
Revista Brasilenra de Fisica, Vol. 1 1 ,  ri? I, 1981 

High and Low Ternperature Analytic Expressions 
for the Classical One-Dimensional Anysotropic Planar 
Model 

FREDERICO C. MONTENEGRO+ 
Departamento de Física, Universidade Federal da Parafba, 581d0, Campina Grande, PB, 
Brasil 

and 

ANTONIO S .  T. PIRES 
Departamento de Ffsica, Universidade Federal de Minas Gerais, 3CYMO Belo Horizonte, MG, 
Brasil 

Recebido em '15 de Setembro de 1980 

Using the  t r a n s f e r  m a t r i x  method f o r  the  one-dimensional 

c l a s s i c a l  a n i s o t r o p i c  p lanar  model, we present  a n a l y t i c  expressions f o r  

the two-spins c o r r e l a t i o n  f u n c t i o n s  i n  the  l i m i t s  o f  h i g h  and iow tem- 

peratures.  An a l ignment  o f  sp ins a long the easy d i r e c t i o n  i~ found a t  

low temperatures, leading the system t o  an I s i n g - l i k e  beheviour. 

Usando o método da m a t r i x  t r a n s f e r ê n c i a  para o modelo p 

a n i s o t r ó p i c o  c l á s s i c o  unid imensional ,  apresentamos expressões ana 

~ l a n a r  

1 Í t i-  

cas para as funções cor re lação  de d o i s  sp ins nos I im i tes  de a l t a s  e 

baixas temperaturas. Um a l inhamento de sp ins ao longo do e i x o  de mais 

f á c i  1 magnet ização é encontrado em baixas temperaturas, levando o s i s -  

tema a se comportar como no modelo de I s i n g .  
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nas Gerais, 30000  - Belo Hor izonte,  MG, B r a s i l .  



1. INTRODUCTION 

There i s  a vas t  l i t e r a t u r e  on one-dimensional magnetic s i s -  

temsl. P a r t i c u l a r l y ,  f o r  the one-dimensional p lanar  model we can men- 

t i o n  some impor tant  works, namely: L ieb,  S c h u l t z a n d ~ a t t i s ~  s tud ied  

the model w i t h  sp in  1/2; ~ i e m e i j e r ~  developed some c a l c u l a t i o n s  f o r  

the  s p i n  1 /2  p lanar .  systern i n  presence o f  an appl  i e d  f i e l d ;  ~ o ~ c e ~  ob- 

ta ined  c losed- form expressions f o r  the termodynamic f u n c t i o n s  i n  the 

c l a s s i c a l  i s o t r o p i c  case, w h i l e  stanl.ey5 solved the general case o f  

n-dimensional c l a s s i c a l  vec to r  sp ins f o r  a r b i t r a r y  n. Recently,  Love- 

luck6  obta ined numerical r e s u l t s  f o r  the  c l a s s i c a l  p lanar  model i n  the  

presence o f  an appl i e d  f i e l d  and ~ a t  i j a 7  der ived expl  i c i t  formulas f o r  

the  Heisenberg- lsing, Heisenberg-xy, and x y - l s i n g  crossovers a t  low 

temperatures, us ing  a quantum Hami l ton ian forrnalism. 

Anisot ropy e f fec ts  on one-dimensional c l a s s i c a l  systems have 

been s tud ied  i n  some e x t e n t  s ince  t h e  i n t r o d u c t i o n  o f  t h e  t r a n s f e r  ma- 

t r i x  method i n  the study o f  these systems by ~ o ~ c e * .  For instance, t h i s  

method has been app l ied  t o  the  Heisenberg model w i t h  s i n g l e - s i t e  a n i -  

sot ropy by Loveluck e t  a2: and t o  the  Heisenberg model w i t h  d ipo la ran i -  

sot ropy by Hone and p i r e s l o  and F a r i a  and p i res l l .  

I n  t h i s  paper we w i l l  cons ider  the  one-dimensional c l a s s i c a l  

a n i s o t r o p i c  p lanar  system w i t h  nearest-neighbours i n t e r a c t i o n s  f o r  a 

ferromagnet, represented by t h e  Hami l ton ian 

x where si = cose and s? = s ino a r e  the  components o f  t h e  c l a s s i c a l  i z i 
s p i n  u n i t  vec to r  si, a and b a r e  p o s i t i v e  constants  and we w i l l  take 

a 2 b ,  and use c y c l i c  boundary c o n d i t i o n s :  sN+] I s l .  The system re-  

presented by the  Hamil ton ian  (1 . I )  i s  i n t e r e s t i n g  because a t  low tem- 

peratures i t  crosses-over from p lanar  t o  I s i n g - l i k e  behaviour: a t  low 

temperature, f o r  a > b ,  i t  i s  e n e r g e t i c a l l y  more favorab le  f o r t h e  sys- 

tem t o  a l i g n  a long the  x d i r e c t i o n .  



2. PARTITION FUNCTION 

As po in ted  ou t  by ~ o ~ c e ' ,  the p a r t i t i o n  f u n c t i o n  as wel 1 as 

the  z e r o - f i e l d  c o r r e l a t i o n  f u n c t i o n  can be c a l c u l a t e d  i n  terms o f  Ma- 

t h i e u  f u n c t i o n s .  To see i t ,  we w i l l  w r i t e  t h e  Harni l tonian ( 1 . 1 ) i n t h e  

form H = C H i i,i+l where 

-BHi,,:+, = 6a(cose. cose + tanh p sinoi sinoi+,) = fi,;+, o i+l (2.1) 

and 

The p a r t i t i o n  f u n c t i o n  

B = l /kgT , 

tanh u = b /a  

can be expressed i n terms o f  t h e  eingenfunct ions Ji (8) and e ingenval  ues 
m 

h of  the  t r a n s f e r  m a t r i x  exp(f . They a r e  s o l u t i o n s  o f  , t h e  i n -  
m i ,<+I 

t e g r a l  equat i o n  

On the  o t h e r  hand, the  t r a n s f e r  m a t r i x  exp (f ) can be expanded i n  i ,i+ ]  
terms o f  the  Mathieu funct ions12,  g i v i n g  

Me m (cosh v ,  - i h )  + (1 /M:) se (e -h2) se, (ei+, , -h2) 
m i' 

w i t h  

1 /2  h = a/kgT cosh = 6(a2 - b2)  . 

kle and MO a re  normal i z a t i o n  constants  g iven  by m m 



and 

Hence, the norrnal izat ion e ingenfunct ions o f  (2.5) a r e  the M a t h i e u f u m -  

t ions ce ( e ,  -h2) (even) and se ( 0 ,  -h2) (odd) , and the correspond i ng ein- 
rn rn m 

genvalues a r e  the r a d i a l  f u n c t i o n s  i Mc (coshp, - i h )  and im Ms (coshp , m m 
- i h )  . 

I n  the l i m i t  N- the l a r g e s t  eingenvalue o f  (2.5) w i l l  bedo-  

niinant i n  the  c a l c u l a t i o n  o f  the  p a r t i t i o n  f u w t i o n :  

l i r n  (; t n  ZN) = ~ ~ c ~ ( c o i h y , - i h )  . 
ri- 

U CORREL ATION FUNCTIONS 
AND MAGNETIC SUSCEPTIBILITY 

The sp in- sp in  c o r r e l a t i o n  f u n c t i o n s  a r e  de f ined  by 

For l a r g e  ili, Eq. (3.1)  g ives 

where 



and i e ( l O )  i s  an even (odd) eingenvalue o f  (2.5).  
m m 

High - and low-temperature behaviour o f  c o r r e l a t i o n f u n c t i o n s  

and z e r o - f i e l d  s u s c e p t i b i l  i t y  can be obta ined frcm (3.2) and (3.3) 

us ing  appropr ia te  expansions o f  the Mathieu f u n c t i o n s  i n  power s e r i e s  

as f o l  lows. 

High Teimperatures 

At h i g h  temperatures the  parameter h i s  small  and we can use 

the asymptot ic  expressions f o r  ce and se l 3  
m ni 

h2 
ceo(e,  -h2) = ( I / J ~ )  ( 1  + COÇ 20! + 0(h4)  (3.6) 

h2 
cel (e, -h2) = cose t -g cos 3a + o (h4) (3.7) 

S u b s t i t u t i n g  (3 .61,  (3.7) and (3.5) i n t o  equat ions (3.4) and (3.5),  we 

e a s i l y  o b t a i n  

E~ (h) = (1/2) (1 - h2/2) + o (h4)  . (3.10) 

We can no te  t h a t  t o  t h i s  a rder  o f  approxímation, we a l ready  

o b t a i n  the sum r u l e  < ( s " ) ~ >  + <(s')~> = < ( s  ) 2 >  = C [ D ~ ( ~ )  +ER(h) ]  = 1, 
9. R 9, R 

t a k i n g  i n t o  account o n l y  the í i r s t  term o f  (3.2) and (3.3).  Also, the 

r a t i o s  DR(h)/Dl (h) and EL(h)/El (h) decrease wi t h  R. Then, we can ne- 

g l e c t  D9, and ER f o r  9, > 1 .  

From (2.5),  w i t h  the  choice ei = O, f o r  s i m p l i c i t y ,  and t a -  

k i n g  the appropr ia te  Mathieu func t ions  Ji f o r  each case, we have 
m 



The above i n t e g r a l s  can be solved w i t h  h e l p  o f  the  equat ions 

(2.61, (3.6) and (3.7).  The r e s u l t s  a r e  g iven  i n  terms o f  mod i f ied  

Bessel f u n c t i o n s  

Since sel(Bi,-h2) = O a t  Bi = O ,  we set-up Bi = a / 2  i n t o  

( 2 . 5 )  and i n  a s i m i l a r  way we o b t a i n  

h h 0  = - ( I  - Jz2/8)  [rl ( - p )  - r3 ( - p ) ]  , 1 (3.15) 

w i t h  p = ~ b .  

a a 
Hence, the two-spins c o r r e l a t i o n  func t ions  <sosQ> a r e  g iven  

a t  h i g h  temperatures, by 

where we have used t h e  p roper ty  

The zero- f  i e l d  suscept i  b i  1 i ty14 may be c a l c u l a t e d  from (3.16) 

and (3.17) i n  the l i m i t  f o r  l a r g e  N ,  g i v i n g  



We can compare these r e s u l t s  w i t h  the  pure i s o t r o p i c  systern 

s e t t i n g  h = O i n  the  above expressions t o  f i n d  

which a r e  i n  accordance wi t h  the  express ions fonded o u t  by ~ o ~ c e ~  and 

s t a n l e y 5  f o r  the  i s o t r o p i c  Hami 1 ton ian .  

Low Teniperatures 

For small T, we can use expansions o f  Mathieu funct ions g iven  

by sipsl" f o r  l a r g e  values o f  h 1 3 .  

L e t  y = fi cose. Then, we have 



where 

and % ( y )  i s  a  Hermite po l  inomial o f  n-th o r d e r .  

From ( 3 . 5 ) ,  s e t t i n g  the change o f  v a r i a b l e  I + n / 2 -  O and w i t h  

he lp  o f  the  r e l a t i o n s  between Mathieu f u n c t i o n s  o f  d i f f e r e n t  argu- 

ments13, we f i n d  

We note t h a t  from (3 .23)  and (3 .24)  the  i n t e g r a l  i n  (3 .29 )  
w i l l  depend on a term exp (-.y2) which w i l l  be predominant f o r  h la rge ,  

except when y - O.  Then, t h i s  i n t e g r a l  wi 1 l take cons iderab le  values on- 

l y  i f  8 = a / 2 ,  -ír/2, -3n/2.  Set t ing  the  change o f  v a r i a b l e  % +  y , we 

can w r i t e  f o r  l a r g e  h 

I - ~ ~ / ~  d e  + 4 f W  dy.  ( 3 . 3 0 )  

~ / 2  10 

Now, i t  i s  a simple mat te r  t o  show t h a t  t o  f i r s t  order  i n  h 

El ( h )  = 1/2h . (3.31 

And i n  a s i m i l a r  way, we f i n d  

The same arguments t h a t  we used f o r  t a k i n g  o n l y  the  f i r s t  

term o f  ( 3 . 4 )  and (3 .5)  f o r  h igh  temperatures can be used here. 

We can c a l c u l a t e  approximate expressionç f o r  ie and A O  us ing  
v m 

(2 .5 )  and asymptot l c  expansions f o r  the  Matlhieu f u n c t  ions.  For ins tan-  



ce, t a k i n g  0; = O i n  (2.5), we have 

Expanding (1 - y 2 / h ) - l / '  and e 

h-' y 2 w e c a n  so lve  the  i n t e g r a l  (3.33) us ing  theGamma f u n c t i o n .  We 

f i n d  

+ (1/128iz2) (545/16 - 50 k z  + 48 8*a2)J (1 + 1/32h + 8 i /2048h2)- I  . 

(3.34) 

I n  a s i m i l a r  way, we have 

For A! we cannot use the  aboye procedure because sel(O,-h2)= 

= O, so we take  the Bi d e r i v a t i v e  o f  (2.5) and f o l l o w i n g  s i m i l a r  sceps 

Hence 



P u t t i n g  a l l  r e s u l t s  together  we can w r i t e  

From the above expressions we can see t h a t  when T ge ts  c lose  

t o  zero the  c o r r e l a t i o n  f u n c t i o n  <sy sR> vanishes w i t h 4 a n d  <s:s: > +  I, o 
thus the  system behaves l i k e  an I s i n g  system. The sp ins a l i g n  a long 

the  x - d i r e c t i o n .  

Using the  t r a n s f e r  rna t r i x  technique we can so lve  the  anyso- 

t r o p i c  model numerical l y  f o r  a l l  va lues o f  T l 6  even i n  the presence 

o f  an externa1 magnetic f i e l d 1 7  and such procedure i s  more convenient 

than us ing  the  expansions i n  terms o f  Mathieu f u n c t i o n s .  However, the 

approach presented i n  t h i s  paper i s  u s e f u l l  because i t  a l l o w s  u s t o g e t  

h i g h  and low temperature a n a l y t  i c  expressions f o r  the t e r m o d y n a m  i c 

func t ions .  

T h i s  work has been p a r t i a l l y  supported by CAPES and CNPq. We 

a r e  g r a t e f u l  t o  P r o f .  ~ o ã o  A. Plascak ánd N i l t o n  P. S i l v a  f o r  reading 

the manuscr ip t .  
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