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S t a r t i n g  w i t h  the coupled channels equat ions d e s c r i b i n g  m u l t i -  

p i e  Coulomb e x c i t a t i o n s  i n  heavy ion  c o l l i s i o n s  we develop an approxima- 

t i o n  scheme based on rep lac ing  the channel Green's f u n c t i o n s  by t h e i r  

on-the-energy s h e l l  forms, which permi ts  an exact  a n a l y t i c  s o l u t i o n  f o r  

the s c a t t e r i n g  m a t r i x .  We c o n s t r u c t  the t r i v i a l l y  equ iva len t  Coulombpo- 

l a r i z a t i o n  i w t e n t i a l  v a l i d  f o r  s t rong  coup l ing  and small energy loss  i n  

the e x c i t a t i o n  processes. Th is  p o t e n t i a l  i s  seen t o  have a  ve ry  s imple 

r-dependente. A  simple formula f o r  the  sub- bar r ie r  e l a s t i c  s c a t t e r i n g  

cross s e c t i o n  i s  then der i ved  both by us ing  the WKB approx imat ion and by 

summing the Born se r ies  f o r  the  T-matr ix .  Comparison o f  t h e  two forms 

f o r  the e l a ~ t i c  cross sec t ion  shows t h a t  they g i v e  almost i d e n t i c a l  nu- 

mer ica l  r e s u l t s  i n  the  small coup l ing  l i m i t  o n l y .  We a l s o  compare our  

r e s u l t s  w i t h  the p r e d i c t i o n s  o f  the Alder-Winther theory.  
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A p a r t i  r das equafões acopladas que descrevem os exc i ta lões  

mÜl t ip!as Coulombianas em Íoos pesados, desenvolvemos uma aproximãção 

baseada no usc d; fortna "on-energy-she! l" das funções de Green dos ca-  

n a i s ,  que permitem achar uma solução anal l t i c a  para a m a t r i z  ,de  espa- 

Ihamento. Construímos o potenc i a l  l o c a l  equ iva len te  Coulombiano vá! ido  

para acoplamento f o r t e  e pequenas energias de exc i tação .  Este po tenc ia l  

tem uma de~endenc ia  em iir bastante simples. Calcu!amos então uma fórmula 

simples para a secção de choque de espalhamento e l á s t i c o  usando t a n t o  a 
WKB como a soma de Born. Os do is  métodos (WKB e a soma de Bo r n ) ,  apre-  

sentam resu l tados  quase idên t i cos  apenas para o caso de acoplamento f r a -  

co. Comparamos também os resu l tados  com a t e o r i a  Alder-Winther. 

K u l t i s t e p  processes a r e  the  r u l e  r a t h e r  than the except íon i n  

heavy ion  co l  l i s i o r l  phenomenal. To deal wi t h  these processes one has t o  

perform a coupled channels c a l c u l a t i o n  which becomes p r o h i b i t i v e l y  cos- 

t l y  as tne  nuinber o f  channels increases. Severa1 approx imat ion schenies 

have been deveioped which have i n  comnori the Dasic aim o f  reducing the 

computat ion t ime. I n  p a r t i c u l a r ,  due t o  the  s h o r t  wave lengths t h o t  

c h a r a c t e r i z e  these reac t ions ,  severa1 forms o í  semic lass ica l  approxima- 

t i o n s  were developed 2nd pu t  i n t o  t e s t  r e c e n t l y  g i v i n g  o v e r a l l  reasona- 

b l e  r e s i i l t s .  O f  these t h e o r i e s  we mention t h a t  developed by thecopenha- 

gem group2 and the  methods based on t t ie  work c f  M i l ! e r s  deve!opedpr i -  

m a r i l y  Sy the Berkeley group4. However, the i n t r i n s i c  d i f f  i c u l  t y  o f  p e r -  

forming a many coupled channel c a l c u l a t i o n  i s  n o t  complete ly  overcomeby 

these methods, The Ll inther-de Boer code f o r  Coulcmb e x c i t a t i o n  cari han- 

d l e  few channels; the  method deve!oped by the Berkeley group can, i n  

p r l n c i p l e ,  handle a l a r g e r  number o f  coupled channels bu t  i s  r e s t r i c t e d  

t o  cases where a c i a s s i c a l  hami l ton ian  f u n c t i o n  can be coqst ructed.Most  

o f  the numerical rescl! ts g iven i n  Ref.4 were obta ined f o r  back angle 

s c a t t e r i n g  i n  which case the  r e s u ! t i n g  geometr ica l  s i m p l i f i c a t i o n  makes 

p o s s i b l e  a speedy c a l c u l a t i o n .  Extens ion o f  the methods o f  Ref.4 t o  

th ree  d ivensions i s  s t  i I 1  pending? 

I n  the  present  s e r i e s  o f  papers we t r y  an a l t e r n a t i v e  method 

which i s  based on the  use o f  t h c  on-energy- shel l  form o f  the channr l  



Green's f u n c t i o n s .  Although severa l  authors have discclssed t h i s  mechod 

i n  severa l  con tex ts6,  we be l  ieve t h a t  a  study o f  the f u l  l consequence o f  

the OES approx imat ion i s  c a l l e d  f o r .  Moreover, t h i s  approximationsche- 

me has been adopted r e c e n t l  y7  t o  extend the c losed formal ism approach 

developed by Frahn8 by i n c l  ud i  ng speci f i c  mul t i step processes i n  heavy 

i o n  c o l l i s i o n  phenomena. An impor tant  t e s t  i s  a  comparison o f  the  ran-  

ge o f  a p p l i c a b i l i t y  o f  the OES approx imat ion w i t h  the a l ready  e s t a b l i -  

shed resu l  t s  o f  mul t i p l e  Coulomb e x c i  t a t i o n  theory? 

The paper i s  organized as f o l l o w s :  I n  Sec t ion  2 we fo rmu la te  

the  coupl ix i-channels problem f o r  m u l t i p l e  Coulomb e x c i t a t i o n .  I n  Sec- 

t i o n  3 we in t roduce  the  on-energy-shel l  approx imat ion f o r  the channel 

Green's f u n c t i o n s  and d e r i v e  an express ion f o r  the l o c a l l y  equ iva len t  

Coulomb p o l a r i z a t i o n  p o t e n t i a l  (LECPP) i n  c losed form. I n  Sect ion 4 we 

demonstrate, throuqh numerical c a l c u l a t i o n ,  t h a t  the  cross s e c t i o n  f o r  

sub- bar r ie r  e l a s t i c  s c a t t e r i n g  c a l c u l a t e d  us ing  the WKB approx imat ion 

and us ing  the  LECPP i s  almost i d e n t i c a l  t o  t h a t  c a l c u l a t e d  by summing 

the Born s e r i e s  f o r  the e l a s t i c  ampl i tude w i t h o u t  any references t o  the  

LECPP. Discuss ion o f  our  r e s u l t s  as w e l l  as suggest ions f o r  p o s s i b l e  

improvemerits and the conclus ions a r e  g iven i n  Sect ion 5.  

2. THE QUANTUM MECHAMICAL CQUPLED CHANNEL 
EQUATIONS FOR MULTIPLE COULOMB EXCITATION 

We consider  the c o l l i s i o n  o f  a  spher i ca l  nucleus 1 on a de fo r -  

med t a r q e t  nucleus 2 ,  a t  sub- bar r ie r  energ ies.  We study the  Coulomb 

e x c i t a t i o n  o f  l o w- l y i n g  s t a t e s  IM o f  s p i n  I and magnetic quantum number 

M w i t h  e x c i t a t i o n  energy E We consider  huc leus 1 as a p o i n t  charge, 
I' 

Z e. For %the To ta l  wave f u n c t i o n  i n  thé cen te r  o f  mass system we use the  
1 

expans i0n9 



where the channel wave f u n c t i o n s  a r e  g iven  by 

/(RI)JN> = 1 < ~ m  IM~JN> IIM>  YJP) . (2) 
Mm 

Here J i s  the' t o t a l  conserved channel angular  momentum and N i t s  projec- 

t i o n  i n  the 2-ax is .  The r e l a t i v e  p o s i t i o n  o f  the  cen te rs  o f  mass o f  1 

and 2 i s  denoted by r w h i l e  the super ind ices ROIo i n d i c a t e  the i n i t i a l  

c o n d i t i o n .  I n s e r t i n g  the wave f u n c t i o n  ( I )  i n t o  the time- independent 

~ c h r g d  i nger equat i o n  

we o b t a i n  a  system o f  coupled equat ions f o r  the r a d i a l  wave func t ions  

where 

The coupl i ng  p o t e n t i a i  i s  g i ven  by 

where <I'  ( IM(EA) I (I> i s  the  reduced m a t r i x  element o f  the e l e c t r i c  h - 
-po le  moment o f  the t a r g e t .  We s h a l l ,  i n  the  f o l l o w i n g ,  . cons ider  the  

s p e c í f i c  case o f  a  quadrupole-deformed even-even t a r g e t  nucleus 2. As- 

suming a  r o t a t i o n a l  band s t r u c t u r e  f o r  the  l o w- l y i n g  e x c i t e d  s t a t e  o f  2, 

t h e  coupl i ng  p o t e n t i a l  m a t r i x  ~ : i , ~ ~ ~ ~  (r) becomes 



where aI i s  h a l f  the  d is tance  o f  c l o s e s t  approach f o r  head on c o l l i s i o n  

i n  channel I ,  aI = Z 1 ~ 2 e 2 / 2 ( ~ - ~ I ) ,  = Z1Z2e/fivI = k p I  i s the  Som- 

mer fe ld  parameter i n  channel I and q i s  the symmetrized dimension- 1+11 
l e s s  quadrupole s t r e n g t h  parameter f o r  the  coup l ing  I-+Ir and i s  de f ined  

by 

I n  the  l i m i t  o f  a pure quadrupole r o t a t i o n a l  band and zero energy l o s s  

i n  the d i f f e r e n t  e x c i t a t i o n  processes we have 

%olo 
Once the Ji (r) a r e  obta ined f rom Eq. (4)  the  corresponding T-ma- 

(RI)J  
t r i c e s  I a r e  e x t r a s t e d  f rom t h e i r  a ~ y m p t o t i c  forms, i .e.,  

> o  0 

where 

beI (r )  = k~ - riI h ( z k y )  - f a. + o ( r i  
L I  



o being the  Coulomb phase s h i f t .  Wi th the $I,ao1o 
E one can then ca 1 - 

c u l a t e  t h e  ampl i tudes fIoMo+IM(~,@) f o r  Coulomb e x c i  t a t i o n  f rom the  

ground s t a t e  j i0Mo> t o  the f i n a l  s t a t e  ~IM> ( i n  coord ina te  system C 

o f  Ref.  (10))  

The d i f f e r e n t i a l  cross sec t ions  a r e  then c a l c u l a t e d  as usual .  

3. TWE OM-ENERGY-SHELL APPROXIRIIATION 
AND THE EQUWALENT LOCAL COULOMB 
POLARIZATIORI POTEMTIAL 

I n  o rder  t o  c a l c u l a t e  the  c ross -sec t ion  f o r  i n e l a s t i c  Cou- 

lomb s c a t t e r i n g  one has t o  so lve ~ q . ( b )  w i t h  the appropr ia te  boundary 

c o n d i t i o n  of an incorning wave present  o n l y  i n  the  e l a s t i c  channel.  For 

f u l l e r  d e t a i l s  we r e f e r  the reader t o  Refs. 9 and 10. I t  i s  impor tant  

t o  recognize t h a t  w i t h  an inc reas ing  number o f  coupled channels theso-  

l u t i o n  t o  Eq. (4) becomes more and more complicated. Four o u r  purpo- 

ses we adopt the o;-energy-shel 1 approximat ion  f o r  the channel Coulomb 

Green's func t ion l l  

We s h a l l  assess the accut-acy o f  t h i s  approxirnat ion l a t e r .  I n  the above, 

F ( k r )  i s  the r e g u l a r  Coulomb f u n c t i o n  and r< ( r > )  corresponds t o  the a 
smal ler  ( l a r g e r )  o f  r and r ' .  

The s o l u t i o n  o f  Eq. (4) may be w r i t t e n  as an i n t e g r a l ,  e- 

qua t ion  



We now use the  approx imat ion (11) i n  (12) and o b t a i n  

1 1  
M u l t i p l y i n g  (12) by - F ,,(kItp) and i n t e g r a t i n g  «ver r we o b t a i n  

r' kI" 
the  f o l  lowing r e l a t i o n  

and the i r 1  i n t e g r a l s  iRuL(kI,t, a r e  the usual Coulomb e x c i t a t i o n  in-  

t e g r a l  s9 
k I )  

Eq. (14) can e a s i l y  be so lved f o r  CRIIt aRIRtIt MLLl YRI 

V = 1 I [ ~ + i c ] - '  1 
-LI LtIt - RIR ' 2  

a r t 2 ~ o o  Iit9,0(k29k0) ( ' 7 )  

where we have in t roduced the coup l ing  m a t r i x  C whose m a t r i x  elements 

a r e  g iven  by 



The m a t r i x  (1 + ;c)-' a c t s  i n  the  f u l l  channel space. 

S i  nce aR ,RoO IRfRO corresponds t o  the coup l ing  o f  the e -  

l a s t i c  channel t o  the 2+ channel (due t o  the quadrupole na tu re  o f  the 
+ 

coupl ing o n l y  the 2+ can couple d i r e c t l y  t o  the O ) the values R 1  a r e  

complete ly  determined by the 3 - j  symbols t h a t  appear i n  a,r2PoO, i .e., 

( i 0  i' i ) .  Therefore, .tl can be R O ,  R. + 2 o r  !L0 - 2. Th is  sayr t h a t  
- 1 

E q .  (17) may be r e w r i t t e n  as ( l a b e l i n g  the m a t r i x  elements o f  [L+ C] 
by the i n t r i n s i c  sp in  o n l y )  

YI = [ C 1  - + i cr1II2 C20 (19) 

The vec to r  Y conta ins I+l components (R and I must always add t o  J=R~). 

Therefore, the rnat r ix  [I- + - C]-' i s  a (I+]) x 3 m a t r i x .  Once Y,, i s  

evaluated, the wave f u n c t i o n  QRI(r), which i s  a l s o  a vec to r  w i t h  I + 1 

components, i s  then obta ined from Eq. (13) v i s  

Eq. (20) can be used t o  c a l c u l a t e  the t r i v i a l l y  equ iva len t  l o c a l  Cou- 

lomb p o l a r i z a t i o n  p o t e n t i a l  i n  the  e l a s t i c  channel as was done . in  Refs. 

1 1  and 12. I n s e r t i n g  the second t e r m o f  Eq. (20) i n  the  r .h .s .  o f  Eq. 

(4)  ~ ( a , o ) a o  ( r )  we immediately o b t a i n  f o r  the sum 



where F ( L ; P )  i s  a 3-component vec to r  g iven by 

Eq. (22) descr ibes the  e f f e c t  o f  the  c o u p l i n g  o f  t h e  e l a s t i c  channel t o  

a11 o t h e r  i n e l a s t i c  channels. I t  i s  a simple r e a l i z a t i o n  o f  the Fesh- 

bach theory f o r  the o p t i c a l  potent ia113.  Denoting the  p r o j e c t i o n  ope- 

r a t o r  t h a t  p r o j e c t s  o u t  the  e l a s t i c  channel o f  t h e  f u l l  wave f u n c t i o n  

by P and the  complernentary operator  Q E I - P  which p r o j e c t s  o u t  a l l  

i ne las t i c :  channels, we can w r i t e  Eq. (23) as 

Therefore!, the  rnat r ix  & + i C 1-I  i s  e f f e c t i v e l y  the Q-space propa- 
-6% 

gator  . 

I n  our  p a r t i c u l a r  case o f  m u l t i p l e  Coulomb e x c i t a t i o n  
+ 

through the quadrupole coup l ing ,  V i s  j u s t  V20 as o n l y  the 2 channel a' 
i s  coupled d i r e c t l y  t o  the e l a s t i c ,  O+, channel.  W i t h i n  the &-space 

+ + 
the  2 channel couples d i  r e c t l  y on l  y t o  the  4 . The 4+ then couples t o  

the 6' s t a t e  and so on. Th is  suggests t h a t  the s t r u c t u r e  o f  the m a t r i x  

where the  syrnbol &-2 r e f e r s  t o  the  subspace spanned by s t a t e s  i n  t h e  
+ 

Q-space except the 2 . Eq. (25) can eas i  l y be der i ved  by expanding the  

m a t r i x  propagator i n  C and i n s e r t i n g  whenever c a l c u l a t i n g  p r o d u c t s o f  

C's, i . e . ,  - 



Rearranying and summing the s e r i e s  (26) we o b t a i n  (25) .  I t  should be 

emphasized t h a t  once the m a t r i x  propagators i s  decomposed i n t o  propa- 

g a t i o n  i n  srnal ler subspace as g iven i n  (25) the c a l c u l a t i o n  oF V 
OP t 

becoaes q u i t e  s imple.  Rea l i z ing  t h a t  C . .  i s  an ( i + l ) x ( j + l )  m a t r i x  ( i n  
%I 

rnagnetic quantum number space) such a ca1cu la t ion  can then be e a s i l y  

made by i n v e r t i n g  the m a t r i x  propagator as was done i n  Ref.14. I n  par-  

t i c u l a r  i f  a l l  coup l ing  except the C20 were made equal t o  zero !de ob- 

t a i n  the p o t e n t i a l  considered i n  Refs. 12 and 15 

(2) 
V ( r )  = - ( F ( R ; ~ ) ~ ~ C ~ ~ ( R ~  
OPt r 

In the  f o l l o w i n q  we assume zero enerqy loss  i n  the d i f i e r e n t  e x c i t a t i o n  

processes (kl = k o ) .  We a i s @  u t i l i z e  the simple r e l a t i o n s , v a l i d  f o r  l a r -  

ge 1, among F R ( k r ) ,  F1+*(b)  and F1-2(k i )  obta ined i n  Refs. 1 1  and 12, 

F i n a l l y ,  we s h a l l  use the l a r g e  R va lues o f  the  3 - j  and 6 - j  symbols nee- 

ded i n  the  c a l c u l a t i o n  ana g iven i n  Appendix 1 .  Wi th  the above approx i -  

mations and assumptions the express ion f o r  V(') ( r )  y iven i n  (27)  reduces 
OPt 

t o  the form der i ved  i n  Refs. 12 and 15. 



where we have in t roduced the quan t i  t y  1 E - and have used the ex- 
TI 

p l i c i t  forms o f  the Coulomb i n t e g r a l s  I (k =k ) as g iven  i n  Ref.  9 ,  
$ 2 '  I 0  

1 a rc ran  i 1 
I R  = ( i  - - 1 - 

R 2a2 

We correctecl f o r  the  k T  k approx imat ion by i n s e r t i n g  the semic lass ica l  
O 

energy loss  f a c t o r s  gT+I,(SI,I,), f o r  the process I -+I f ,  l 6  where S I +  I '  - 

i s  thc  a d i a b a t i c i t y  parameter, which i s  g iven  by 

where n o  and E are,  r e s p e c t i v e l y ,  the Sommerfeld parameter and the cen te r  

o f  mass energy i n  the  e f a s t i c  channel. E i s  the  e x c i t a t i o n  energyof  s ta -  I 
t e  I .  Numerical values o f  gI - r ( t ; I + I F )  a r e  g iven i n  Ref.  16. I t  i s  e a s i -  

'1 
l y  seen t h a t  the simple r-dependence o f  the  p o t e n t i a l  g i ven  i n  ( 2 9 )  a l s o  

holds f o r  t h s  more exact p o t e n t i a l  o f  E q .  (22) i f  the  same assumptionsand 

approximations a r e  made,'' i .e., 

aR bk iópt ( r )  = - + - t 
r3 r4 

Th is  i s  c l e a r  s ince  the  r-dependence o f  V ( r )  i 
OPf 

vec to r  F ( r ; i ) .  The p iopaga to i  + i ~ ( i ) ] -  , whi' 

s conta ined o n l y  i n  the  

ch i s  the q u a n t i t y  used 

t o  ge t  approx.imate forms f o r  V ( r )  , does n o t  depend on r. I n  Eq. ( 3 3  ) 
PPt 

the complex c o e f f i c i e n t s ,  a k ,  oQ and cR depend on the o r b i t a l  angular  mo- 

mentum, i ,  the Sommerfeld parameter, n , the cen te r  of mass energy, E , 



and the  quadrupole coup l ing  s t r e n g t h  q I n  Ref. 15 the  p o t e n t i a l  V ( r )  ij. OPt 
was der i ved  us ing the semic lass ica l  theory o f  Coulomb e x c i t a t i o n  develo- 

ped by Alder  and w in ther9 .  The R-  and r-dependence o f  V ( r )  o f  Eq. (33) 
OPt 

and t h a t  o f  Ref. 15 a r e  q u i t e  d i f f e r e n t .  One advantage o f  V (r) o f  Eq. 
OPt 

(33) i s  i t s  simple r-dependence as w e l l  as the expl i c i  t L-dependente which 

can be obta ined by i n v e r t i n g  the m a t r i x  ($C(R)) - i n  Eq. (22) .  We s h a l l  
+ 

g i v e  below the r e s u l t  f o r  the case o f  the coup l ing  o f  the O channel t o  

the 2+ channel i n c l u d i n g  the r e o r i e n t a t i o n  o f  the  2+ t o  a11 o rders .  We 

shal 1 a1 so present  the resu l  t when i nc l  ud i ng the  coupl i ng t o  the 4+ chan- 

n e l .  I n  order  t o  perform these c a l c u l a t i o n s  we f i r s t  r e w r i t e  Eq. (25) i n  

the equ iva len t ,  bu t  more t ransparent  form 

I n  the above each coupl i ng  m a t r i x  C .(R) con ta ins  an appropr ia te  energy - i j # z  
loss  f a c t o r  Jg..(cij) whereas the r e o r i e n t a t i o n  mat r i ces  C . (L)  do n o t .  

1-3 41- 
Therefore, the Coulomb p o l a r i z a t i o n  p o t e n t i a l  f o r  the two channel case 

w i t h  r e o r i e n t a t i o n  i s  g iven  by 

The m a t r i x  ~ ~ ~ ( 1 )  has the form 

where we have de f ined  



Since ~ ~ ( 1 1 )  i s  symmetric and rea l  we cou ld  immediately i n v e r t  the  propa- 

ga to r  and w r i t e  down the expressions f o r  the r e a l  and imaginary p a r t  o f  

v ( ~ ) ~ ~ ~ ~  u t i  l i z i n g  the form f o r  (E) 
OPt 

1 c (E) = - 
-20 6 q0.2 g02(:0+2) [" 

and 

1 
1 1 

+ 1 3 4 -  v>12) ( r )  

Refs. 11 and 

i n d e n t i c a l l y  

t e r  o f  f a c t  

t a t i o n  coupl 

- e v j 2 ) ( r )  i s  g i ven  i n  E q .  (29).  Eq.  (40) i s  the  p o t e n t i a l  g i ven  i n  

14 .  It i s  i n t e r e s t i n g  t o  n o t i c e  t h a t  Re V (2)Reor ( r )  becomes 
OPt 

zero when q2+2 = O,  i . e . ,  no r e o r i e n t a t i o n  e f f e c t .  As a  mat- 

t h i s  r e s u l t  i s  more genera l ,  Re V  ( r )  = O when a11 r e o r i e n -  
OPt 

ings vanish, q  = O ,  as can be seen from Eq. (34) and (22).  ii 
The above observa t ion  sheds some l i g h t  on the r e s u l t s  o f  Ref. 17 where 

0,t 
( r )  was c a l c u l a t e d  assuming a  harmonic v i b r a t i o n a l  spectrum f o r  the 



t a r g e t  nucleus (a11 q = 0) and i t  was found t h a t  V  ( r )  i s  p u r e l y  ima- ii oP t 
g i n a r y .  

l n c l u d i n g  the coup l ing  t o  the 4+ s t a t e  t o  a l l  o rders  r e -  

s u l t s  i n  a  p o t e n t i a l  V'(4)(r) which has t h e  forml" 

where f ( r )  i s  g iven by 

and y = BK. E q .  (41) reduces t o  (39) and (40) i n  the I irni t q2,4 = O .  I t 

i s c l e a r  t h a t o n e c o u l d c a l c u l a t e e x p l i c i t l y  V ( r )  t o w h a t e v e r  o r d e r d e -  
0Pt 

s i r e d .  However, S U C ~  express ions become more and more complicated as a l -  

ready ind ica ted  i n  Eq. (41) .  Instead one cou ld  siniply i n v e r t  the m a t r i x  



propagator numer ica l l y  i n  c o ~ j u n c t i o n  w i t h  o p t i c a l  model c a l c u l a t i o n s .  I n  

F ig .  i we show the c o e f f i c i e n t s  %, 5 ,  and ck  as f u n c t i o n  o f  i f o r  the 

d i f f e r e n t  cases s tud ied  above as w e l l  as f o r  t h a t  i n c l u d i n g  the e x c i t a t i o n  
+ 

o f  up t o  the I = 16 s t a t e .  I t  i s  c l e a r  from F i g .  i t h a t  the imaginary 

p a r t  of Vopt ( r ) ,  determined by Re a % ,  Re bk and Re ck,  behaves bas ica l  l y  

1 i k e  r-3 f o r  small  values of i whereaç f o r  l a r g e  vaiues o f  & i t goes as 

r-5 .  Th is  f a c t  seems t o  hoje i r r e s p e c t i v e  of the  va lue  o f  the  quadrupole 

coup i ing  s t rer tg tn q. The above r e s u l t  cont inues t o  h o l d  when the energy 

loss  i s  p r o p e r l y  inc luded by use o f  the semic lass ica l  energy 10s- f a c t o r s  

-. m g . 1  - The c o e f f i c i e n r  .2Q, b, and c ,  p l o t t e d  as functions o f  i í2 -1  
for  soveral values o f  the  quadrupole :oupling parsrnerer q. A f a c f o r n  

was taken ouc of the c o e f f i c i e n t s i n  arder t o  present thz  r e s u l t  i n  as 

generai a forrn as possib le .  



as discussed be fo re .  The r e a l  p a r t  o f  V ( r )  shows a s i m i l a r  behavior t o  
o p t -  

Im V ( r )  namel y i t goes as re3 f o r  smal 1 2, and as r-5 f o r  l a r g e  &. For 
OPt 

in te rmed ia te  values o f  e both  the r e a l  and the imaginary p a r t s  o f  V ( r )  
OPt 

show the  general r-dependence o f  Eq. (33).  The q-dependence o f  V i s 
OPt 

shown i n  F ig .2  . The c o e f f i c i e n t  a , bR and c have a r a t h e r  smooth de- 
R 

pendence on q .  No t i ce  t h a t  f o r  R = O the c o e f f  i c i e n t s  bQ,O and C Q = ~  a r e  

i d e n t i c a l l y  zero f o r  a l l  q .  Th is  coord inates the  d iscuss ion  above about 

the  r-dependence of V ( r ) .  I t  i s  i n s t r u c t i v e  t o  compare our resu l t s  f o r  
OPt 

V ( r )  w i t h  the  p o t e n t i a l  de r i ved  i n  Ref.15 where the serniclassical theo- 
0Pt 

r y  o f  m u l t i p l e  Coulornb e x c i t a t i o n  has been used. From the c losed expres- 

Fig.2 - The cae f f i c i en t  a2, bQ and ce p lo t t ed  as funct ions o f  the quadru- 

pole coupl ing parameter q fo r  severa1 values o f  r . A fac tor  $ 
was taken out of the coef f ic ients(see capt ion t o  Fig.1). 



s ion  f o r  the e l a s t i c  ampl i tude f o r  L=@ and <=O (assuming a pure r o t a t i o -  

na1 band) obta ined by Alder  and wintherg,  one can e x t r a c t  the V ( r )  f o l -  
OPt 

lowing the method developed i n  Ref.15. 

Re vAW ( r )  = - 3 
R=@ 

where C and S a r e  the Fresnel i n t e g r a l s 9 .  

We have compared our  p o t e n t i a l s  o f  Eq. (22) wi t h  t h a t  o f  

A lder  and Winther g iven i n  (42) and the  resu l  t s  a r e  shown i n  F ig .  2 where 

we have p l o t t e d  as a f u n c t i o n  o f  the  quadrupole s t r e n g t h  parameter 

qO2. I t  i s  c l e a r  t h a t  our  p o t e n t i a l  i s  1 5 0 %  sma l le r  than 8'. More impor- 

t a n t l y  we do n o t  reproduce the broad o s c i  l l a t i o n s  seen i n  Im V & ( r ) .  One 

poss ib le  re.ason f o r  the disagreement can c e r t a i n l y  be t racked down t o  a 

shortcoming o f  the  on-energy-shel l  approximation. Another p o s s i b i l i t y  i s  

the  f a c t  the  p o t e n t i a l  g iven i n  (42) i s  e x t r a c t e d  from the  e l a s t i c  amp l i -  

tude, an as,ymptotic q u a n t i t y ,  and t h e r e f o r e  i s  a phase- s h i f t  equ iva len t  

p o t e n t i a l  whereas our  p o t e n t i a l  i s  a wave f u n c t i o n  equ iva len t  p o t e n t i a l  

being o b t a i i ~ e d  d i r e c t l y  from the wave f u n c t i o n .  We s h a l l  address o u r s e l -  

ves here t o  the ques t ion  o f  the  on- she l l  approx imat ion and i t s l i m i t a t i o n s .  

I m p l i c i t  i n  our  c a l c u l a t i o n  i s  the  neg lec t  o f  a l l  terms i n v o l v i n g  the i r -  

regu la r  Coulomb s o l u t i o n  G ( k r ) .  I f  we were t o  c a l c u l a t e  the p o t e n t i a l  t o  
!L 

f i r s t  o rder ,  as was done i n  Ref. 12 such an approx imat ion i s  a l l  r i g h t  

s ince i t amounts t o  neg lec t ing  terms o f  the type (assuming zero  energy 

10%) 

w i t h  R '  = R + 2, R-2, 9.. I t  i s  c l e a r  t h a t  f o r  l a r g e  r i ,  the Sommerfeld pa- 

rameters, F R  and GR o s c i l l a t e  o u t  of phase and t h e r e f o r e  the above term 
1 may be neglected as compared t o  the dominant term / ~ ~ ( k r )  - F , ( h )  dr . 
r3 R 

I t  would seem reasonable t o  adopt the above approximation, i .e.,  neg lec t  

a l l  i n t e g r a l s  i n v o l v i n g  F R  and G even i n  the c a l c u l a t i o n  o f  h igher  o rder  
9. 

terms i n  the p o t e n t i a l  . However, upon an inspec t ion  o f  ou r  s e r i e s  (12), 



1 
one n o t i c e s  imrned ia te :~  tha t  ternis l i k e  / GE Gil s t a r t  appear ing andone 

c e r t a i n i y  cannot neg lec t  them as they cou ld  be as impor tant  as the  terrns 

i n v o l v i n g  p a i r s  o f  Fills. Short o f  a c t u a l l y  t a k i n g  f u l l  account o f  t h r s e  

terms we, instead,  a t tached one parameter, a ,  t o  a l l  the  r e o r i e n t a t i o n  

mat r i ces  C (L) and another one, t o  a11 the coup l ing  mat r i ces  C . . ($ )  i n  ii 'v 
our  express ion f o r  V ( r )  and ad jus ted  these two parameters t o  o b t a i n  a  

op t  
best  f i t  t o  the  A lder -k in ther  p o t e n t i a l  o f  Eq. (42) .  Our r e s u l t s  a r e  

shown i n  F i g .  3 .  The f i n a l  ad jus ted  va lues o f  a  and f3 a r e  2.23 and 4.46, 

r e s p e c t i v e i y .  I t  i s  c l e a r l y  seen t h a t  the  r e a l  p a r t  can be n i c e l y  f i t t e d ,  

the  irnaoinary p a r t ,  however, f i t s  o n l y  on the  average w i t h o u t  e x h i b i t i n g  

any o s c i l l a t i o n s .  The f a c t  t h a t  the parameters a  and 6 which f i t  the ave- 

rage behavior of VA" come o u t  t o  be g rea te r  than u n i t y  i s  an i n d i c a t i o n  

t h a t  the  neglected terms i f  inc luded,  would tend t o  e ~ h a n c e  the m a t r i x  e- 

lements Cii(il) and Cij(i). 

4. THE SUB-BARRiER ELASTIC CROSS SECTION 

Once the o p t i c a l  p ~ t e n t i a l  i s  ob ta ined  one rnay then ca lcu-  

l a t e  the  sub- bar r ie r  e l a s t i c  s c a t t e r i n g  cross s e c t i o n  e i t h e r  from an 

exact,  one-channel, o p t i c a l  model c a l c u l a t i o n  o r  s imply  by us ing  the 

WKB approximation. Due t o  the f a c t  t h a t  the  number o f  p a r t i a 1  waves 

involved i n  the heavy ion  r e a c t i o n s  we a r e  cons ider ing  i s  q u i t e  ia rge ,  

one rnay use the u.sual argurnents o f  rep lac ing  the p a r t  i a l  wave suin i n  

the e l a s t i c  ampl i tude by an i n t e g r a l  and perforrn the i n t e g r a t i o n  us ing  

the s t a t i o n a r y  phase method. Inso fa r  as the r e a l  p a r t  o f  V ( r )  o f  
OPt 

Eq.  ( 2 2 )  i s  q u i t e  smal i as compared wi t h  the doninant monopole-monopo- 

l e  Coulornb p o t e n t i a l  one may then use the Coulomb d e f l e c t i o n  f u n c t i o n  

t o  r e l a t e  = -  '+'I2 t o  the c.m. s c a t t e r i n g  ang le  8 ,  
ri 

- 
il = c o t  2 

A numerical c a l c u l a t i o n  was repor te6  i n  Ref. 1 4  where the  V 
(2) Reor 
o p t  

( r  1 
corresponding t o  two channel coup l ing  w i t h  r e o r i e n t a t i o n  was i n c o r p o -  

r a t e d  i n t o  an o p t i c a l  model code. The d e f l e c t i o n  f u n c t i o n  e x t r a c t e d  

from t h e  r e s u l t i n g  phase s h i f t s  was found t c  be very  c l c s e  t o  a  pure 

Ruther ford def l e c t i o n  f u n c t i o n ,  Eq .  (44 ) .  Th is  g ives  us conf  idence i n  



Fig .3  - The p o t e n t i a l  Vi,o p l o t t e d  as  a funct ion  o f  q and adjusted t o  the 

Alder-Winther p o t e n t i a l  (dashed l i n e ) .  The adjusted values o f  the  pararne- 

t e r s  a and B used t o  f i t  the p o t e n t i a l  t o  the  A-W p o t e n t i a l  wave 2 .3  and 

4 . 6 ,  respect ive ly  (see t e x t ) .  



us ing  the WKB formula 

t o  our  case, becomes 

f o r  o g iven  i n  Refs.2 and 18, which adapted 
e R 

= exp [- 2 1 
Im 'é(e) vOpt(r) drI 

where i i s  g iven  by Eq. (44), and 

and r t ( i )  i s  the c l a s s i c a l  t u r n i n g  p o i n t  determined by the l a r g e r  r o o t  
2 

of  k - ( r )  = O .  From the general r-dependence o f  our  p o t e n t i a l  g i ven  i n  
R 

Eq. ( 3 3 ) ,  Eq.  (45) may be r e w r i t t e n  i n  the  form 

o 
e i I- 

I (8) + Re bil8) I 1 ( 0 )  + Re c i ( 8 )  15(8g]  - (8) = exp 
OR 

(47 

where 

r m  

and Re a;(8) , e t c .  a re  f u n c t i o n s  o n l y  o f  the cen te r  o f  mass angle,the 

quadrupole s t r e n g t h  parameters q and the energy loss  factorsgij(ci.). i j 
The i n t e g r a l s  (48) can be evaluated i n  c losed  form and the f i n a l  ex- 

press ions f o r  i = 3 ,  4 and 5 a r e  c01 l e c t e d  i n  Append,ix 2. 

The above formula f o r  aeR(8)/uR was used i n  Refs. II and 

12 t o  c a l c u l a t e  the Coulomb damping i n  the e l a s t i c  channel.  I n  Ref.  

12 the  Couiomb o r b i t  i n t e g r a l s  o f  Eq. (48) were evaluated i n  a s l i g h -  

t l y  d i f f e r e n t  way from our  expressions g iven  i n  Appendix 2 bu t  compa- 

r i s o n  o f  ou r  express ion f o r  @(O) wi t h  the V ( r )  g i ven  i n  E q .  (29),  
R OPt 

i-.e., vi2)(,) and w i t h  the  1.18) g iven  i n  Appendix 2 and t h e i r  expres- 
Z 

s ion  (Eq. (9), Ref.12) i n d i c a t e  t h a t  they a r e  p r a c t i c a l l y  i d e n t i c a l .  I n  

Ref.11 the p o t e n t i a l  Im V (2)Reor( r )  g iven i n  Eq.(40), was u s e d  i n  
OPt 



U ~ ~ ( O ) / ~ J ~  and the express ion  found was (assuming on l  y t a r g e t  e x c i t a -  

t ion)  

and f (8)  i s  the un ive rsa l  angle f u n c t i o n  g iven i n  Ref.  1 1 .  Again the 

comparison o f  Eq. (49) w i t h  the corresponding express ion obta ined from 

~ q . ( 4 7 )  and us ing  the I ' s  g i ven  i n  Appendix 2 i n d i c a t e  t h a t  they g i v e  i 
almost i d e n t i c a l  r e s u l t s .  When per forming c a l c u l a t i o n s  w i t h  the gene- 

r a l  p o t e n t i a l  o f  Eq.(35), Eq.(47) f o r % ( @ )  i s m o r e a p p r o p r i a t e .  I n  
UR 

Fig.4 we present  the  r e s u l t s  f o r  the  system 2 0 ~ e  + 15'srn a t  Elab = 70 

MeV. T h e  agreement w i t h  the data ( f rom Ref. 19) i s  q u i t e  good. I n  Fig. 
0 

5 we present  the  resu l  t s  f o r  3.!~ ( e )  f o r  two values o f  q (assurning a 
"R 

pure quaclrupole r o t a t i o n a l  band) f i x i  ng the p o t e n t i a l  V so t h a t  
OPt 

the maxinium I inc luded s a t i s f i e s  the i n e q u a l i t y  

Eldb = 70 MBV -I 

Fig.4 - The sub-barrier e l a s t i c  cross sect ion normalized t o  the Ruther- 

ford  cross section, p l o t t ed  vs. the center of mass angle f o r  the system 

2 0 ~ e  + lS2srn (Elab = 70 HeV). included i n  the ca l cu la t i on  i s  the coupl ing 

t o  the 2' s t a te  as  well as the reo r i en ta t i on  o f  the 2' t o  a l l  orders i n  

both target  and p r o j e c t i l e .  l h e  data are  from Ref. 19. 
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Fig .5  - The r a t i o  ca lcu la ted  both from the  WKB expression Eq.  (47) 

( s o l i d  l i n e s )  as weP1 as from the  summed Bom ser ies  Eq . (52 )  (dashed l i -  

nes). a )  q = 2.36; b) q = 9.56. Energy loss was accounted f o r  by inser- 

t i n g  the appropr ia te  semiclasslcal energy loss factors  (see t e x t ) .  



The above i n e q u a l i t y  guarantees, f o r  a  g iven  va lue  o f  q, t h e  presrnce 

o f  the e f f e c t s  o f  the coup l ing  t o  a l l  channeis inc luded i n  the cons- 

t r u c t i o n  o f  V ( r ) .  This  fo l l ows  from the  c l a s s i c a l  r e l a t i o n  between 
OP t 

the va lue o f  q and the maximum angular  momentum t r a n s f e r r e d  na!nelyq, 

Another way o f  c a l c u l a t i n g  the  e l a s t i c  s c a t t e r i n g  cross 

sec t ion  i s  by sumrning o f  the  Born s e r i e s  f o r  t h e  e l a s t i c  s c a t t e r i n g  

ampl i tude obta ined d i r e c t l y  from Eq. (4)  upon r e p l a c i n g  the r i g h t  hsnd 

s ide  by C' ( r )  $ ( r ) .  Th is  r e s u l t s  i n  the  f o l l o w i n g  sirnple expres- 
OPt aea 

s ion  f o r  --(e) 
OR 

Here we have adopted the on-energy-shel l  approx imat ion f o r  :he e1as.tic 

channel Gkeen's funct ior . .  The ampl i tude ( I ? )  may be wr i t t e n  i n  terms 

of the coupl i ng  mat r i ces  C.  .(R) as can be seen from the  s t r u c t u r e  o f  
-1.3 

V g iven  i n E q .  ( 2 2 ) a n d  t h e d e f i n i t i o n o f s j ( R )  g iven  i n E q .  ( !8) 
OPt 

wbere the  4-space "propagatorl '  o f  the  2+ s t a t e  <2 [ 1 ( 2 >  i s  
1 + - 

g iven  i n  Eq. (25) .  

' e  R We have evaluated 7 ( 8 )  as g iven  i n  Eq. (52) i n c l u d i n g  i n  
R 

the c o n s t r u c t i o n  of the 2+ propagator s t a t e s  up t o  I = 18, i .e . ,  i n -  



c l u d i n g  up t o  8 members o f  the  r o t a t i o n a l  band and t a k i n g  q o 2  t o  be 

2.36 and 9.56. The r e s u l t  i s  shown as the dashed t i n e s  i n  F ig .  5. I t  

i s  c l e a r  t h a t  the WKB express ion f o r  ueR/uR given i n  Eq. (47) and the  

summed Born s e r i e s  o f  Eq. (52) g i v e  almost i d e n t i c a l  r e s u l f  f o r  smal l 

values o f  q .  However, f o r  l a r g e  q the two expressions, a l though g i v e  

c l o s e  r e s u l t s  a t  small angles, presents q u a l i t a t i v e l y  d i f f e r e n t  beha- 

v i o r  as can be seen i n  F ig .  5b. We have accounted f o r  the energy loss  

by i n s e r t i n g  the f a c t o r s  gij(cij) i n  the  coupl i ng  mat r i ces  CijZi. The 

semic lass ica l  coupled channe ls- ca lcu la t ion  o f  o/uR f o r  the above sys- 

tem has been repor ted r e c e n t l y  and i t  shows t h a t  u / a R  o s c i l l a t e s  

s l  i g h t l y  a t  angles l a r g e r  than 60'. 

F i n a l l y ,  we g i v e  below the e l a s t i c  s c a t t e r i n g  cross sec- 

t i o n  evaluated a t  8  = r ( inc luded  i n  t h i s  c a l c u l a t i o n  a r e  the coupl ings 

t o  the 2+ and 4+ s ta tes  as w e l l  as the r e o r i e n t a t i o n  o f  the 2+ s t a t e )  

I t  i s  i n t e r e s t i n g  t o  note t h a t  a t  back angles both the  WKB and the sum- 
"e1 med Born s e r i e s  expressions f o r  - (8) become, f o r  a  pure r o t a t i o n a l  
'R 

band and i n  the  zero-energy loss  l i m i t ,  a  f u n c t i o n  o f  o n l y  one v a r i a -  

b le ,  the quadrupole s t r e n g t h  parameter q Th is  i s  a l s o  the casewi th  
0+2 ' 

the e l a s t i c  s c a t t e r i n g  p robab i l  i t y  c a l c u l a t e d  by A lder  a n d  w in ther9  

w i t h o u t  r e s o r t i n g  t o  the  Coulomb p o l a r i z a t i o n  p o t e n t i a l .  

From the  e l a s t i c  s c a t t e r i n g  cross s e c t i o n  one may c a l c u l a -  

t e  the t o t a l  i n e l a s t i c  s c a t t e r i n g  cross s e c t i o n  u s i n g  the u n i t a r i r y  

c o n d i t i o n  which the m a t r i x  must s a t i s f y .  



I n  order  t o  e x h i b i t  t h i s  p roper ty  o f  the S-matr ix  we n o t i c e  t h a t  a ma- 

n i f e s t l y  u n i t a r y  S-matrix may be const ructed from our  equat ion (20)  

through2' 

'I, 
where S i s  obta ined from Eq. (20), 

where F and $+  a r e  mat r i ces  i n  channel space and V i s  the coupl i ng  ma- 

t r i x .  From the u n i t a r y  S-matr ix  above we can determine the  2'-matrix 

which i s  r e l a t e d  t o  S by 

Def in ing  a new coup l ing  m a t r i x  C' t o  be 

and 

I n  the  above symmetrized form, T may be used t o  c a l c u l a t e t h e d i f f e r e n t  

i n e l a s t i c  cross sect ions.  This  c a l c u l a t i o n  i s  repor ted i n  the  f o l l o -  

wing paper22. 



5. DISCUSSION AND CONCLUSIBMS 

I n  t h i s  paper we have e x p l o r e d  t h e  consequences o f  t h e  on-ener- 

gy -she l l  app rox ima t ion  f o r  t h e  cnannel Green 's  f u n c t i o n  on the  m u l t i p l e  

Coulomb e x c i t a t i o n  coup led channel problem. We have, among o t h e r  things, 

d e r i v e d  a c l o s e d  exp ress ion  f o r  t h e  Coulomb p o l a r i z a t i o n  p o t e n t i a l  i n  

t he  l i m i t  o f  z e r o  energy l o s s  accoun t i ng  p a r t i a l l y  f o r  t h e  l a s t  t h rough  

t h e  s e m i c l a s ~ i c a l  energy i o s s  f a c t o r s .  Our g e n e r ~ l  exp ress ion  f o r  t h e  

Coulomb p o l a r i z a t i o n  p o t e n t i a l  reduces t o  t h e  more approx imate expres-  

s i o n s  g i v e n  i n  Refs.11 and 12 as i i n i t i n g  cases. As a  check on o u r  r e -  

s u l t s  we have compared o u r  p o t e n t i a l  f o r  R=O w i t h  t h e  p o t e n t i a l  based on 

t h e  A lde r- Win the r  t h s o r y ,  o b t a i n e d  i n  Ref.15. The d i sc repancy  found i s  

accounted f o r  p a r t l y  by t h e  terrns i n  t h e  6orn s e r i e s  neg lec ted  i n  t he  

on- energy- she l l  app rox ima t ion .  We have been a b l e  t o  f i t ,  on t h e  avera-  

ge, o u r  p o t e n t i a l  t o  t he  A lde r- Win the r  one by a d j u s t i n g  two parameters-  

-one a t t a c h e d  t o  t h e  r e o r i e n t a t i o n s  m a t r i c e s  and t h e  o t h e r  t o  t h e  cou- 

p l  i n g  m a t r i c e s ,  I t  i s  argued t h a t  t h e  f a i l u r e  o í  o u r  a d j u s t e d  imaginary  

p o t e n t i a l  t o  reproduce t h e  o s c i l l a t i o n s  found i n  t l i e  4 lde r -Win the r  po- 

t e n t i a l  c o u l d  be a  consequence o f  b o t h  t h e  f a c t  t h a t  t h e  AW p o t e n t i a l  

was e x t r a c t e d  f rom the  asympto t i c  e l a s t i c  a m p l i t u d e  whereas ou rs  d i r e c -  

t l y  f rom t h e  wave f u n c t i o r i ,  as w e l i  as t h e  on- energy- she l l  approximation. 

A l though  t h e  rnethods deve lcped i n  t h i s  paper a r e  n o t  meant t o  s u b s t i t u -  

t e  f o r  more exac t  cuup led channels  c a l c u l a t i o n s ,  t hey  do, neve r the less ,  

supp ly  us  w i t h  a  v e r y  s lmp le  c l o s e d  fo rm f o r  t h e  sub- b a r r i e r  e l a s t i c  

c r o s s  s e c t i o n  a p p r o p r i a t e  f o r  t h e  case o f  s t r o n g  c o u p l i n g .  Furthermore, 

hav ing  o b t a i n e d  t h e  e l a s t i c  channel Coulomb p o l a r i z a t i o n  p t e n t i a 1 , w h i c h  

c o n t a i n s  m u l t i p l e  Coulomb e x c i t a t i o r i  e f f e c t s ,  one c o u l d  use i t  t o  sirn- 

p l i f y  an o t h e r w i s e  more cornp l ica ted coup led channels  c a l c u l a t i o n .  As an 

example, we c i t e  t he  case o f  s u b- b a r r i e r  f u s i o n  o f  deformed n u c l e i  2 3 . ~ s  

i s  known, d e f o r m ~ t i o n  o f  t h e  t a r g e t  induces b o t h  s t a t i c  as  w e l l  as dy-  

namic e f f e c t s  on t h e  f u s i o n  c r o s s  s e c t i o n  24. I f  t h e  t a r g e t  i s  so d e f o r -  

med t h a t  m u l t i p l e  Coulomb e x c i t a t i o n s  i s  impor tan t ,  one needs t o  p e r -  

form a c a l c u l a t i o n  i n v o l v i n g  severa1 s t r o n g l y  coup led channels  t o  ac-  

coun t  c o r r e c t l y  f o r  these e f f e c t s .  Our p o t e n t i a l  V ( r ) ,  makes i t  pos- 
OPt 

s i b l e  t o  account  a i n o s t  comp le te l y  f o r  t h e  dynamic e f f e c t s  i n  a  one- 

-channel o p t i c a i  model d e s c r i p t i o n .  The s tudy  c f  s t a t i c  e f f e c t s  i s  thus 

made e a s i e r  2nd c o u l d  be hand!ed f o l l o w i n g ,  f o r  example, t he  ideas i n  



Ref.23. As ide from the above p r a c t i c a l  aspects o f  our  r e s u l t s  we con- 

s i d e r  our  f i n d i n g s  as a  f i r s t  s tep  i n  the d i r e c t i o n  o f  e x p l o r i n g  sim- 

p l i f y i n g  scheves f o r  the coupled channels c a l c u l a t i o n  i n  tne more gene- 

r a l  case where the nuc lear  f o r c e  i s  included. I n  such cases the  on- 

-energy-shel 1 approx,ímat ion  arnounts t o  rep lac ing  the channel G r e e n  ' s  

f u n c t i o n  by (Ref . 7 )  I 

Here $%(;e) i s  the regu la r  s o l u t i o n  o f  the o p t i c a l  rnodel S c h r d d i n g e r  

equat ion d e s c r i b i n g  the e l a s t i c  s c a t t e r i n g  i n  channel c  and sO ( k )  i s  
&,C 

the e l a s t i c  S-matr ix  element i n  channel c .  Due t o  s t r o n g  a b s o r p t i o n  

f o r  low L p a r t i a 1  waves the f a c t o r  (S' ( k ) ) - '  cou ld  become q u i t e  l a r -  
9.,c 

ge f o r  sniali L, r e s u l t i n g  i n  a  pnss ib le  overes t imat ion  o f  the coupled 

channel e f f e c t s 6 .  However, as demonstrated i n  Ref.7, t h i s  needs n o t  be 

a  wor ry ing  po i r i t  i f  the ampli tudes were t o  be evaluated i n  c losed f o r n  

as anotheir f a c t o r  o f  si(,?), which comes from the d i s t o r t e d  waves,appro- 

x imate l  y  cancel s the dangerous [sO ( k j3 - l  f a c t o r  i n  the channel Green's 
1,c 

func t ion .  F i n a l l y ,  the i n c l u s i o n  o f  the nuc lear  e x c i t a t i o n  i n t o  our  ex- 

pressions f o r  the i n e l a s t i c  ampli tudes, which a r e  c a l c u l a t e d  w i t h o u t t h e  

nuc lear  e f f e c t s  i n  the f o l l o w i n g  paper, would make the i n v e s t i g a t i o n  o f  

the  dependence o f  the nuclear-Coulomb i n t e r f e r e n c e  e f f e c t s  on the sp ins 

o f  the exc i  ted s t a t e s Z 5  simple and t ransparpnt .  These ideas w i l l  be 

explored and developed f u l l y  i n  the t h i r d  p a r t  o f  t h i s .  ~ e r i e s ~ ~ .  

We were f o r t u n a t e  t o  have A.J.  B a l t z  c o l l a b o r a t e  w i t h  us on 

some aspects o f  the present work. 

APPENDIX 1 

I n  t h i s  appendix a re  g iven  the approximate, l a r g e  II l i m i t ,  

values o f  the 3 - j  and 6-j symbols needed i n  t t ie c a l c u l a t i o n .  Throughout 

we s h a l l  use the d e f i n i t i o n s  and convent ion o f  ~ d m o n d s ~ ~ .  



a) 3-j syrnbols 

b) 6-j symbols 

In the following !?, >> I, R >> m. 



The Coulornb o r b i t  i n t e g r a l s  de f ined  i n  Eq. (45) a r e  e a s i l y  

evaluated f o l  lowing the methods descr ibed i n  Ref. 28. We o b t a i n  f o r  

1 3 ( 8 ) ,  1 4 ( 8 )  and 1 5 ( 8 ) ,  the f o l l o w i n g  expressions 

a-8 2 ri 
= tan2 T [I -(-I t a n  ;] E;; 

2 I 

I 

[ -  I ~ ~ ( 8 )  = -- ( i 2  + 3) r a r c t a n  
2 2 '  a  

r a-e e 2ri 
= 2 tan4 T i ( c o t 2  + 3) (-T) tan  - J - 

J E C Z ~  

1 
~ ~ ( e )  = -& kF + 5)  - (3Q2 + 5) a r c t a n  r 2Q 

2a6 t -1 , 

I n  o b t a i n i n g  the  f i n a l  angular dependence o f  1;(8) we have used the  Ru- 
e 

t h e r f o r d  R = c o t  7 (Eq. ( 4 1 ) ) .  
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