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The proper t ies o f a simples quantum mechanical model f o r  the 

decay o f  two equal mass p a r t i c l e s  are s tud ied and re la ted t o some recent 

work on complex energy eigenvalues. I t consists e s s e n t i a l l y i n  a genera-

l i z a t i o n of  the Lee-Friedrichs model f o r  an unstable p a r t i c l e and gives 

a h i g h l y i dea l ized version o f  the KO-KO system, i nc lud ing  CP v i o l a t i o n s .  

The m o d e l  i s  completely solvable,  thus a l l ow ing  a comparison w i t h  the 

wel l known Weisskopf-Wigner formal ism f o r  the decay amplitudes. A d i f -

f e ren t  model, descr ib ing  the same system i s a lso  b r i e f l y ou t l i ned .  

As propriedades de um modelo quânt ico simples para o decaimen-

t o  de duas pa r t í cu las  de massas igua is  são estudadas e relacionadas a 

al guns trabalhos recentes sobre autovalores complexos da energia. Consi s- 

t e  essencialmente em uma general ização do modelo de Lee-Fr iedr ichs para 

uma p a r t í c u l a  ins táve l  e dá uma versão a l t a m e n t e i dea l izada do sistema 

K O - F ,  i nc lu indo violações CP. O modelo é completamento so lúve l , permi- 

t i ndo  uma comparação com o bem conhecido formalismo de Weisskopf-Wigner 

para as ampl i tudes de decaimento. Um modelo d i f e ren te ,  descrevendo o mes-

mo s i stema, é também esboçado. 

A p a r t i c u l a r l y  i n t e r e s t i n g  c lass o f  quantum rnechanical systems 

f o r  which the time evo lu t i on  may be studied are formulated i n  terms o f  a 

hami l t o n i a n  w i  t h  a po in t  spectrum and a continuous spectrum. The po in t  

spectrum cor responds t o  " pa r t i  c les" and the cont inuous spectrum t o  "de- 



cay products". The "pa r t i c l es "  become unstable when a su i  t a b l e  perturba-  

t i on ,  mixing the continuous and d i sc re te  po r t i ons  o f  the spectrum,is ap- 

p l i e d .  More s p e c i f i c a l l y ,  the hami l tonian H i s  w r i t t e n  as 

where H. i s  the unperturbed ("free") system and V i s  the per turbat ion  

( " in terac t ion" ) .  I f  ! E o >  i s  bound eigenstate o f  Ho, which the perturba-  

t i o n  renders unstable, the unstable- state probabi l i t y  ampl i tude i s  

t t  i s  w e l l  known t h a t  t h i s  expression does not  lead t o  a pure- 

l y  exponential decay law i f  the spectrum o f  H i s bounded f rom below l .  

Thi s problem has been consi dered i n some recent work on the quantum de- 

cay problem f rom the conceptual f ramework o f  complex energy e i  genva! ues2. 

I t  i s  shown there t h a t  the complex energy so lu t i ons  o f  the Lee-Friedrichs 

m d e l  eigenvalue problem can be incorporated i n  a complete, b ior thogonal  

se t  o f  general ized. e igenfunct ions w i  t h  the cont i  nuum eigenval ues formi ng 

a contour deformed i n t o  the unphysical region o f  the complex energy p la-  

ne. One obtains i n  t h i s  formulat ion,  i n  ra ther  na tura l  way, pole c o n t r i -  

but ions tha t  would correspond t o  a pure l  y exponential behaviour o f  the 

decay amplitude. Amore general problemwas considered b y  B a i l e y  and 

schieve3, who studied the const ruc t ion  o f  a complete orthonormal se t  o f  

complex energy s ta tes  fo r  a general hami 1 ton i  an o f  the form g i  ven by Eq. 

( I ) .  They a lso  formulated a so lvab le  model t o  f u r t h e r  i l l u s t r a t e  t h e i r  

d i  scussion. 

I n  t h i s  paper we consider another so lvab le  model which can be 

s tud ied along s i l i l a r  l i n e s .  The spec t rumo f  H. consists o f  two degene- 

r a t e  bound s ta tes  and two continua. A d i sc re te  operat ion,  which we ca l1  

CP, commuting w i t h  Ho, i s  introduced. One bound s t a t e  and one o f  the con- 

t i nua  belong t o  the eigenvalue +1 o f  CP and the o ther  bound s t a t e  and 

cpntinuum t o  the eigenvalue - 1 .  i l t i s  cpn be considered as a h i g h l y  idea- 

l ized vers ion o f  the system cons i s t i ng  o f  the K0 and Kõ ( t he  two bound 

s ta tes)  and the i  r most important decay products, i .e., two pions o r  three 

,,ions ( t he  two cont inua).  H. would then represent the " strong i n te rac -  

t ions" and V the "weak i n te rac t i on "  leading t o  the decay o f  the kaons. 



The experimt?ntal,ly v e r i f i e d  smal l  v i o l a t i o n  o f  CP i n v a r i a n c e  can be i n -  

corpora ted  by i n c l u d i n g  i n  V c o n t r i b u t i o n s  t h a t  do n o t  commute w i t h  CP. 

2. A SOLVA-BLE MODEL 

The p resen t  model i s  fo rmu la ted  as f o l l o w s .  We f i r s t  cons ider  

a  "free" hanii l ton  i a n  H. . I t s  s p e c t r a l  rep resen ta t  i o n  i s  o f  the fo rm 

c0 

{v ~ z > < K ~  1 + dE E IE~><E, 1 > . 
IP i  ( 3 )  

The bound s  t a t e s  ( K  .> a r e  degenerate. The vi deno 
Z 

responding th resho lds  o f  the  cont inuum eigenvalues o f  H o .  

The e igenvec to rs  o f  H 0  fo rm a  complete orthonorma 

f y i n g  

e  t h e  c  

s e t ,  s a t  

o r -  

I s -  

Th'e c l o s u r e  r e l a t i o n  i n  the  H i l b e r t  space b a s i s  o f  H. i s  

The s t r u c t u r e  o f  H. has been chosen i n  such a  way t h a t  we can 

d e f i n e  a  herini t i a n  o p e r a t o r  i n  correspondence wi  t h  the degeneracy index 

i. Th is  opera to r  has a d i s c r e t e s p e c t r u m w i t h o n l y  t w o e i g e n v a l u e s .  I f  

we choose t h e i r  va lues as +1 and - 1 ,  i t  cou ld  be considered as a  s o r t  o f  

" par i  t y"  f o r  the s t a t e s .  We choose the  f o l  l ow ing  represen ta t ion ,  

Not:ice t h a t  w i t h  t h e s e d e f i n i t i o n s  we would have I K O >  = ( I K  - 1 '+ 
+ I K ~ > ) / &  arld J K O >  = ( I K 1 >  - j ~ ~ > ) / f i .  



W e  i nt roduce n e x t  a  hami l t o n i a n  H 1  = H,, + V1, where the (CP-con- 

s e r v i n g )  p e r t u r b a t i o n  p o t e n t i a l  V1 i s  g iven  by 

m 

v 1 = j i g * ( ~ )  ( K ~ > < E ~  I + g ( ~ )  I E ~ > < x ~ J  d~ , 
"1 

so t h a t  t h e  s t a t e  (xl> i s  now unstable.  

The CP = -1 s e c t o r  o f  H1 c o n s i s t s  o f  t h e  s t a b l e  bound s t a t e  1X2> 

p lus  the cont inuum IE2>, i .e., we have 

H~ 1x2> = M I K ~ >  (7) 

The CP = +1  sec to r ,  on t h e  o t h e r  hand, has the  s t r u c t u r e  o f  the  

Lee- Fr iedr i chs  mo de^^'^. The corresponding e igenva lue-e igenvec to r  e q u a -  

t i o n  

H ~ I x ; I >  = X ~ X ; I >  (9) 

can be so lved  by a s tandard procedure. I f we d e f i n e  the cornplex f u n c t i o n  

the e igenvec to rs  I x ; ~ >  a r e  g iven  by 

where 

and 

+ 
and the l i m i t - E  + O  i s  imp l ied .  

Up t o  t h i s  p o i n t ,  the  model c o n s i s t s  o f  a  s t a b l e  p a r t i c l e ,  the  

K2, and a CP = - 1  continuum, which we may c a l  1 the " three-p ion"  s e c t o r ,  



and an uns tab le  p a r t i c l e ,  the K1  w i t h  an assoc ia ted  CP = +1 continuum, 

whi ch we rney c a l  1  the "two-pionll sec to r .  I t woul d  t h e r e f o r e  correspond, 

w i t h i n  o u r  i d e a l i z a t i o n ,  t o  making the l o n g  l i v e d  component 
K~ 

i n  KO 

decay s t a b l e ,  w h i l e  c o n s i d e r i n g  o n l y  2s uns tab le  the s h o r t  l i v e d  compo- 

nent KS. N m e l y ,  the  quanturn rnechanical s u r v i v a l  amp l i tude  f o r  Ixl> i s  

g i v e n  by 

Therefore, f o r  times n o t  t o o  long  o r  t o o  s h o r t ,  and i f  t h e  

p e r t u r b a t i o l i  i s  assumed "smal I", 

where P; = M1 - i r 1 / 2  gives the  pos i  t i o n  o f  the ze ro  o f  c x ( z ) ,  reached 

by a n a l y t i c a l  l y  c o n t i n u i n g  a(z) f rom above the  c u t  i n t o  the  unphysica l  

r e g  i on. 

CJecornpletenow the f o r m u l a t i o n o f  o u r m o d e l  by c o n s i d e r i n g  

a  t o t a l  h a m i l t o n i a n  H = H1 + V 2 .  

I n  the  H i l b e r t  space b a s i s  o f  H1, H  has the  s p e c t r a l  r e p r e -  

s e n t a t i o n  

where 

and I A ;  

f o r e  i n c  

m 

v, = j i f ( ~ )  I A ;  I><X~I  + f + ( ~ )  pi>cn;l I I ~ A  . (17) 

The new p e r t u r b a t i o n  V 2 ,  causes t r a n s i  t i o n s  between I K2 > 

I> ,  t h a t  i s ,  between t h e  K2  and the  two-pion s e c t o r .  I t  there -  

ludes a  v i o l a t i o n  o f  CP invar iance .  

The s t r u c t u r e  o f  H i n  t h e  H1 H i l b e r t  space b a s i s  i s  sirnply 

t h a t  o f  the 1-ee-Fr iedr ichs model and i t s  e igenvalue-  e  i g e n v e c t o r  p ro -  

blem i s  so lved  a c c o r d i n g l y .  I f  we d e f i n e  



i t  i s  e a s i l y  shown t h a t  the  v e c t o r s  

where 

and 

a r e  e igenvec to rs  o f  H and s a t i s f y  

w h i l e  we a l s o  have 

H I E ~ >  = E IE~> 

I t  f o l l o w s  f rom t h e  known p r o p e r t i e s  o f  the  s o l u t i o n s  o f  

the Lee- Fr iedr i chs  model t h a t  the  v e c t o r s  Iw> and I E ~ >  form a  complete 

orthonormal bas is ,  i n  which any v e c t o r  i n  the  H i l b e r t  space can be ex- 

panded.ln p a r t i c u l a r  we have 

1 

To compute the s u r v i v a l  probabi 1 i t y  ampl i t u d e s  f o r  the  

s t a t e s  IK1> and IK2> , we f i r s t  w r i t e  these v e c t o r s  i n  t h e  lu> b a s i  S .  

Since 

we have 

Simi l a r l y  



The m a t r i x  elements 

A. .(t) = <xiI e x p ( i i ( t )  I x ~ >  
23 (27) 

a r e  o f  i n t e r e s t .  Us ing Eqs. (25) and (26) ,  the  f u n c t i o n s  Aij(t) can be 

w r i t t e n  as i n t e g r a l s  a l o n g  the r e a l  a x i s  i n  the  i n t e r v a l  ( u l , a )  i n  the  

complex plane. The con tour  deformat i& techniques o f  Refs. (2,3) can now 

tie used t o  inake e x p l i c i t  the  c o n t r i b u t i o n s  f rom the  po les  i n  t h e  com- 

plex-w p lane  t h a t  correspond t o  the uns tab le  s t a t e s .  

The computat ions a r e  sketched i n  t h e  Appendix. I f  we ne- 

g l e c t  terms o f  h igher  o r d e r  i n  f and g ,  the p o l e  c o n t r i b u t i o n s  t o  the  

A .  . ( t )  a r e  g iven  by  
2.7 

+ 
where P; =M.! - i r 1 / 2  (P1 = M 2  + i  T /2) g i v e s  t h e  p o s i t i o n  o f  t h e  

1 
zero  o f  a ( z )  reached by a n a l y t i c a l  l y  c o n t i n u i n g  a ( z )  i n t o  the  unphysi -  

c a l  sheet f rom above (below) t h e  c u t ,  and 

- 

and s i m i l a r  d e f i n i t i o n s  f o r  P: rep  

We have a1 so s e t  

l a c i n g  a ( z )  by  B ( Z )  and g ( ~ )  by f(w). 



and 

As i t  i s  d iscussed i n  many references,  these c o n t r i b u -  

t i o n s  dominate the behaviour  o f  the A (t) except  f o r  v e r y  s h o r t  o r  ve- i j 
r y  long  t imes.  The c o n t r i b u t i o n s  o f  the  contours,  which we have n o t  ex-  

p l  i c i  ted  here,  are, o f  course, r e s p o n s i b l e  f o r  t h i s  depar tu re  f rom t h e  

exponent i a 1 1 aw. 

3. COMPARISON WITH THE WEISSKOPF-WIGNER FORMALISM 

A s tandard approx imat ion  f o r  handl i n g  uns tab l  e  p a r t i c l e  p ro-  

blems, i n  which an exponen t ia l  behaviour  i s  assumed f rom t h e  o u t s e t ,  i s  

f u r n i  shed by the Weisskopf-Wigner method6. 

Th is  method was a p p l i e d  by  Lee, Yang and 0heme7 i n  t h e i r  s t u-  
o - 

dy o f  t h e  K -KO system. A comparison o f  t h e i r  r e s u l t s  w i t h  the  p resen t  

formal ism i s  then o f  i n t e r e s t .  There i s  however a p o i n t  which should be 

i n d i c a t e d .  Because o f  i t s  v e r y  s imple s t r u c t u r e ,  t h e  p resen t  model i s  

i n v a r i a n t  under t ime  r e v e r s a l .  I t  i s  t h e r e f o r e  n o t  i n v a r i a n t  under CPT, 

w h i l e  t h i s  i n v a r i a n c e  i s  u s u a l l y  assumed i n  most d iscuss ions  o f  the  phy- 

s i c a l  K O - T s y s t e m .  The comparisons we can m a k e w i l l  then be r e l e v a n t  

o n l y  as f a r  as t h e  approx imat ions made i n  b o t h  t reatments a re  concer-  

ned, s ince  o u r  h i g h l y  i d e a l i z e d  model does n o t  a l l o w  d i r e c t  comparison 

wi t h  exper imenta l  data.  

I f  we use the  t rea tment  g iven  e.g. by ~ a i l l a r d ~ ,  we o b t a i n  t h e  

f o l l o w i n g  express ions f o r  the  decay e igenvec to rs :  

and 

whe r e  
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which, i n  t h i s  approx imat ion,  s a t i s f y  

and 

We n o t i c e  t h a t  t h i s  g i v e s  the  same s u r v i v a l  p r o b a b i l i t y  amp l i -  

tudes as those i n  s e c t i o n  1  i f  we n e g l e c t  t h e r e  terms p r o p o r t i o n a l  t o  h .  

Th is  i s  i n  f a c t  c o n s i s t e n t  w i t h  t h e  approx imat ions i n v o l v e d  i n  t h e  d e r i -  

v a t i o n  o f  Eqs. (34) and (35) .  We conclude t h a t  i n  t h i s  model the  s u r v i -  

v a l  probabi  l i t y  arnpl i tudes ob ta ined  i n  t h e  complex e i g e n s t a t e  formal fsm 

by j u s t  keeping the  p o l e  c o n t r i b u t i o n s  a re  e s s e n t i a l l y  t h e  same as those . 

i n  the  Weisskopf-Wigner forrnalisrn. 

4. COMMENTS 

I n  the  s o l v a b l e  nmdel d e s c r i  bed i n  the  p rev ious  sec t ions  one 

o f  the  " p a r t i  c l e s "  was s t a b l e  a t  the "CP-conservi ng" l e v e l  , becom i n g  

uns tab le  through the  "CP-v io la t ing"  channel.  A  d i f f e r e n t  s o l v a b l e  model, 

where b o t h  p a r t i c l e s  a r e  uns tab le  z t  the  "CP-conserving" l e v e l  can be 

fo rmu la ted  as f o l l o w s .  We s t a r t  w i t h  H. g i v e n  by  

where 

As i n  the  p rev ious  sec t ions ,  the  IK;> a r e  the  p a r t i c l e s  and 

the  the corresponding decay channels. The n o r m a l i z a t i o n  i s  



The spectrurn o f  the /E.> i s  cont inuous and bounded f rom below 
Z 

by pOyi. I n  general rnay be assumed d i f f e r e n t  frorn and Mi>pO, i. 0; 1 092 
The i index denotes the CP e igenvec to r :  

denote by I h , l >  and lv,2> respect  

respondi ng e i  genval ues. 

We cons ider  now an i n t e  

r en t  CP values g iven  by 

Thus each CP s e c t o r  i s  g iven by  a Lee- Fr iedr i chs  model. They 
(1) can be d iagonal  i r e d  t o g i v e  the e igenvec to rs  o f  H. and ~ 0 ~ )  which we 

i v e l y ,  where X and v i n d i c a t e  the co r -  

r a c t i o n  term m ix i ng  s t a t e s  w i t h  d i f f e -  

The r e s u l t i n g  system can be so lved  i n  c losed  forrn i f  

L(h,v)  = f(h) h (v) (51) 

The computat ion a re  r a t h e r  leng thy  and we s h a l l  o n l y  g i v e  the 

main r e s u l t s .  I n t r oduc ing  

F ( w )  = (52) 

0 9 1  

and 

440 



the e igenv ix tors  o f  H = H + H are O I 

and 

I t  can be shown tha t  they s a t i s f y  the or thonorrnal izat ion and 

c losure r e l a t i o n s  

and 

Frcm these re la t i ons  one can compute e x p l i c i t  expressions f o r  

I K , ~  and I X ~ >  i n terms o f  the lu,<> and the funct ions g(i) ( x )  , f ( x )  and 

h ( x )  , which can be used t o  ob ta in  the su rv i va l  p robab i l  i t y  amplitudes. 

A1 though i n  t h i  s  m d e l  the " par t i  c les" are t rea ted i n  a  more 



symmetr ica l  manner, b o t h  b e i n g  uns tab le  a t  the  CP-conserving l e v e l ,  the  

s a m  observa t ions  as i n  t h e  p rev ious  sec t ion ,  r e g a r d i n g  i t s  r e l a t i o n  t o  

t h e  p h y s i c a l  kaon system, can be made. C l e a r l y ,  more s t r u c t u r e  would be 

needed t o  improve t h i s  s i t u a t i o n .  The aim o f  ou r  s tudy has been m a i n l y  

d i  r e c t e d  towards t h e  c o n s t r u c t  i o n  o f  s o l v a b l e  model s  i n c o r p o r a t  i n g  a t  

l e a s t  two impor tan t  f e a t u r e s  exper imenta l  l y  encountered, i .e., a  t w i c e  

degenerate bound s t a t e  and a d i s c r e t e  symmetry, which can be used t o  

lave1 degenerate s t a t e s  and which i s  eventual  l y  broken by the  i n t e r a c -  

t i o n s .  These models may e v e n t u a l l y  be u s e f u l  i n  t h e  c o n s t r u c t í o n  o f  mo- 

r e  e1 aborate treatrnents. 

APPENDIX 

I n  t h i s  Appendix we show how t o  compute the  s u r v í v a l  p robab i -  

l i t y  amp l i tude  m a t r i x  elements, s k e t c h i n g  t h e ' d e r i v a t i o n  f o r  ~ ~ ~ ( t ) .  The 

o t h e r  m a t r i x  elernents a r e  o b t a i n e d  i n  a s i m i l a r  way. 

Frorn Eqs. (251, (261, (20) and (21) we have 

Then u s i  ng 

we have 
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e r e  we have made use o f  the f o l l o w i n g  approx imat ions 
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