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We make an a t tempt  t o  e x p l a i n  t h e  A - s i n g u l a r i t y  i n  t h e  spec i -  

f i c  heat  o f  t h e  s u p e r f l u i d  ~e~  i n  terms o f  an o r d e r - d i s o r d e r  t r a n s i t i o n .  

We assume t h a t  t h e  s u p e r f l u i d  phase o f  He l ium e x h i b i t  an o f f -  d iagonal  

long- range o r d e r  . 

Tenta-se e x p l i c a r  a  s i n g u l a r i d a d e  A no c a l o r  e s p e c í f i c o  do ~e~ 

s u p e r f l u i d o  em termos de uma t r a n s i ç ã o  ordem-desordem. Supõe-se que a  

fase s u p e r f l u i d a  do H e l i o  e x i b a  uma ordem de longo a lcance f o r a  da d i a -  

gonal . 

For low temperatures (T < 

thermal energy i s  assoc ia ted  w i t h  

nonsl. I n  t h i s  case, t h e  de B rog l  

mean in te rmo lecu la r  sepa ra t i on  a. 

0.6 K) i t  i s  expected t h a t  a l l  t h e  

t h e  e x c i t a t i o n  o f  l o n g i t u d i n a l  pho- 

i e  wavelength i s  b igge r  t h a n  t h e  

IAS t he  temperature r i s e s ,  l o c a l  atomic mot ions become r e l a t i -  

v e l y  more i rnportant than the c o l l e c t i v e  e x c i  t a t  i o n s :  II decreases so 

t h a t  .t d a. L e t  us c a l 1  E the  energy l e v e l s  t h a t  an atom can assume i n  

these l o c a l  v i b r a t i o n s :  E = O f o r  n = O and E = f o r  n = 1,2 ..., 
n n 

w i t h  E~ = O .  I n  ou r  mean f i e l d  approx imat ion i 5  an a d j u s t a b l e  para-  

meter and i s  t he  rninimum va lue o f  energy t h a t  a  p a r t i c l e  can have i n  

l o c a l  mot ions:  f o r  t h i s  va lue  o f  energy .t % a .  We have found t h a t  a* = 

= E ~ / ~ T  = 2.6, where TA = 2.19 K i s  t h e  temperature o f  t h e  A- poin t  and 

k  i s  t he  Boltzmann constant .  



Due t o  the  weak i n t e r a c t  ion  o f  t h e  Hel i un  atoms, we must ex -  

pec t  t h a t  t he  energy spectrum E i s  c l o s e  t o  t h e  f r e e  p a r t i c l e  spectrum. 

S ince we a r e  n o t  ab le ,  up t o  the  p resen t  moment, t o  incorpo-  

r a t e  i n  a  c o n s i s t e n t  scherne bo th  phonon e x c i t a t i o n s  and i n d i v i d u a l  a t o -  

mic mot ion,  we take an a d d i t i v e  s u p e r p o s i t i o n  o f  t he  two c o n t r i b u t i o n s .  

The phonon energy can be e a s i l y  ob ta ined  and i s  given, f o r  ins tance,  by 

~ o n d o n l  . 

Let  us now c a l c u l a t e  t h e  c o n t r i b u t i o n  o f  t h e  i n d i v i d u a l  a tomic  

m t i o n .  I f  N i s  the t o t a l  number o f  He l ium atoms we have, u s i n g  the  Bo- 

se- E ins te in  s t a t i s t i c s  and t h e  f a c t  t h a t  t h e  spectrum cn i s  quasi-con- 

t i nuum ( E ~ + ~  - << KT) : 

where Bo = l / e a - l  i s  the number o f  p a r t i c l e s  i n  t h e  ground s t a t e ,  a '  = 

= a + E ~ / ~ S ,  and I /$(E,T)  i s  t h e  number o f  s t a t e s  i n  t he  i n t e r v a l  ds o f  

energy a t  a  temperature T. We assume t h a t  t h e  energy spectrum E chan- 
n 

ges wi t h  t he  ternperature. The f u n c t i o n  ~ / $ ( E , T )  increases,  s i n c e  t h e  

energy spectrum E tends t o  an energy spectrum o f  f r e e  p a r t i c l e s ,  when 
n 

T increases.  

I f  the p a r t i c l e s  were f r e e ,  I / $  would be p r o p o r t i o n a l  t o  E 
42 

and i f  they were v i b r a t i n g  ha rmon ica l l y  about a  c e n t e r  o f  e q u i l i b r i u m ,  

I / $  would be equal t o  I / h v ,  where V i s  t he  fundamental f r e q u e n c y  o f  

v i b r a t i o n .  Thus I / $  would be independent o f  E.  

I t seems reasonable t o  expect  t h a t  I / $  - E &  where 6 i s  c l o s e r  

t o  1/2 than t o  O .  As we w i l l  see i n  what f o l l o w s  t h i s  d e p e n d e n c e  o f  
O 

I / $  w i t h  E (O s O 6 1/2) i s  n o t  impor tant  f o r  T < TA .  Thus we p u t  s im- 

p l y  ~ / @ ( E , T )  = 2 / &  E ' / ~ / $ ( T ) .  I n  t h i s  case, t h e  number o f  e x c i  t e d  p a r -  

t i c l e s N  g i v e n  i n e q u a t i o n  ( I )  becomes': 
e  xc 



As we w i l l  see, t he  cho ice  o f  6 = 1/2 i s  impor tant  f o r  T 2TA.  For T?TX, 

t h e  c o n d i t i o n  N = N must be s a t i s f i e d .  
e xc 

The t o t a l  energy U i s  g i ven  by:  

( 3 )  
Our problem now i s  t o  o b t a i n  $ ( T ) .  As p o i n t e d  o u t  by L i u  and 

~ i s h e r ~  i t  i s  reasonably  w e l l  e s t a b l  ished t h a t  t h e  usual s u p e r f l u i d  pha- 

se o f  Helium, l i q u i d  He 1 1 ,  possesses an o f f - d i a g o n a l  long- range o r d e r  

(ODLRO), w h i l e  t h e  no rma l l y  observed s o l i d  phase o f  He l ium d i s p l a y s  

c r y s t a l l  i n e  ~ r d e r ~ - ~ .  To d a t e  no theo ry  has been proposed t o  t a k e  i n -  

t o  account bo th  t h e  long- range o r d e r  i n  c r y s t a l  and s u p e r f l u i d  phases. 

I n  t h e  absence o f  a complete theo ry  Mu l l  i n 7  and L i u  and ~ i s h e r ~  have 

adopted t h e  l a t t i c e  gas model t o  desc r ibe  a Bose system which has t b r e e  

p o s s i b l e  phases: "normal" c r y s t a l  w i t h  c r y s t a l l  í ne  o r d e r ,  supe r f  l u i d  1 i -  

q u i d  w i t h  ODLRO and a t h i r d  phase, hav ing  bo th  c r y s t a l l i n e  o r d e r  and 

ODLRO which was named "supersol  id".  I n  t h e  phase diagram o f  ~e~ t h e  

s u p e r s o l i d  phase may appear between t h e  usual s o l i d  and s u p e r f l u i d  pha- 

ses2. 

The l a t t i c e  gas was o r i g i n a l l y  i n t roduced  by Matsubara and 

~ a t s u d a l O  as a model f o r  s t u d y i n g  tha lambda t r a n s i t i o n  i n  l i q u i d  He- 

l ium. 

Desp i te  the  a r t i f i c i a l i t y  i n  rnany respec ts  o f  the l a t t i c e  m- 

de1 i t  seems t o  desc r ibe  the  e s s e n t i a l  f e a t u r e s  o f  t h e  s u p e r f l u i d  and 

c r y s t a l  phases . 

I f  the  pressure i s  main ta ined constant  t h e  l ong  range o r d e r  

o f  t h e  s u p e r f l u i d  decreases as t h e  temperature increases. Accord ing t o  

t h e  l a t t i c e  theo ry  i t  seems reasonable t o  assume t h a t  t h e  o r d e r  para-  

meter,  t h a t  we c a l 1  X, obeys the  equa t i on  X = t a n h ( T A / ~  x). 

We rnust expect  t h a t  t h e  energy spectrum E i s  t h e  f r e e  p a r t i -  
n 

ele spectrum when the  system i s  comple te ly  d i so rde red  (X = O a t  T = T X ) .  

So $(TI must decrease when X decreases. L e t  us assume t h a t  $ (T) = 



e 
= Q . ( I  + EX ) where the  parameter Q i s  determined u s i n g  t h e  c o n d i t i o n  

NeXc(TA) = N and e and E a r e  a d j u s t a b l e  parameters.  

Now s u b s t i t u t i n g  $(T) = Q.(I  + SX') i n  formulas (2) and (3) 

we o b t a i n  the  s p e c i f i c  heat  pe r  u n i t  o f  mass C- f o r  T  < TA, which i s  v '  
g iven  by:  

- k  + 3.. - +a*. p12] exp [.* 11 - $1) 
T 

For  T  3 T t h e  s p e c i f i c  heat pe r  u n i t  o f  mass C+ i s  g i ven  by C+ = 3  k 
A u u 2  r n '  

which i s  t h e  s p e c i f i c  heat  o f  an i d e a l  gas. 

We see i n  t h e  f i g u r e  t h e  t h e o r e t i c a l  r e s u l t s  compared w i t h  the  

exper imenta l  r e s u l t s  o f  Keesom and Cl us ius  and Keesom and ~ e e s o m l  ( t h e  

phonons c o n t r i b u t i o n ,  which i s  v e r y  smal l compared w i t h  C; and C+ has 
V ' 

been a l s o  taken i n t o  account)  . The bes t  agreement w i t h  the  exper imenta l  

resu l  t s  was found p u t t i n g  e = 0.22, a*  = 2.60 and 5  = 8.0,  Our resu l  t s  

f o r  C- d ive rges  as (TA - T) 
V - 0 ' 8 9 a t t h e A - p o i n t a n d e x p e r i m e n t a l l y  i t  

seems t o  d i v e r g e  as a  l o g l ~  - T  ( . A b e t t e r  agreement a t  TA c o u l d  be ob- 
A 

t a i n e d  by a1 l ow ing  $(T) t o  be a  more a p p r o p r i a t e  f t i n c t i o n  o f  X. 

+ 
To o b t a i n  C; and Cv , we have s u b s t i t u t e d  F 3 / 2  ( c O / k T )  and 

i F1/2 (cO/JCT) by exp( -  E ~ / ~ T )  s i n c e  cO/ICT > 2.6. The f u n c t i o n s  F, ( y ) 
( o  3 1 / 2 )  c a n  b e  a p p r o x i m a t e  by exp(-y) f o r  y  9 2.0 w i t h  an e r r o r  

o f  o n l y  a  few pe rcen t .  For t h i s  reason, ou r  resu l  t f o r  C; i s  o n l y  

s l i g h t l y  m o d i f i e d  if we p u t  6 = O i n  t he  f u n c t i o n  I /$ (E,T)  = E' and t h e  

agreement w i t h  t h e  exper imenta l  r e s u l t s  i s  t h e  same as t h a t  ob ta ined  abo- 

ve w i t h  6 = 1/2. 

+ On t h e o t h e r  hand f o r  6 = O ,  C = k í r i i  which i s  t h e  s p e c i f i c  u 
heat  o f  an i s o l a t e d  h a r m n i c  o s c i l l a t o r .  I n  t h i s  case, t he  agreement 

w i t h  t h e  exper imenta l  r e s u l t s  i s  n o t  as good as %/h, which we o b t a i -  

ned above w i t h  6 = 1/2. 



The specific heat C as a function of T. 
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