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The problem o f  an e l e c t r i c  c i r c u i t  c o n s i s t i n g  o f  a  r e s i s t o r ,  

an induc to r ,  a  c a p a c i t o r  and a couple o f  zenner diodes i n  s e r i e s  i s  s t u -  

d i e d  i n  t h e  framework o f  Convex Analys is .  The d i f f e r e n t i a l  i nequa l i t ygo-  

ve rn ing  the c i r c u i t  i s  shown t o  y i e l d  a unique s t a b l e  s o l u t i o n  which can 

be c a l c u l a t e d  through standard schemes. Numerical r e s u l t s  a r e  shown t o  

agree w i t h  experiments. 

O problema da resposta de um c i r c u i t o  e l é t r i c o ,  c o n s i s t i n d o  

de uma r e s i s t ê n c i a ,  uma bobina, um condensador e um par de diodos zenner 

em sér ie ,  é estudado den t ro  do formal ismo da Aná l i se  Convexa. Mostra-se 

que a inequeção d i f e r e n c i a l  que governa o c i r c u i t o  possui uma solução es- 

t á v e l  que pode ser ca lcu lada a t ravés  de a l g a r i s m o s   usuais .  Apresenta-se 

também o resu l tado  de uma simulação d i g i t a l  do c i r c u i t o ,  baseada em um 

a lgar i smo  t i p o  p r e d i t o r - c o r r e t o r ,  e  compara-se e s t e  com medições tomadas 

em l a b o r a t ó r i o .  

1. INTRODUCTION 

In Ref. 1  we considered a couple o f  zenner diodes i n  p a r a l l e l  wi t h  

the capac i to r  o f  a RLC c i r c u i t  and showed, us ing  concepts from Convex Ana- 

l y s i s ,  t h a t  t h i s  c o n f i g u r a t i o n  i s  the  s imp les t  one f o r  the s i m u l a t i o n  o f  

d i e l e c t r i c  d i s r u p t i o n  from the phenomenological p o i n t  o f  view. I n  the pre- 

sent paper we s h a l l  consider  the zenner couple i n  s e r i e s  w i t h  theR,L and 



C elements and analyse the d i f f e r e n t i a l  i n e q u a l i t y  govern ing the c i r c u i t  

w i t h  the  same methodology. 

We p o i n t  o u t  f i r s t l y  t h a t  the e l a s t o - p l a s t i c  s p r i n g  is theme- 

chanica l  analogue t o  the p a r a l l e l  c o n f i g u r a t i o n ,  as w e l l  as the e l a s t i c  

sp r ing  subjected t o  a d r y  f r i c t i o n  i s  the  analogue t o  the  i n  s e r i e s  con- 

f i g u r a t i o n  o f  the c i r c u i t .  A s i m i l a r  mathematical a n a l y s i s  t o  the one we 

s h a l l  develop here can be seen, f o r  example, i n  re ferences 2,3, where a 

model f o r  a  p i l e - s o i l  i n t e r a c t i o n  through f r i c t i o n  i s  discussed. Secon- 

d l y ,  we remark t h a t  those two bas ic  p o s s i b i l i t i e s  t o  arrange the couple 

o f  zenner diodes w i t h  the c a p a c i t o r  i n  

correspond t o  the two p o s s i b i l  i t i e s  o f  

represent a  system: t o  have u n i l a t e r a l  

deal w i t h  n o n- d i f f e r e n t i a b l e  func t iona  

The aim o f  t h i s  a r t i c l e  i s  

the  c i r c u i t  ( p a r a l l e l  and s e r i e s )  

having v a r i a t i o n a l  i n e q u a l i t i e s  t o  

c o n s t r a i n t s  on some v a r i a b l e  o r  t o  

S.  

t o  present  t h e o r e t i c a l ,  cornputat i-  

onal  and experimental r e s u l t s  about the non l inear  s e r i e s  RLC c i r c u i t .  The 

p lan  o f  i t  i s  the fo l low ing .  I n  Sect ion 2 the phys ica l  model i s  described. 

The f u n c t i o n a l  framework employed and a theorem a s s e r t i n g  t h a t  we have a 

mathemat ica l ly  w e l l  posed problem a r e  expla ined i n  Sect ion 3.  Sect ion 4 

con ta ins  a d e s c r i p t i o n  o f  the computing a l g o r i t h m  and the r e l a t e d  conver-  

gente r e s u l t s .  I n  Sect ion 5 the ou tpu t  of a  numerical s i m u l a t i o n  i s  p re -  

sented, and then compared w i t h  l a b o r a t o r y  measurements i n  the next  Section 

6 .  AI1 the mathematical p roo fs  a r e  developed i n  Sect ion 7 .  F i n a l l y ,  i n  

Sec t ion  8, we summar i ze general concl us ions . 

2. THE PHYSICAL MODEL 

The fundamental c i r c u i t  equat ions a r e  

- Conservat ion laws (Ki r c h o f f )  : 

E ( t )  = VL + VR + V Z  + v  C ' 

d7, 
I ( t )  = IL = IR 

= Iz = I c  = r ' 

(see F igure  l ) ,  



where 

E ( t )  = appl i ed  v01 tage, 

qc? = charge a t  the  capacitar's p l a t e ,  

( V  ,I ) = (vo l tage ,  c u r r e n t )  a t  the  inductor ,  L L 

(VR, IR)  = (vo l tage,  c u r r e n t )  a t  the r e s i s t o r ,  

(Vz,IZf = (v01 tage, c u r r e n t )  a t  the  c e l l  rep resen t ing  the couple of zenner 

d i odes , 

(V ,I ) = ~ ( v o l  tage, c u r r e n t )  a t  the  capac i to r ;  C C 

- Behavior laws: 

where F, t h s  c h a r a c t e r i s t i c  f u n c t i o n  o f  the  arrangement o f  zenners, is g i -  

ven by the graph shown i n  F igure  2 .  A l l  the  phys ica l  parameters R ,  L, C 

and Z a re  assumed t o  be constants ,  and p o s i t i v e s .  

F igure  1 F i g u r e  2 



The graph F i s  "monotonic", hence can be inver ted ,  and (see 

F igure  3)  i t s  inverse 

F i g u r e  3 

i s  another graph. 

A c t u a l l y ,  t h e  phys ica l  o b t e n t i o n  o f  such c h a r a c t e r i s t i c  respon- 

se from the  non l inear  element invo lves  the  use o f  an adequate h i g h  ga in  and 

low ou tpu t  impedance opera t iona l  a m p l i f i e r  together  w i t h  the  two diodes, as 

f o r  example the  one shown i n  F igure  4.  

Adding up, the  s t a t e  o f  t h e  c i r c u i t  i s  descr ibed by the i n i -  

t i a 1  va lue  problem, f o r  I ( t )  and q c ( t ) ,  

. OUTPUT 
z 

- Z - 

F igure  4 



( i )  + R I )  + ( t )  + F ( I ) )  = E )  , t > O , dt 

where equation (2.4) (i i i )  is to be correctly interpreted. 

3. THE MATHEMATICAL SET-UP 

The correct interpretation ot (2.4) is the following. We con- 

s ider the convex funct ion 

and the definition of the 

at a point a: 6 R; a set 

5 6 af(x 

sub-differential 3f(x) of a convex function f 

defined by the criterion 

) if and only if f(y) > f(x) + 5(y-x) , 

We shall have then 

af(x) = F-~(x) , x € R , 

and the following formulation of (2.4) (iii): 

[ E-L - RI - i qc ] (t) 6 af(I(t)) , b't > O . (3.3) 

I n  view of definition (3.2), an alternative formulation to (3.3) is 



Hence, e l i m i n a t i n g  the  v a r i a b l e  q the  combinat ion o f  equa- 
C' 

t i o n s  (2.4) and (3.4) r e s u l t s  i n  the  f o l l o w i n g  i n i t i a l  va lue  problem f o r  

the  d e s c r i p t i o n  o f  the  c i r c u i t :  

t o  f i n d  I = I ( t ) ,  t 2 0, such t h a t  

( i )  I ( 0 )  = O , 

Rema r k  

The c l a s s i c a l  s e r i e s  RLC c i r c u i t  correqponds t o  the  l i m i t  ca- 

se Z=0. I f  then we take  i n  (3.5) ( i i )  j = I ( t )  i1 we o b t a i n  the  i n t e g r o  

- d i f f e r e n t i a l  equat ion 

Le t  us in t roduce  now some f u n c t i o n a l  space which we s h a l l  make 

use f o r  the p r e c i s e  mathematical d e s c r i p t i o n  o f  the  r e s u l t s  obta ined.  I f  

O < T < - l e t  

c'(o,T) = space o f  cont inuous func t ions  v ( t )  on [o,T], 

w i t h  norm lu1 = max l u ( t ) l  ; O I t i T  
o 

L ~ ( o , T )  = space o f  f u n c t i o n s  v ( t )  on [o,T] f o r  which I v ( t )  I P  
i s  Lebesgue in tegrab le ,  w i t h  norm 

L  (0,T) = space oF a l l  Lebesgue measurable f u n c t i o n s  v ( t )  on 

[o,T] which a r e  bounded, except poss i  b l  y on a  se t  

o f  measure zero, w i t h  norm 
' 



/vim = i nf t sup l u ( t )  11 . 
u(t) = v ( t )  a.e. O < t < T 

The theoretical analysis of the circuit which we present is 

summarized in the following. 

Theerem 3.,1 

Let O<T<m and E  8 L2 ( O  ,T)  be given such that d E / d t  8 L 2 ( 0 , T ) .  

Then there exists a unique function I = I ( ~ ) ,  satisfying 

which verif ies (3.5) for almost every t 6 (0,~:. Furtherrnore, the solu- 
F 

tion map ~ ( t )  - I ( t )  is continuous, in the sence that there exists a 

constant K such that 

i t i  
where I' = ir ( E Z ) ,  i=1 , 2 ,  and q c ( t )  = I ,  I ( r ) & .  And when T  + m ,  we 

have I(T) + 0 .  

This theorem essentially guarantees that we are dealing whita 

well posed nathematical problem, that is, the interna1 consistency of our 

mathematical model for the circuit. 

4. THE COMPUTING ALGORITHM 

To compute approximate solutions of ( 3 . 5 )  we can use a method 

based on a convex regularization of the function f ( x )  and a standard dis- 

cretization in time for the resulting ordinary differential equation. 

We take, for E > 0 ,  



Then we modify problem (3.5) s u b s t i t u t i n g  f (x )  by f E ( x ) .  Since the l a t t e r  

i s  d i f f e r e n t i a b l e ,  the  v a r i a t i o n a l  i n e q u a l i t y  i s  s u b s t i t u t e d  by the o r d i -  

nary d i f f e r e n t i a l  equat ion 

Now f o r  (4.2) and (2.4) ( i i )  the  t ime d i s c r e t i z a t i o n  proposal 

i s  a Crank-Nicolson scheme. Given T>O f i n i t e  and f i x e d  once f o r  a l l ,  we 

in t roduce  an a r b i t r a r y  p o s i t i v e  in teger  N and 

A f t e r  t h i s  we consider  the bas ic  formula 

( i i  i )  = , n = O,] ,.. . ,N-I , 

n N  N 
where in tends t o  be an approx imat ion t o  {I ( tn)  , q z(tn)}n=O , 
and 

n -I n+l a t e  = H  ( G  - G ~ ) ,  

n N 
f o r  any sequence {G jn=O . 



The computing a l g o r i t h m  associated w i t h  (4.3) i s  t h e f o l l o w i n g  

p r e d i c t o r  cor ' rector  v e r s i o n  o f  i t :  

(%) F, Q: known, compute p r e d i c t o r s  
7+1 $+I 

' C 
i n  (4.3) 

( i  i )  and ( i i i )  w i t h :  

<r"", }-+{I~", Q:'] i n  the  l e f t  hand r i d e  o f  (4.3) 

( i i )  and i n  (4.3) ( i i i ) ;  

{fJ}-+@+l} i n  the r i g h t  hand s i d e  o f  (4.3) ( i  i ) ;  

+1 n+l (,) r,  <,F'',C+' known, compute c o r r e c t o r s ?  , Qc , i. 14.3) 

( i i )  and ( i i i )  w i t h  fn+l-+~n+l i n  the r i g h t  hand s i d e  o f  

(4.3) ( i  i ) ;  

( s ~ )  s top  a t  n = N- l  . 

Algor  i thm (4.4) i s  uncond i t i ona l  l y  convergent w i t h  H -+ 0, and 

E -f O.  We s h a l l  use i t  i n  the numerical s i m u l a t i o n  t o  be presented nex t  

Sect ion. I n  more p r e c i s e  terms, we can s t a t e  the  f o l l o w i n g  r e s u l t ,  the 

p roo f  o f  which w i l l  be posponed t o  Sect ion 7. 

Theorem 4.1 

Under the hypothesis  o f  Theorem 3.1, the f o l l o w i n g  e q u a l i t i e s  

ho ld  f o r  the  i t e r a t e d  1 i m i t s :  

1 im I im sup y - ~ ( t , )  / = O , (4.5) 

€-+O H+O OsnsN 

n 
1 im I im sup I ~ ~ - q ~ ( t ~ )  1 = O , (4.6) 

€-+O H-fO OsnçN 

n n 
{ I ,qc l  being the  s o l u t i o n  o f  (2.4) ( i ) ,  ( 2 . 4 )  ( i i ) ,  (3.4) and { I  ,Qc) being 

de f ined  i n  (4.4).  



5. A NUMERICAL SIMULATION 

I n  t h i s  Sect ion we present  a  t y p i c a l  numerical r e s u l t o b t a i n e d  

by implementing a  a l g o r i t h m  (4 .4 )  as a  F o r t r a n  program. Th is  program was 

run  i n  the I B M  370/145 machine a t  LCC-CNPq, i n  double p r e c i s i o n .  For the 

inpu t  

2 i f t 6  bH,(j+l)H], j e v e n ,  
E ( t )  = 

O i f  t C (jH,(j+l)H) , j odd , 

the o u t p u t  described by the two curves o f  F igure  5 was obta ined.  The c u r -  

ve = & (t) i nd ica tes  the process o f  charge s torage a t  the  capac i to r ,  

the r e s e r v o i r  o f  e l e c t r i c a l  energy i n  the c i r c u i t .  

-2.40 I I I I I I 
0.00 2.92 S.84 8.76 11.68 14.60 17.52 

TIME 

F igure  5 

6. COMPARISON WITH EXPERIMENTAL RESULTS 

The experimental v e r i f i c a t i o n  o f  the  theore t i ca l  numerical r e -  

s u l t s  presented i n  the prev ious sec t ions  was made us ing  the non- l inear  



p r o p e r t i e s  of' an element c o n s i s t i n g  o f  two zenner diodes and an o p e r a t i o -  

na1 a m p l i f i e r  as shown e a r l i e r  i n  F igure  4. As mentioned b e f o r e , t h i s  am- 

p l i f i e r  (pA741) has a  ve ry  low ou tpu t  impedance and a  h i g h  gain.  The d i o -  

des used i n  the experiment have the zenner v o l t a g e  o f  4.7 v o l t s .  

l h e  complete c i r c u i t y  i s  shown i n  F igure  6. The p a r t  o f  the 

c i r c u i t  which i s  a t tached t o  the c a p a c i t o r  has the  f u n c t i o n  o f  d i schar -  

g ing  i t  whenever i t s  v o l t a g e  reaches a  c e r t a i n  va lue,  f i x e d  by the  v o l t a -  

ge V I .  Th is  vo l tage,  on the o ther  hand, must be ad jus ted  i n  o r d e r t o  pro-  

duce a  r e p e t i t i v e  p i c t u r e  i n  the  osc i loscope screen. I n  case VI i s  too  

h i g h  one can observe o n l y  the  permanent regime o f  the  c i r c u i t .  

F igure 7 shows a t  the top  the  measured vo l tage  a t  the capaci -  

t o r ' s  p l a t e s ,  as f u n c t i o n  o f  t ime. Since the charge i s  l i n e a r l y  r e l a t e d  

t o  t h i s  vo l tage,  i t  a l s o  ind ica tes  the way the  capac i to r  i s  charged under 

the  app l ied  vo l tage  ~ ( t ) ,  which i n  the present  case i s  a  t r a i n  o f  rec tan-  

g u l a r  pulses, as shown i n  the bottom o f  F igure  7 .  

As i t  can be c l e a r l y  seen, the amount o f  a d d i t i o n a l c h a r g e  

which i s  added t o  the  capac i to r  by each i n d i v i d u a l  pu lse decreaçes w i t h  

the t ime. Th is  r e s u l t  q u a l i t a t i v e l y  agrees w i t h  the numerical p r e d i c t i o n  

(see F igure  5)  and a l s o  w i t h  the s i m u l a t i o n  f o r  the  equ iva len t  rnechanical 

system considered i n  Ref.3. 



Figure 7 

The values used in this case were: R-JKR, L=lOmH, C=lpF. The 

scates are such that each horizontal division corresponds to Ips and each 

vertical division to 20 volts in the input and 2 volts in the output. The 

elements of  the auxiliary circuit were: VI-3V, Rl=560a, and T i  being the 

UJT 2~2646 component. 

7. MATHEMATICAL PROOFS 

Technical details of the proofs of the assertions madeinTheo- 

rems 3.1 and 4.1 will be discussed now. 

7.1. Proof of Theorem 3.1 

The proof consists in a sequence of clairns and corresponding 

justifications. 

Claim 1 (Uniqueness) 

If solutions of (3.5) exists, they cannot be rn0r.e than just 

one . 

Assume there are two solutions, and I ~ .  We have 



.r1 ( O )  = 12 ( O )  = 0  . (7 .3 )  

Taking j = i n  ( 7 . 1 ) ,  j = I' i n  ( 7 . 2 ) ,  and adding, 

where I = - 12. Hence 

By i n t e g r a t i o n  on t ime ( 7 . 4 )  imp l ies  

That i s ,  I ( t )  = O ,  t 3 0 ,  and ~ ' ( t )  = ~ ~ ( t ) ,  t 3 O .  The two s o l u t i o n s  

must co inc ide,  and the  c l a i m  i s  j u s t i f i e d .  

Claim 2 (Convex regularization of problern 13.5)) 

Given E > 0 ,  the i n i t i a l  va lue  problem 



( i  i i )  qz 42 L ~ ( o , T )  n cO(O,T) , 

d(IZ 
( i v )  ( t )  = I E ( t )  , O < t < T ,  

drE 1  E 
( v )  L d t + R I E  + - ( I  + f É ( I E ( t ) )  = E & )  , O < t < T ,  

C c 

( v i )  I c ( 0 )  = O , (I€(o) = O , c 
(7.5) 

where fE i 5  def ined i n  ( 4 .  I ) ,  w e l l  d e f i n e s  the  sequences > O and 

(4Cl . 
E >  0 

Being the associated f u n c t i o n  t o  system (7.5) ( i v )  and (v)  con- 

t i n u o u ~  and monotone, 

be extended t o  [ o , T ~  

I n  the seque1 we shal 

which w i l l  f u l f i l l  t h  

( 7 . 5 j ( i j ,  ( i i )  and ( i  

such a system has a unique l o c a l  s o l u t i o n  which can 

n case IE ( t )  and (~:(t) a r e  bounded on the i n t e r v a l .  

prove two a p r i o r i  est imates f o r  (7.5) ( i v )  and (v)  

s  boundedness requirements as w e l l  as c o n d i t i o n s  

i j ,  so demonstrat ing c l a i m  2. 

For the f i r s t  es t imate  (energy) we mu 

g e t t i n g  

I n t e g r a t i n g  on t ime and us ing  the  i n i t i a l  cond i t i o n s :  

which i s  the energy i d e n t i t y  f o r  our  system. Hence, s ince 



For the second estimate we start differentiating equation (7.5) 

( v )  : 

d21E di'E 1 f L ( I E ( t + A t ) ) - f ; ( I E ( t )  
L-  + R - - + - I  + lim = ~ ' ( t ) ,  O<t<T . 

d t  d t  C E ~ t + o  A t  

Now we multiply it by I ;  , 

observe that 

if we look equation (7.5) (v) at t = O  we get 

E L ( O )  = ~ ( 0 ) .  

Hence we obtain the a priori estimate 



Since the  r i g h t  hand s.ides o f  (7.6) and (7.7) invo lve  on l  y da- 

ta ,  and a r e  independent o f  E, we can conclude t h a t  

( i  a  a  1  i n  a  bounded s e t  o f  L ~ ( o , T ) ,  

( i  i )  I€ a r e  a1 1 i n  a  bounded se t  o f  Lm(O,T) n L2 ( 0 , ~ )  , 

""I€ 
( i i  i) a r e  a1 1  i n  a  bounded s e t  o f  L ( o , T )  f? L2(0,T) .  

This  impl ies i n  p a r t i c u l a r  (7 .5 ) ( i  i )  and p a r t  o f  ( 7 . 5 ) ( i )  and ( i i i ) .  Now, 

qE and I a r e  cont inuous because o f  
E  

6 const .  lt-~ 1 , 

s const .  It-'r1 , 

respec t i v e l  y .  

The p roo f  o f  c l a i m  2 i s  ended 

Claim 3 (Existente) 

There e x i s t s  a  s o l u t i o n  I o f  (3 .5)- (3 .8) .  

Est imates (7.61, (7.8) and (7.9) imply t h a t  the se ts  

and { I ~ } ~ , ~  a r e  u n i f o r m l y  bounded and equicont inuous. Hence by A r z e l a ' s  

theorem there  e x i s t s  a  l i m i t  p o i n t  { q  ,I} such t h a t  q E + q  and IE + I, 
C C C 

u n i f o r m l y  on / O , T ; ,  f o r  some subsequence. We s h a l l  show t h a t  t h i s  l i m i t  

p o i n t  i s  the des i red  s o l u t i o n .  

I n  f a c t ,  dq / d t  = I and by the conclus ions ( i ) ,  ( i  i )  and ( i  i i )  
C 

of  (7.6) and (7.7) we have t h a t  I and q s a t i s f y  (3.6)- (3.8).  We need 
C 

then o n l y  t o  show t h a t  I s a t i s f i e s  (3.5) ( i  i )  f o r  almost every t 6 ( 0 , ~ ; .  



Equation ( 7 . 5 ) ( v )  and the f a c t  that  fE i s  a convex function im- 

Integrat ing from O to T : 

But we know from the compactness propert ies o f  bounded sets i n  

L~ spaces that  we can e r t r a c t  from { I ~ , ~ ~ I ~ , ~  a subsequence, s t i  1 l deno- 
& ted by ( ~ ~ , q ~ t ~ , ~ ,  such that  

E 
qc 9 qc uniformiy on [o,T] , 

IE + I uniformly on [o,T] , 

&E dT + weakly * i n  Lm(O,T) . 

Hence, i f  we take the l i m i t  &+O, (7.10) and (7 .11)  yield 



t h a t  i s ,  

F i n a l l y ,  through a standard measure- theoret ic argument (see the 

existente proof i n  Reé.2) one can show t h a t  (7.12) i s equ i v a l e n t  t o  ( 3 . 5 )  

( i i ) ,  except p o s s i b l y  i n  a se t  oP measure zero i n  [ 0 , 1 ] .  

Claim 4 (Stability) 

We have t h a t  (3.9) ho lds t r u e  and ~ ( t )  + O as t  -+ w. 

By d e f i n i t i o n :  

Taking j = I' i n  equat ions a = 1 and j = I 1  i n  equat ions a = 2, adding up 

and i n t e g r a t i n g  from O t o  t :  

This  imp l ies  (3.9).  

Now take T=w. Since I ( t )  i s  u n i f o r m l y  cont inuous on [O, +a) 

(see (7.9)) and a l s o  square- integrable,  then ~ ( t )  + O as t  +a. And the 

p roo f  o f  theorem 3.1 i s  ended. 



7.2. Proof of Theorem 4.1 

F'or the  sake o f  space saving we do n o t  present  t h i s  p roo f  he- 

re.We r e f e r  the reader t o  Ref.3. There a p roo f  i.s d e v e l o p e d f o r a  f o r m a l l y  

more general s i t u a t i o n .  An argument f o r  the present  case can be b u i l d  

f o l l o w i n g  s tep  by s tep the p roo fs  o f  Lemma 1 and Theorem 2, i n  Sec t ion  6, 

and making t h e  appropr ia te  correspondenceç and reduc t ions .  

A mathemat i c a l  model (equat i o n  (3.5))  i s  proposed t o  anal yze 

the  response o f  an e l e c t r i c  c i r c u i t  c o n s i s t i n g  o f  elements o f  res is tance ,  

inductance, capaci tance and a n o n - l i n e a r i t y  descr ibed by F igure  2,  a l l  i n  

se r ies ,  t o  an a p p l i e d  v o l t a g e  ~ ( t ) .  The well-posedness o f  t h i s  response 

p rob len  i s  devonstrated, both f o r  the  cont inuous and d i s c r e t i z e d  vers ions  

o f  the  model (theorems 3.1 and 4.1).  A model c o n s i s t e n t  numerical ca lcu -  

l a t i o n  was performed i n  the IBM 370/145 computer a t  the Labora tó r io  d e h -  

putação C i e n t í f i c a  - CNPq and an e l e c t r i c  charge x t ime curve was o b t a i -  

ned which agreed w i t h  experimental rneasurements h e l d  a t  the  Laboratór io de 

E l e t r ô n i c a  o f  the Universidade de B r a s í l i a .  

The authors thank J.A. Raupp and F.R. Cunha f o r  t h e i r  c o n t r i -  

bu t ions  i n  the computat ional and e l e c t r o n i c  aspects o f  t h i s  research. 
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