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The ex is tence  ~f macroscopic quantum Naves i n  the  theory  

- + g1$16 i s  v e r i f i e d .  

Ver i f ica- se a e x i s t ê n c i a  de ondas quânt i cas  m a c r o s c ~ p i c a s  na 

t e o r i a  - + s l @ i 6 .  

Last  year l  a  new scheme was proposed t o  uriderstand the.  i n t e -  

r e s t i n g  p r o p e r t i e s  o f  1 i q i i i d  4 ~ e  ( s u p e r f l u i d i  t y ,  the A - t r a n s i t i o n ,  the 

na tu re  o f  "rotons", e t c . )  from a microscopic  view p o i n t .  I t  has been ob- 

served t h a t  Bogol iubov s u p e r f l  u i d i  t y  theory2  descr ibes  s o m  macroscopic 

quantum waves (MQWs), which behave as moving Bloch w a l l s ,  c u t t i n g  the 

condensate i n t o  sec to rs  o f  phase, analogous t o  magnetic domainsl. I n  ad- 

d i t i o n ,  the MQWs b i n d  a new s e t  o f  q u a s i - p a r t i c l e s ,  t h a t  l o o k  much l i k e  

the 1 i q u i d  Hel iam elementary e x c i  t a t i o n s  observed i n  neu t ron  s c a t t e r i n g  

exper i ments 3 .  We b e l  i eve, t h e r e f o r e ,  t h a t  these waves prov i d e  the 1 i n k  

between the microscopic  wor l  d and the  phenomenology o f  super f  1  u i d  i t y .  

Macroscopic quantum waves appear a l s o  i n  a l a r g e  c l a s s  o f  non- 

l o c a l  t h e o r i e s 4 ,  as w e l l  as i n  t h e  ~ 1 4 1 ~  t h e o r i e s ,  w i t h  A>2 5 .  

Here we study the  MQWs o f  the model (Xand g p o s i -  

t i v e  cons tan ts ) .  We n o t i c e  t h a t  the  a t t r a c t i v e  term - A / 4 I 4  does n o t  e -  

x i s t  i n  any o t n e r  theory,  where the e x i s t e n c e  o f  MQWs has been e s t a b l  i - 
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shed. Hence, t h e  r e s u l t s  presented i n  t h i s  paper r e i n f o r c e  t h e  i d e a l  

t h a t  MQWs a r e  commn t o  every  s t a b l e  boson theory,  and, as a consequen- 

ce, t h a t  they should occur  i n  the  m ic roscop ic  theory  o f  the  r e a l  h e l  ium 

atoms . 

Accord ing t o  ~ u r t ~ ,  the terms -1/+14 and g 

p e c t i v e l  y  t o  a t t r a c t i v e  two-body and r e p u l s i v e  th ree  

generated by de1 ta-1 i ke  p o t e n t i a l s .  

1 $ 1 6  correspond r e s -  

,-body i n t e r a c t i o n s ,  

$ b e i n g  a n o n r e l a t i v i s t i c  boson f i e l d ,  consider  t h e  Harni l to- 

n i a n  

and t h e  assoc ia ted  c l a s s i c a l  equa t ion  o f  motion, 

Th is  i s  the Gross-Pi taevsk i  i equat ion7.  The x- independent s o l u t i o n s ,  

desc r ibe  the f l u i d  ~ o n d e n s a t e " ~ ~ ~ ,  and p i s  the  condensate densi t y .  

As t h i s  theory  has an a t t r a c t i v e  t e m ,  the condensate i s  uns- 

t a b l e  a t  low d e n s i t i e s .  The s t a b l e  c o n f i g u r a t i o n  f o r  these low d e n s i t i e s  

i s  a s o r t  o f  vapor s t a t e .  We can determine the  c o n d i t i o n s  u n d e r  w h i c h  

the condensate i s  s t a b l e  by s t u d y i n g  the  mot ion o f  the  phonons. 

L e t  us w r i  t e  6 i n  t h e  forrn 

where t h e  small  f l u c t u a t i o n  q ( x , t )  i s  a  sound wave. I n s e r t i n g  + i n t o  the  

equa t ion  o f  mot ion and keeping o n l y  terms up t o  f i r s t  o r d e r  i n  r) ,  we g e t :  

1 i a  t rl = - v2n + (2gp2 - (r,* + r,) (5 )  



Th is  equa t ion  i s  the same as Eq.(15) o f  r e f . ( l ) .  T h e n ,  f o i  i o w i n g  the 

s teps o f  t h a t  reference, we o b t a i n  me2 = 2 g p 2  - X p ,  where c i s  t h e  ve lo -  

c i t y  o f  l a r g e  wave- length phonons: 

c must be r e a l ,  o therw ise  we would have imaginary f requenc ies ,  and the  

condensate s t a b i l i t y  would no  longer  be ensured. The s t a b i l i t y  c o n d i t i o n  

i s ,  t h e r e f o r e ,  
X - - P ' P c -  

2 9  
(7) 

To c o n s t r u c t  the MQWs s o l u t i o n s ,  we represen t  the  f i e l d  as 

f o l  lows: 

where 5 = rne(x- .c~t) ,  3: i s  a p a r t i c u l a r  coord ina te ,  and I v l < l ,  V b e i n g  a 

r e a l  nurnber. li: i s  c l e a r  t h a t  c V '  i s  t h e  MQW's v e l o c i t y .  

de + O .  ~ h u s ,  asymp- I n  t h e  l i m i t  IE/-)m, we impose s ( t ) -+ l ,  and 

t o t i c a l l y ,  the  s o l u t i o n  we seek w i l l  tend towards condensates o f  d e n s i t y  

0. 

The s u b s t i t u t i o n  o f  V ( , )  i n t o  t h e  equa t ion  o f  mot ion leads t o  

a p a i r  o f  coupled equat ions f o r  s ( ~ )  and e ( 5 ) :  

a n d  

I f  ncw we i n t e g r a t e  (gb) ,  t a k i n g  i n t o  account the  b o u n d a r y  

condi t i o n s ,  we g e t  



I n s e r t i n g ,  then, (10) i n  (9a) leads t o  an equa t ion  f o r  E ( E )  

(1  1) 

The n e x t  s tep  i s  t o  m u l t i p l y  E q . ( l l )  by 2 2  6. A f t e r  i n t e g r a -  
5  

t i o n  i t  f o l l o w s :  

( 12) 

Th i s constant  i s  determined by imposing aga ln  t h e  boundary condi t i o n s :  

const  = v2 + 1/2 - &/3. 

I f  we s t i l l  m u l t i p l y  t h i s  l a s t  equa t ion  by 8s, we f i n a l l y  ob- 

t a  i n 

( a 5 s l 2  + u(s)  = O ( 1  3a) 

where 

i n t e g r a t i n g  ~ q . ( 1 3 )  i s  t h e  same as s o l v i n g  a problem o f  c l a s -  

s i c a l  mechanics: the mot ion o f  a  p a r t i c l e  o f  mass 1/2 and energy z e r o ,  

under the  a c t i o n  o f  the p o t e n t i a l  U(S) .  

P roper t  i es  o f  the p o t e n t  ia1  U ( S )  : 

( i )  Whenever I V  
the  o n l y  s o l u t i o n  o f  E q . (  

=l=s(+m) i s  s(5)=1.  Th is  

Thus, under these c i  rcums 

>1, s= l  i s  a  p o i n t  o f  minimum, and, t h e r e f o r e ,  

31,  which obeys the  boundary c o n d i t i o n  s ( - - ) =  

impl i e s  t h a t  e ( 5 )  = cons tan t  (see Eq. (10) ) . 
ances, we a r e  led,  through Eq. (8 ) ,  t o  a so- 

l u t i o n  l i k e  ( 3 ) ,  and no  MQWs e x i s t  a t  a l l .  

( i i )  I f  1 ~ 1 < 1 ,  the  U ( l ) = l ,  and t h e  p o i n t  s = l  i 3  a  p o i n t  o f  ma- 

ximum, as i s  shown i n  f i g . 1 .  I n  t h i s  second case i t  i s  c l e a r  t h a t  s o l u -  

t i o n s  o f  ~ q . ( 1 3 )  w i l l  e x i s t ,  which, even obeying the  boundary c o n d i t i o n s ,  

a r e  d i f f e r e n t  f rom the  t r i v i a l  condensate-1 i k e  s o l u t i o n .  These a r e  t h e  

MQWs . 



By chance, ~ ~ . ( 1 3 )  i s  amenable t o  exac t  i n t e g r a t i o n .  When t h e  

boundary concl i t ions a r e  imposed, we ge t :  

and 

2 
s ( 5 )  = 1  - 

A + B cosh 2y< 

Usi ng Eq. (10) and c h m s i n g  8(0) =O ( t h i s  freedom o f  choi  ce co-  

mes from the gauge i n v a r i a n c e  o f  the  t h e o r y ) ,  i t  f o l l o w s  

I n s e r t i n g  s (5 )  and 8 ( 5 )  i n  Eq.(8) and s i m p l i f y i n g ,  we f i n d  t h e  

f u n c t i o n  W ( c ) ,  ~ h i c h  descr ibes a macroscopic quantum wave o f  v e l o c i t y  
L' 

cv. 

YV 
D c o s h ~ P  - (T) s i n h  YS 

v (5) = - v 6 e x p  { -  i ( g p 2  - A V )  t 1 (16) 
( A  + B cosh ~ Y E )  'I2 

The mornentum per  u n i t  a r e  a c a r r i e d  i s  

I f  d(W) i s  the  energy assoc ia ted  w i t h  t h e  MQW system and H(R) 

i s  t h e  g r o u ~ d  s t a t e  energy, the  energy c a r r i e d  by t h e  MQW s h a l l  then be 

H(W) -H(R). i h i s  s u b t r a c t i o n  i s  somewhat s u b t l e ,  because we must be care -  

f u l  when seeking the  ground s t a t e  o f  t h e  problem. An analogous c a l c u l a -  

t i o n  i s  c a r r i e d  o u t  i n  r e f . ( l ) .  I n  t h e  p resen t  case, the  energy p e r  u n i t  

o f  area ob ta ined  i s  



When X=O, the theory  s t u d i e d  here becomes t h e  pure / + I 6  theo-  

r y .  I n  t h a t  case we have 

whe r e  

6 = a r c t a n  i Y i ( 1 8b)  
J 4 C - 3 7  + 2  - 3y2 

( t h e  t o p o l o g i c a l  ~ h a r ~ e l - ~  o f  i s  j u s t  - 26 ) ,  and V 

and 

Eqs. (18) and (19) agree w i  t h  the  r e s u l  t s  o f  r e f .  ( 5 ) .  

FIG. 1: Shape of U:J in the subsonic case 
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