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Using  the  3 p a r t  o f  severa1 non- loca l ,  separab le  nucleon-
1 

-nuc leon i n t e r a c t i o n s ,  we i n v e s t i g a t e  the c o n d i t i o n s  under which ab-

normal ly- occupied p lane  -ware S l a t e r  determinants can have lower  Har-

t ree-Fock energy than  t h e  s tandard,  normal 1 y- occupied one. 

Usando a p a r t e  3 ~ 1  de v á r i a s  i n te rações núcleon-núcleon, não 

l o c a i s  e separávei s, estudamos as condições sob as qua is  determinantes 

de S l a t e r  de ondas planas com ocupações anormais possam d a r  uma ener-  

g i a  de Har t ree-Fock menor do que a dada p e l a  ocupação normal .  

1. INTRODUCTION 

The normal fe rm i  sea unper turbed vacuum s t a t e  c o n s i s t i n g o f a 

plane-waves determi  nant  wi  t h  a1 1 wave-number v e c t o r s  occupy i ng the  f e r -  

mi sphere has been the  s tandard " s t a r t i n g  p o i n t "  about  which t o  c a r r y  

o u t  e i  t h e r  p e r t u r b a t i v e l  o r  v a r i a t i o n a 1 2  c o r r e l a t  i o n  energy s t u d i e s  i n  

t h e  many-fermion problem. Th is  cho ice  i s  c l e a r l y  t h e  optimum one f o r  a 

n o n - i n t e r a c t i n g  fermi gas, and the  p o s s i b i  1 i t y  o f  o t h e r  (abnormal) ways 

- 
* Permanent address: I n s t i  t u t o  de F í s i c a  Teór i ca ,  Rua Pamplona 145, 

são Paulo, B r a s i l  

** Work suppor ted i n  p a r t  by I .N. I .N and C.O.N.A.C.Y.T. ( ~ é x i c o )  . 



of  occupying the zero- order  s t a t e  i m e d i a t e l  y  suggests i t s e l  f as soon 

as i n t e r a c t i o n s  a r e  taken i n t o  account.  For b o t h  iV-fermion3 and N-bo- 

s o n h a t t e r  the  q u e s t i o n  has been i n v e s t i  gated f o r  l o c a l  t w o - p a r t i c l e  

i n t e r a c t i o n s  where a  p o s s i b l e  abnormal occupa t ion  d e r i v e s  e n t i  r e 1  y  

f rom the  exchange i n t e r a c t i o n  energy. Non- local , separable ~ o t e n t  i a l s 5  

c o n t r i b u t e  e n t i  r e l  y  through the  d i  r e c t  i n t e r a c t i o n  energy ( thus  p r o v i -  

d i n g  a  comp le te ly  d i f f e r e n t  mechanism f o r  p o s s i b l e  abnormal occupat ion)  

and i s  s t u d i e d  i n  t h i s  paper. 

2. ABNORMAL OCCUPATION AND KINETIC ENERGY 

I f  we occupy i n  each 

zero- order  Sla t e r  determinant  

1) the  t o t a l  number o f  p a r t i c  

d i c  - boundary condi t i o n s  are 

N = +C nj; ---i 
ko-r l a r g e  V 

space - s p i n  - i s o s p i n  s t a t e  ?&T o f  t h e  

o f  p lane waves nz = np ferrnions ( = O o r  

es N ,  i n  a  box o f  volume V where p e r i o -  

a p p l i e d ,  i s  g i ven  by 

v  C 1 (=2, neu t ron  mat te r ;  = 4 n u c l e a r  m a t t e r ;  e tc) .Normal  occupa- 
OT 

t i o n  i s  d e f i n e d  by  

where a(2) $ [1 + sgn (z)] , and impl i e s  frorn (1) t h a t  t h e  p a r t i c l e  

dens i t y  
3 

N v k ~  
P -  - =  

Ir 6n2 

Abnormal occupa t ion  w i l l  be d e f i n e d  as 

There be ing  say N 1  p a r t i c l e s  i n  t h e  sphere o f  r a d i u s  ak i n  k-space, P 
and N2 i n  the  shel  1 o f  i n n e r  rad ius  ykF and o u t e r  Bk one has f rom (11, 

F' 



thus 

so tha t  only ( v a r i a t i o n a l )  parameters, say a and 6, remain. 

The k i n e t i c  energy expecta t ion  value i n  an abnormally occupi- 

ed S la ter  determinantal s t a t e  i s  then, using ( 3 ) ,  

where the l a s t  quanti t y  i s  o f  course the normal l y  - occupied determi- 

nafit expectat ion va l  ue ( i dea l  fermi-gas k i n e t i c  energy) . 

3. ABNQRMAL OCCUPATION AND POTENTIAL ENERGY 

a] Direct snd Exchange Potential Energias 

For a po ten t i a l  energy v G C v i j ,  the expectat ion value i s 
+ i< j 

(K. 5 k.o..r.) 
'L ' L 2 2  

I f the two-body potent ia1 vI2is of the non- local , separable type5 then, 
3 sf 

k r ( k l - k 2 ) ,  the d i  r e c t  c o n t r i  bu t ion  



where JTST r e f e r  t o  two-body t o t a l ,  o r b i t a l  and s p i n  angu la r  mmentum, 

and i sosp in ,  r e s p e c t i v e l y ,  and 

where the  n o t a t i o n  o f  r e f  .5 i s  be ing  employed f o r  the  r a d i a l  f ( k  k )  and 

sp in- angular  Y(k) f u n c t i o n s .  Simi l a r 1  y, t h e  exchange c o n t r i  b u t i o n  

where i n  the  l a s t  s tep  one used t h e  i d e n t i  t y  

?g%a) = ( -1  L+S+T -JTS 
ym (0 . (11) 

Since t h e  e x c l u s i o n  principie r e q u i r e s  t h a t  ( -)  = - 1,  eq. (7 )  f i -  

n a l  l y  reduces t o  

<V> = 1 < K ~ K ~ ~ v ~ ~ ~ K ~ K ~ > ~ $  n$ = 2  <V> 
d i r  ' (12) 

K 1x2 1 2  

A l t e r n a t i v e l y ,  d e f i n i n g  2 = + E2, one has f o r  n u c l e a r  mat te r  

r L 'L  



b) Overlap of Fermi Spheres and Shells 

For normal occupa t ion  t h e  l a s t  i n t e g r a l  i n  (13) i s  t h e  wel l- 

-known6 o v e r l a p  volume i n  k-space o f  two fe rmi  spheres, each o f  r a d i  us 

kF 2nd whose cen te rs  a r e  separated by a d i s t a n c e  2k (as t h i s  i s  t h e  
-t 3 -+ 3 

vo; ume t h a t  the  two v e c t o r s  ( ~ + k )  /2 and (K-k) /2 a r e  a l  lowed t o  sweep 

out) . The s tandard  r e s u l  t f o r  nk = e(kF-k) i s  j u s t  

The abnormal case ( 4 )  analogously  reduces the  l a s t  i n t e g r a l  i n  (13) t o  

a k-space volume o v e r l a p  problem o f  cons iderab le  comp lex i t y .  However, 

f o r  a=O one has a sii-.ile she113 and t h e  o v e r l a p  problem i s  more t r a c -  

t a b l e .  The o v e r l a p  topo log ies  a r e  d i s t i n c t  depending on whether  t h e  

"shel l u  w i d t h  6-y i s  g r e a t e r  o r  less  than the  "hole" d iameter  2y ( i n  

u n i t s  o f  k 1 ,  g i v i n g  r i s e  t o  two cases: F 

A somewhat ted ious b u t  s t r a i g h t f o r w a r d  c a l c u l a t i o n s  f i n a l l y  leads t o  

where x = k/kF and 



+ 82 (2) 8 ( [6-y32-z) 0 (x-Y) +VI, (x)  0 ( y - r )  ; (19) 

and g(x) i s  d e f i n e d  as i n  ( i 5 ) .  

The p o t e n t i a l  energy d i f f e r e n c e  i s  then 

r - 4" 2 (2J+1) ( 2 ~ + 1 )  
7rn JTS L ' L  

The l a s t  f u n c t i o n  i s  p l o t t e d  i n  F ig .1  f o r  severa1 va lues o f  6 ' 1 ;  n o t e  

t h a t  i t vanishes f o r  B=1, as i t should.  

I n  t h e  f o l l w i n g ,  w e  s tudy  t h e  Ar-ferrnion systern w i t h  severa1 

nor i- local ,  separable t w o- p a r t i c l e  i n t e r a c t i o n s ,  b u t  we s h a l l  1 i m i t  

ou rse lves  t o  the  3 ~ 1  s t a t e .  



F i g . 1  - l h e  function A(8;k/kp) def ined i n  Eq .  (26) f o r  d i f f e r e n t  va lues  

of $ > I .  Ir represents the  abnormally-occupied k-space volume o v e r l a p ,  

Eqs. (18) and (19) , & the  normal l y  occupied one, Eq. (15 ) .  Note 

t h a t  t h i s  d i f ference  vanishes f o r  6-1 (normal occupat ion) .  



C )  Dynamics 

We have considered:  i )  the  p u r e l y  a t t r a c t i v e  p o r t i o n  o f  the  

~ a b a k i n ~  i n t e r a c t i o n  f o r  which fT?'(klk) i s  
L L 

i i )  the  a t t r a c t i v e  p l u s  r e p u l s i v e  Tabakin i n t e r a c t i o n , a s  parameter ized 

by 0sman8, 

z2y2/ma = 160.7 MeV , a-'  = 0.689 fm , ( 28) 

ti2ri2/mb = 930.5 MeV , b- I  = 0.115 fm ; 

ii i )  the  a t t r a c t i v e - p l u s - r e p u l s i v e  o s c i  l l a t o r y  i n t e r a c t i o n  o f  S i  r o h i  & 

s r i v a s t a v a q  (which, they c la im,  reproduces b e t t e r  t h e  r e p u l s i v e  p a r t s  

o f  the  better- known l o c a l  p o t e n t i a l s ) ,  

10 1 % o  W l k )  = - s i n  vk 

i v) the p u r e l  y  r e p u l s i  ve component o f  the  Tabakin-Osman p o t e n t i a l  (28); 

v) the  p u r e l y  r e p u l s i v e  component o f  the  S i  r o h i  & S r i v a s t a v a  p o t e n t i a l  

(29) ; and v i )  the p u r e l y  r e p u l s i v e  component o f  the  Tabakin i n t e r a c -  

t íon 

10 1  
foo ( k  / i )  = B2k4 1 (k-d) + b2Im2 [(k+d) 2+ b2]-2 

(30) 



SIROHI AND 

o 5 1.0 k(fm-I) 
Fig.2 - Dynamic form factors f l o 1 & ( k )  (times k 2 )  f o r  the pure ly  repul- 

00 
s i ve  por t ion of the 3 ~ 1  s ta te  non-local, separable in teract ions consi- 

dered i n  Eqs. (28). (29) and (30 ) .  The energy d i f ference Eq. (26). for  

k = I, would be one o f  these form factors t i m s  the corresponding cur-  

ve i n  Fig.1 integrated over k from O t o  B k p  

ti2i2/mb = 10.3 ~ e ~ , b - l  = 0.99 fm,  d-I = 0.59 fm.  

The form fac tors  i v )  through v i )  are shown i n  Fig.2. 

4. RESULTS 

The quant i t y  A<v>/N o f  E ~ .  ( 2 6 )  was eva 

tegra t ion .  ( ~ o r  the simple form fac tors  (27) t o  

luated by numerica 

8 (28) a closed ana 

ca l  expression can be 

negative f o r  i nterac t  

s i ve  i v )  thrnugh v i )  

1 i n -  

l y t i -  

found, c f .  Appendix) . This quanti t y  was never 

ions i) through i i i )  above. For the pure ly  repu l-  

i t could acqui re  negative values f o r  some B > 1 
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F i g . 3  - Minimum value of e f f e c t i v e  m s s ,  i n  units o f  m, the nucleon 

mass, m*!m required t o  make the abnormally-occupiei s t a t e  lcwer i n  e- 

nergy than the normally-occupied ons, as function o: kF ana for  severa1 

values of B>l ,  f o r  the purely repulsive part  o f  Eq. ( 2 9 ) .  

and k F ,  but  never s u f f i c i e n t l y  so as t o  compensate f o r  the ( p o s i t i v e )  

k i n e t i c  enerçy d i f fe rence.  Making the repuls ioo stranger o r ,  equiva- 

i e n t l y ,  increasiog the p a r t i c l e  rnãss by r e ~ i a c i n g  m by m*, say, would 

accornplish a net  energy lowering o f  the abnormaliy-occupied s t a t e  w i t h  

respect t o  the norma; ly-occupied one. i n  Figs 3, 4 and 5 we d i sp lay  

the rninimum values o f  the " e f f e c t i v e  mass" m*, i n  u n i t s  o f  the nucleon 

mass m required t o  do t h i s  f o r  vai-ious values o f  @ > I ,  f o r  the in terac-  

t i ons  I v ) ,  v) and v i ) ,  respect ive ly .  



Fig .4  - Same as F ig .  3 but  f o r  the .pure lu  repuls ive  p a r t  o f  ( 2 8 ) .  

iooc 

100 

10 

Fig.5 - Sam as F ig .  3 b u t  f o r  the  pure ly  repuls ive  p a r t  o f  the  Tabakin 

p o t e n t i a l ,  i . e . ,  E q .  ( 3 0 ) .  



I n  conc lus ion ,  we have seen t h a t  t h e  p u r e l y  r e p u l s i v e  p a r t s o f  

non- loca l ,  separable nucleon-nucleon i n t e r a c t i o n  i n  t h e  3 ~ 1  s t a t e ,  i f  

made s t r o n g e r ,  i s  s u f f i c i e n t  t o  g i v e  lower  energy f o r  abnorrnal w i t h  

respec t  t o  normal occupat íon.  

APPENDIX 

For dynamic form f a c t o r s  o f  the  simple, b u t  v e r y  common, 

tY Pe 

~ ( k l k )  = ( k 2  + a21 -2 

the l a s t  two i n t e g r a l s  i n  (13) can b o t h  be done a n a l y t i c a l l y  w i t h t h e  - 
r e s u l  t s :  



a r e s u l t  which was found i n  agreement w i t h  the s i n g l e  numer ica l  i n t e -  

g r a t i o n  done be fo re .  
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