem 

i s  g iven  by P. Sussekind ~ o c h a ~  i n  t h i s  essay on DIAlembert 's p r i n c i p l e .  A 



b e t t e r  known d iscuss ion  i s  t h a t  g i ven  by pars4 i n  answer t o  a  s i m i l a r  ques- 

t i o n  posed by capon5. 

The l a c k  o f  a  Hami l ton ian formal ism f o r  non-holonomic systems 

makes the q u a n t i z a t i o n  o f  such systems a  ve ry  d i f f i c u l t  task  and stan-  

dard procedures do no t  apply .  Therefore, we have turned our  a t t e n t i o n  t o  

the analog problem o f  d e r i v i n g  the d i f f u s i o n  equat ion f o r  such systems. 

Even nere the problem escapes standard procedures f o r  d e r i v i n g  the d i f -  

f u s i o n  equat ion as i n  general L i o u v i l l e ' s  measure i s  n o t  i n v a r i a n t .  

I n  t h i s  paper we d iscuss  the  d i f f u s i o n  equat ion f o r  p a r t i c l e s  

i n  a  Riemannian space sub jec t  t o  a  s i n g l e  c o n s t r a i n t .  We f u r t h e r  d iscuss 

the i m p l i c a t i o n s  o f  the holonomy and non-holonomy o f  t h i s  s i n g l e  cons- 

t r a i n t .  

!n s e c t i o n  two we d iscuss  holonomy i n  t h e  l i g t h  o f  gaugetheo- 

r y  and i n  sec t ion  th ree  we d e r i v e  i n  a  d e t a i l e d  way the  d i f f u s i o n  equa- 

t i o n  f o r  such systems. Sect ion f o u r  does t h e  same f o r  t h e  case o f  non- 

- i n t e g r a b i l i t y  o f  the c o n s t r a i n t  and s e c t i o n  f i v e  s tud ies  the l i m i t  o f  

the two equat ions der i ved  when the  non- in tegrab le  c o n s t r a i n t  converges t o  

an i n t e g r a b l e  one. Sect ion s i x  e x h i b i t s  an example ob ta ined  b y ,  simula- 

t i o n  and i n  sec t ion  seven we draw the  conclus ions o f  t h i s  paper. 

2. MAMILTONIAN FORMALISM FOR PARTICLES SUBJECT 
TO HOLONBMIC CONSTRAINTS 

The purpose o f  t h i s  s e c t i o n  i s  t o  d e r i v e  the  Hami l ton ian f o r  

a  p a r t i c l e  cons t ra ined  t o  move on the sur face  

imbedded i n  a  Euc 

r a c ' s  formal ism f 

l i d e a n  n-dimensional space. Th is  i s  accornplished by D 

o r  s i n g u l a r  Lagrangeans. 

The Lagrangean f o r  the system may be w r i t t e n  as 



where a i s  a  Lagrangean m u l t i p l i e r  and must be considereci a  new dynami- 

ca l  v a r i a b l e ,  addiny t o  the c o n f i g u r a t i o n  a  new dimension. 

Sincs a i s  absent from the Lagrangean, the momentum B ,  canc- 

n i c a l l y  conjugate t o  a, must van ish  i d e n t i c a l l y ,  i .e . ,  

which de f ines  a  pr imary c o n s t r a i n t .  

We may now c o n s t r u c t  D i rac  Hami l ton ian,  w r i t i n g  

where 1-' i s  an undetermined func t ion  o f  p , q  and a. 

Consistency w i t h  the c o n s t r a i n t  imposes t h a t  the  a r b i t r a r y  

f u n c t i o n  1-' i r i  H must 6e such t h a t  a l  l t ime d e r i v a t i v e s  o f  6 vanish.  

Th is  requirement generates a  new s e t  o f  c o n s t r a i n t s  and t h e r e f o r e  we ha- 

where { , I  i s  the  n o t a t i o n  f o r  the  Poisson bracket .  

The l a s t  eq. f i x e s  the  o n l y  undetermined f u n c t i o n  i n  the ge- 

nera l  ized Hami l ton ian,  eq. (2.41, e x h i b i t i n g  the f a c t  t h a t  a l l  the four  

c o n s t r a i n t s  g iven by eqs. (2.5) t o  (2.9) a r e  second c l a s s  c o n s t r a i n t s .  

These four c o n s t r a i n t s  reduce by f o u r  the  dimension o f  the  phase space 

and t h e r e f o r e  by two the c o n f i g u r a t i o n  space. These two dimensions o f  the 



c o n f i g u r a t i o n  space can be seen t o  correspond t o  the  a d d i t i o n a l  dimension 

due t o  the i n c l u s i o n  of a as a new dynamical v a r i a b l e  and the dimension 

corresponding t o  the mot ion i n  the  d i r e c t i o n  normal t o  the  su r face  $ = 0. 

Th is  i s  e a s i l y  seen if we perform the canonical t rans fo rmat ion  generated 

i 
where f are  func t ions  of the o l d  coord inates and P. a r e  the  new momen- 

2 

t a .  

i We d e f i n e  f a5 fo l lows  

fi= gi(q) f o r  i = I ,  ..., n-I , (2.11) 

i 
where 4 a re  the new coord inates c a r a c t e r i z i n g  the  p o i n t s  on the sur face 

i 
$ ( q )  = O .  We may choose 62 i n  such a way t h a t  

a+ a$ 
-?- = O , j = I, ..., n-l . 
aqZ aq2 

Besides we assume 

The o l d  momenta a r e  g iven  by 

which can be solved f o r  Pn. We ge t  

what shows t h a t  

P 5 X  = o  . 
n 3 .  

From these r e s u l t s  we see t h a t  the  f o u r  eqs. Xi=O e l i m i n a t e  the  t w p a i r s  

250 



o f  canonica l  v a r i a b l e s :  (ci,B) and (+,Pn). The D i rac  Hami l ton ian i n  the  

reduced space of ( z , Q ~ ) ,  i = l  , . . . ,n-1 , i s  g iven by 

where 

i s  the  m e t r i c  tensor  o f  the su r face  $=O 

3. DIFFUSION EQUATION FOR PARTICLES 
CONSTRAINED TO SURFACES 

I n  t h i s  s e c t i o n  we d e r i v e  the  d i f f u s i o n  equa t ion  f o r  an en- 

semble o f  n o n- i n t e r a c t i n g  p a r t i c l e s ,  sub jec t  t o  w h i t e  s t o c h a s t i c  Forces, 

moving on a sur face.  

We s t a r t  from the Hami l ton ian,  ob ta ined  p r e v i o u s l y  

. . 
where 9%' i s  the  m e t r i c  tensor .  

Hami l ton 's  equat ions a r e  

L e t  us assume a  s t o c h a s t i c  f o r c e  a c t i n g  on the p a r t i c l e s  w i t h  

a  w h i t e  c o r r e l a t i o n :  

and consequentl y ,  



The v i s c o s i t y  i s  in t roduced as the  tensor  

what g ives  f o r  the c o v a r i a n t  f o r c e  the  f o l l o w i n g  express ion 

From these cons idera t ionç  we f i n a l l y  a r r i v e  a t  the  eqs. o f  motion: 

To a r r i v e  a t  the  Fokker-Planck equat ion f o r  the  d 

G ( P , & , t )  one inust c a l c u l a t e  the  c o r r e l a t i o n s  o f  the  dynarnical 

a t  two i n s t a n t s  o f  t ime and we o b t a i n  from eq. (3.4) and (3.6 

i s t r i b u t i o n  

v a r i a b l e s  

1 : 

a l i  < A &  = - A t  
aPi 

i < A Y  > = a l i  - a l i  

< A P . A P . > = 2 K g  A t  
?- 3 i j 

w i t h  these r e s u l t s  we w r i r e  down Fokker-Planck eq. as:  

which can be r e w r i t t e n  i n  the  f o l l o w i n g  form: 

Obviously any f u n c t i o n  o f  9 vanishes t h e  l e í t - h a n d  s i d e  o f e q .  

(3 .7 ) .  I n  p a r t i c u l a r  the  f u n c t i o n  d e ç c r i b i n y  the  thermal e q u i l  i b r ium 



vanishes a'lso the r igh t- hand  s i d e  o'i eq. (3.7) 2nd i s  t h e r e f o r e  t h e e q u i -  

l i b r i u m  sol lu t ion o f  the  Fokker-Planck eq. i f :  

The equat ion above e x h i b i t s  the  r e l a t i o n  between the  v i s c o s i -  

t y  and the  s t r e n ç t h  o f  the  s t o c h a ç t i c  fo rces  f o r  a  g iven  temperature 

(@=l /kT) .  The c o e f f i c i e n t  Z i s  the  p a r t i t i o n  f u n c t i o n  and here i t  p l a y s  

the r o l e  o f  a  normal i z i n g  f a c t o r .  

It i s  impor tant  t o  observe t h a t t h e  l e f t - h a n d  s i d e  o f  eq. ( 3 . 8 )  

descr ibes the p u r e l y  rnechanical mot ion o f  the  system. The remain ing two 

terms on the r igh t- hand  s ide  a r e  o f  s t o c h a s t i c  o r i g i n  and a r e  responsi -  

b l e  f o r  c a r r y i n g  the system t o  i t s  e q u i l i b r i u m  d i s t r i b u t i o n .  

L e t  us d e f i n e  the d e n s i t y  a t  e q u i l i b r i u m  as 

The constant  c i s  a c t u a l l y  i r r e l e v a n t  t o  our  purpose s ince  i t  i s  r e l a t e d  

t o  the t o t a l  number o f  p a r t i c l e s  pu t  i n t o  t h e  system, and the equat ions 

a r e  homogeneous o f  the  f i r s t  degree. We have a l  so s e t  i = d e t  (i. .) . 
2.3 

To o b t a i n  the d i f f u s i o n  equat ion,  we s h a l l  f o l l o w  the  same 

steps as i n  r e f .  (7) .  

We in t roduce  an opera to r  de f ined  as 

where G ( P , & , s )  i s  any f u n c t i o n  o í  3 , P  and t. It i s  easy t o  v e r i f y  t h a t  A 

i s  idempoterit (A'=A) and i t s  a c t i o n  i s  t o  e x t r a c t  from any d i s t r i b u t i o n  

func t ion  G ( P , & , t )  i t s  cornponent t h a t  corresponds t o  a un i fo rm temperature 

everywhere bu t  w i t h  the same s p a t i a l  d i s t r i b u t i o n  as g iven by G ( F , & , t ) ,  

i .e. 



where 

and 

AG = G O ( P , 4 ) ~ ( Q , t )  

We may r e w r i t e  the Fokker-Planck equa t ion  as 

Our purpose now i s  t o  d e r i v e  from eq. ( 3 . 1 3 )  a c losed  equat ion f o r  p ( ~ , t ) .  

We have: 

G ,  n ( r o  + r , )  (C ,  + G ~ )  

and 

B = I - A  

where I i s  the  i d e n t i t y  opera to r .  

L e t  us observe t h a t  

r G  = r  G  = O  
o 3  1 0  

as a1 ready d iscussed. 

We f u r t h e r  have 

r O A = A r O = O .  

To see t h i s ,  we take  an a r b i t r a r y  d i s t r i b u t i o n  g and we se t  



and there fo re  

i', AG = r ( G ~  p )  = Go i'o p = O  o 

as r,, i s  a  d i f f e r e n t i a l  opera to r  o n l y  on the momentum v a r i a b l e s .  

We a  l so have 

assuming t h a t  

+ O  as P . + +  PiG + O  and - 
a p j  2. 

By s i m i l a r  arguments we can a l ç o  prove t h a t  

A T  A = O  
1 

Making use o f  eqs. (3.17) and (3.18) i n  eq. (3.16) we o b t a i n  

To proceed we rnust o b t a i n  the equat ion f o r  G 2 .  Apply ing B t o  

bo th  s ides  o f  Fokker-Planck equat ion we get  

o r ,  again meking use o f  eqs. (3.17) and (3.18): 

The prev ious equat ion can be f o r m a l l y  i n t e g r a t e d  as 

where we assume t h a t  G2=0 a t  t = O .  The meaning o f  t h i s  i n i t i a l  c o n d i t i o n  



i s  t h a t  we s t a r t  w i t h  a  

a t  t = O .  

Subst i  t u t i n g  

a~ I " = = A  " 1  
'C 

From eqs. (3.19) and (3. 

system i n  thermal e q u i l i b r i u m  and t h e r e f o r e  AG=G 

eq. (3.21) i n t o  eq. (3.19) we have 

20)  we observe t h a t  i s  the opera to r  responsi -  

b l e  f o r  thermal f l u c t u a t i o n s  o f  the  system. We make the  s i m p l i f y i n g  as- 

sumption o f  neg lec t ing  h igher  order  c o r r e c t i o n s  i n  B r l  and thus 

t 
G * = a r 1 exp [r0(t-tl)] i, G,, dtl 
O a t  1  

o 

I t  can be proved t h a t  

and t h e r e f o r e  we have 

We make 3 f u r t h e r  s i r n p l i f i c a t i o n ,  by assuming r l  G1 t o  va ry  - 1 
s low ly  i n  t ime  i n t e r v a l s  o f  the  o rder  o f  y and so we ge t  

Making use o f  the  f o l l o w i n g  r e l a t i s n s :  



we f i n a l l y  a r r i v e  a t  the  d i f f u s i o n  equat ion:  

where 

The opera to r  on the  r ig th- hand  s ide  o f  eq. (3.24) i s  the  Laplac ian ope- 

r a t o r  i n  t h e  Riemannian space and D i s  the  d i f f u s i o n  c o e f f i c i e n t .  

I t  i s  impor tant  t o  observe t h a t  eq. (3.24) i s  the  d i f f u s i o n  

equat ion n o t  o n l y  f o r  p a r t i c l e s  moving i n  a  genera l i zed  c o n f i g u r a t i o n  

space w i t h  m e t r i c  g iven  by the  tensor  g but  i s  a l s o  f o r  p a r t i c l e s  sub- i  j 
j e c t  t o  a r b i t r a r y  holonomic c o n s t r a i n t s ,  as the e l i m i n a t i o n  o f  the cons- 

t r a i n t s  always leads t o  a  Hami l ton ian unconstra ined mot ion i n  a  reduced 

c o n f i g u r a t i o n  space w i t h  a  m o d i f i e d  m e t r i c .  

4. DIFFUSION EQUATION FOR PARTICLES SUBJECT 
TO NON-INTEGRABLE CONSTRAINTS 

L e t  us begin by cons ider ing  the Lagrangean 

which descr ibes a  p a r t i c l e  i n  a  Riemannian space, sub jec t  t o  the cons- 

t r a i n t  
.i 

a i q  = O  (4.2; 

Without l o s s  o f  g e n e r a l i t y  we may assume t h a t  

Proceeding s i m i l a r l y  t o  what we have done i n  s e c t i o n  2,we ob- 

t a i n  as pr i inary c o n s t r a i n t  the equat ion 

where fl i s  the  canonica l  momentum conjugate t o  X and, as secondary cons- 

t r a i n t  the f o l l o w i n g  equat ion 



These l a s t  two equat ions can be used t o  e l i m i n a t e  ii andX from 

the extended Hami l ton ian and we o b t a i n  

. . 
H = l p 

2 ( 4 . 3 )  

where 

i i i  Q . =  - a  a  s i i (4.4) 

.i 
So f a r  we have no t  rnade use o f  the f a c t  t h a t  a .q  i s  n o t i n t e g r a b l e .  Le t  

i  
us f i r s t  assume t h a t  a.q  i s  i n t e g r a b l e ,  i .e. 

where 4 i s  the i n t e g r a l  o f  eq. (4.2) and .r i s  the  i n t e g r a t i n g  f a c t o r .  I n  

t h i  5 case we have 

and $ p lays  the  r o l e  o f  a  generator  o f  gauge t ransformat ions and must be 

t r e a t e d  as a  f i r s t  c l a s s  c o n s t r a i n t  f o r  the  system descr ibed by H. 

The t ransformat ions generated by I$ a r e  

and t h e r e f o r e  I$ changes o n l y  the  component o f  p , p a r a l l e l  t o  a. Thus we 

choose as gauge c o n d i t i o n  the equat ion 

The equat ion above, together  w i t h  the equat ion 

can be used t o  reduce the  phase space o f  the  system by a  canonical t rans -  

forrnat ion i n  which $ p lays  the  r o l e  o f  the  n - t h  v a r i a b l e  s i m i  l a r 1  y t o  

what we have done i n  sect  i o n  2. 



The Hami l ton ian i n  the  reduced space have the form 

1 -aB 
H* = 2 9  Pcc P B  B , B  = 1 ,.. . ,n-1 

where 

and H* i s  the  same as the one g iven  by eq. (2.13) 

I 

and t h e r e f o r e  the d i f -  

f u s i o n  equat ion i s  g iven by the  eq. (3.23) as was shown i n  the prev ious 

sect ion. 

I f  the eq. (4.2) i s  n o t  in tegrab le ,  no f u r t h e r  invar iance  ap- 

pears i n  the  system and we have t o  deal w i t h  the Hami l ton ian H given by 

eq. (4.3) def ined i n  the  whole Zn-dimensional phase space. The presence 

o f  the c o n s r r a i n t  i s  mani fested by the f a c t  t h a t  the rnet r ic  

i s  s i n g u l a r .  To overcome t h i s  d i f f i c u l t y  we consider  the system described 

by the f o l  lowing Hami 1 t o n i a n  

w i t h  t h i s  procedure the m e t r i c  g iven by eq. (4.6) i s  no longer  s i n g u l a r  

and 

g = 

Wi th t h i s  m o d i f i c a t  

be reproduced and we a r r i v e  a t  

-i j 
: de t  ( g  ) = g / ~  

i o n  the steps descr ibed i n  s e c t i o n  3 can 

the d i f f u s i o n  equat ion 



and we observe t h a t  the l i m i t  when €-+O e x i s t s  and i s :  

wnich i s  the equat ion t h a t  descr ibes the d i f f u s i o n  o f  a  p a r t i c l e  sub jec t  

t o  the non- integrable c o n s i r a i n t  aiei = 0,  which i s  s t r u i t u r a l l y  d i f f e -  

r e n t  from eq. (3.23) f o r  i n te t j rab le  c o n s t r a i n t s .  

5. HOLOMOMY AS A BIFURCATION SET 
FOR TME CONSTRAINED DIFFUSIOM EQUATION 

We w i l l  now d iscuss the behaviour o f  eq. (4.7) wnen the cons- 

t r a i n t  becomes in tegrab le .  Le t  u ç  f i r s t  consider  the  space spanned by 

a11 1-forms i n  a  n-dimensional Riemannian man i fo ld .  

i 
To every 1-form w  = aidq , we have a  cons t ra ined  m e c h a n i c a l  

systern and we a r e  i n t e r e s t e d  i n  how one systern changes i n t o  another aswe 

change the c o n s t r a i n t  con t inuous ly .  One can in t roduce  i n  the space o f  

forms a topology
q t h a t  guararitees the  convergence o f  the e x t e r i o r  d e r i -  

v a t i v e  and the  e x t e r i o r  product  in ip ly ing t h e r e f o r e  t h a t  the set  o f  i n t e -  

g rab le  1-forms i s  closed. Th is  i s  e a s i l y  seen us ing  Froebenius t h e o r e m  

which says t h a t  w i s  i n t e g r a b l e  i f  and o n l y  i f  

Thus, i f  wn is a  sequence o f  i n t e g r a b l e  1-forrns t h a t  converges t o  w then 

what proves t h a t  the set  o f  i n t e g r a b l e  forms i s  c lased.  

I f  w i s  i n t e g r a b l e  and 5 non- in tegrab le  then 

i s  non- in tegrab le .  Thus, every i n t e g r a b i e  l - f o r m  w can be reached by a  



sequence o f  non- in tegrab le  I- forms what sbows t h a t  the  se t  o f  i n t e g r a b l e  

I - f o r m s  does n o t  have i n t e r i o r  what shows t h a t  i t  i s  a  meagre subset o f  

the  se t  o f  I - f o r m s .  

Tliese r e s u l t s  j u s t i f y  t o  take the  l i m i t  i n  the d i f f u s i o n  eq. 

(4.7) f o r  the non- in tegrab le  c o n s t r a i n t  and we have 

w i t h  the o n l y  d i f f e r e n c e  t h a t  

and 

Under these assumptions one can prove t h a t  i f  p i s  a  s o l u t i o n  

o f  the  equat ion above, p f ($ )  i s  a l s o  a  s n l u t i o n .  

To study the l i m i t  o f  the  i n t e g r a b l e  case we se t :  

S($) = 6(4) 

as a  necessary boundary c o n d i t i o n .  

Now we can take  the  coord ina te  systern such t h a t  q =@ . I n  t h i s  
n 

case we have 

and 

S u b s t i t u t i n g  t h i s  i n t o  equat ion (4.7) we have: 



This  equat ion,  except f o r  the specia l  case i n  which g i s  c o n s t a n t ,  
nn 

does n o t  co inc ide  w i t h  the c o r r e c t  equat ion f o r  the d i f f u s i o n  w i t h  ho lo-  

nomic c o n s t r a i n t  obta ined i n  sec t ion  3.  

We may t h e r e f o r e  conclude t h a t  the  holonomic mechanical sys- 

tems are b i f u r c a t i o n  p o i n t s  f o r  the  d i f f u s i o n  equat ion f o r  general cons- 

t r a i n e d  svstems. ' 

6. AN EXAMPLE 

To i l l u s t r a t e  the prev ious r e s u l t ,  l e t  us consider  the d i f f u -  

s ion o f  p a r t i c l e s  subject  t o  the non- in tegrab le  c o n s t r a i n t  

dependent on a  parameter a and i n  which 

The leaves o f  the f o l i a t i o n  g iven by eq. (6.1) a r e  e l l i p s o i d s  o f  revo lu -  

t i o n  around the  x3 - a x i s  w i t h  y/f3 being the  r a t i o  o f  the e l l i p s o i d s  a- 

xes. We consider  o n l y  the e q u i l i b r i u m  d i s t r i b u t i o n  and we can e a s i l y  see 

t h a t  the  eq. (4 .7 )  has i n  t h i s  case the s o l u t i o n  

P = const .  

so long as the c o n s t r a i n t  remains non- integrable.  I n  the  l i m i t  a+O, the 

d e n s i t y  s tays constant  on each l e a f  and we se t  

P = const  6 ( $ )  

on the l e a f  $=O o f  W 1 .  

The p r e d i c t e d  sur face d e n s i t y  on $=O i s  t h e r e f o r e  



pdu = do j const  I v $ ~  6 ( $ )  4 

- - const  I v $ I d u  f o r 4 = 0  (6.2) 

On the o t h e r  hand, the sur face densi t y  p r e d i c t e d  by eq. (3.24) 

I S 

pdo = const  do. (6. i) 

and we observe a  c l  ear  d  i sagreement between the two pred i c t  ions when Iv$ I 
i s  n o t  constant .  Thib i s  so because as we observed i n  the  prev ious sec- 

t i o n  t h e  d i f ' f us ion  equat ion f o r  non- in teg iab le  c o n s t r a i n t  does n o t  con- 

verge t o  the d i f f u s i o n  equat ion f o r  the  i n t e g r a b l e  case. 

To i l l u s t r a t e  f u r t h e r  t h i s  f a c t  we s imulated the s t a t i s t i c a l  

e q u i l i b r i u m  o f  p a r t i c l e s  on the e l l i p s o i d  g iven by 

The s i m u l a t i o n  was made by cons ider ing  one p a r t i c l e  moving on 

the  sur face o f  the e l l i p s o i d  s u f f e r i n g  c o l l i s i o n s  w i t h  o t h e r  p a r t i c l e s o f  

equal mass and g iven temperature ( ~ = 1 )  . The c o l  l i s ions occured a t  every 

u n i t  o f  t ime i n t e r v a l  and the  p a r t i c l e  was observed a f t e r  each c o l l i s i o n ,  

f o u r t h y  thoiisand t imes.  We considered these observat ions o f t h e  m e p a r -  

t i c l e  a t  constant  i n t e r v a l s  o f  t ime  as represen ta t i ves  o f  the  canonica l  

ensembles and the p r o j e c t e d  d e n s i t y  o f  p a r t i c l e s  on the  x 3 - a x i s  and the  

e q u a t o r i a l  p lane were observed. 

I n  f i g .  ( I )  we e x h i b i t  ou r  data f o r  the  p a r t i c l e  d i s t r i b u t i o n  

as a  f u n c t i o n  o f  s3 together  w i t h  the  two p r e d i c t i o n s  g iven  by eqs.(6.2) 

and (6.3). The s i m u l a t i o n  data a r e  p l o t t e d  as c i r c l e  p o i n t s  and the p re -  

d i c t i o n s  g iven  by eq. (6.3) and eq. (6.2) a r e  represented respect ive l  y  by 

the  cont inuous and the  dashed curves. We c l e a r l y  see t h a t  t h e d a t a a g r e e  

w i t h  che p r e d i c t i o n  o f  eq. (6.3) what shows t h a t  the  d i f f u s i o n  eq. f o r  a  

non- integrable c o n s t r a i n t  g i ves  the wrong l i m i t  when the  c o n s t r a i n t  con- 

verges t o  an i n t e g r a b l e  one. 

\Je can understand these r e s u l t s  i n  a  simple way bycons ider ing  

Fig.2. The i n t e g r a b l e  case p r e d i c t s  a  constant  su r face  dens i t y .  By con- 
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cig.1 - The p a r t i c l e  d i s t r i bu t i on  f o r  the const ra in t  given by eq. (6.4). 

The horizontal scale i s  s3/y. The simulat ion data are p lo t ted as black 

c i r c l es .  The continuous curve i s  the theoretical pred ic t ion given byeq. 

( 6 . 3 ) ,  rnd the dashed curve i s  the pred ic t ion given by equation (6.2). 

Fig.2 - The section a f  tw e l l i pso ids  o f  the same f o l l i a t i o n  given byeq. 

( 6 .  I ) .  The shaded areas are the cross-sections o f  tm volumes w i t h  the same 

basis on the e l l ipso ids.  We can observe that  the equatorial volume i s  

smaller than the polar one. 

sidering the volume between two ellipsoids of the same foliation we can 

argue that to have a constant volumetric density on the equatorial plane 

implies a different volumetric density at the poles. Therefore,the cons- 



t a n t  vo lumet r i c  d e n s i t y  everywhere p r e d i c t e d  by the d i f f u s i o n  equa t ion  

f o r  non- in tegrab le  c o n s t r a i n t  cannot be reproduced when the c o n s t r a i n t  i s  

i n t e g r a b l e .  I n  phys ica l  systems i n  which the  non- in tegrab le  c o n s t  r a  i n t  

changes t o  an i n t e g r a b l e  one, we would suddenly observe a  change i n  the  

s p a t i a l  d i s t r i b u t i o n  o f  p a r t i c l e s  when the  c o n s t r a i n t  become i n t e g r a b l e .  

We must observe on the  o t h e r  s ide  t h a t  the Hami l ton ian d e s c r i p t i o n  f o r  

non- in tegrab le  c o n s t r a i n t  does n o t  g i v e  the c o r r e c t  dynamicdl equat ions 

and the d iscont inuous behaviour may no t  correspond t o  the  ac tua l  phys i -  

ca l  s i t u a t i o n .  

We have der i ved  the  d i f f u s i o n  equat ion f o r  holonomic cons- 

t r a i n t s ,  eq. (3.24),  and non-holonomic c o n s t r a i n t s ,  eq. ( 4 . 7 ) ,  under the  

assumption t h a t  the  dynamics fo r  t h e  non-holonomic case i s  g iven  by Ha- 

m i l t o n ' s  p r i n c i p l e .  

'Though Hami l ton 's  p r i n c i p l e  does n o t  g i v e  the  same dynamics, 

i t  i s  a  n a t u r a l  ex tens ion  o f  the  dynamics o f  holonomy i n t o  the realm o f  

non-holonomy. We say n a t u r a l  i n  the  sense t h a t  the  non-holonomic equa- 

t i o n s  o f  mot ion go c o n t i n o u s l y  i n t o  the holonomic ones. Th is  does n o t  

guarantee the c o n t i n u a t i o n  o f  the d i f f u s i o n  equat ions f o r  the two c l a s -  

ses o f  c o n s t r a i n t s .  I n  fact: we have shown t h a t  the holonomic s e t o f  cons- 

é r a i n t s  i s  a b i f u r c a t i o n  set  f o r  the  d i f f u s i o n  equat ion.  Th is  immediat ly 

r a i s e s  the  quest ion as t o  the  na tu re  o f  the  d i f f u s i o n  equat ion f o r  the 

t r u e  non-holonomic dynamics. I n  a  prev ious paper7 we showed, f o r  a  res -  

t r i c t e d  c l a s s  o f  non-holonomic systems, those f o r  which L i o u v i l l e ' s  mea- 

sure i s  i n v a r i a n t ,  t h a t  the t r u e  dynamics g ives  the  same d i f f u s i o n  equa- 

t i o n  as the  one obta ined by Hami l ton ian dynamics. U n f o r t u n a t e l  y  t h i s  

c l a s s  i s  too  r e s t r i c t e d  t o  permi t  a  g e n e r a l i z a t i o n .  Therefore,  the d e r i -  

v a t i o n  o f  t h e  d i f f u s i o n  equat ion f o r  the t r u e  dynamics remoins an open 

problem. 
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