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" A l a rge  c lass o f  c l a s s i c a l  and quantum systems e x h i b i t  phase 

t r a n s i t i o n s  o f  the same na tu re  o f  those observed i n  the  Free Bose Gas 

and i n  the Spherical  Model", Th is  statement i s  discussed i n  an i n t r o -  

ductory manner. 

" Uma c lasse ampla de sistemas c láss icos  e quânticos ex ibe t ran-  

s ição de fase de mesma natureza daquelas observadas no Gas de Bose L i v r e  

e no Modelo Esférico1' .  Apresentamos uma discussão i n t  rodu tó r ia  dessa pro-  

pos i ção . 

1. INTRODUCTION 

The purpose o f  t h i s  paper i s  t o  show how, from the study o f  two 

m t i v a t i n g  examples: the Free Bose Gas and the Spher ica l  Model, i t  ispos-  

s i b l e  t a  ahs t rac t  some general features o f  the phase t r a n s i t i o n s  associa- 

ted  t o  a la rge  c lass o f  c l a s s i c a l  and quantum systems. These models r e f e r  

t o  q u i t e  d i f f e r e n t  phys ica l  s i t u a t i o n s  ( t h e  Free Bose Gas describes quan- 

tum p a r t i c l e s ,  the Spher ica l  Model incorporates some features of c l a s s i -  

ca l  ferromagnets o r  c l a s s i c a l  I a t t i c e  gases). In  s p i t e  o f  tha t ,  there a re  

s t r i k i n g  s i m i l a r i t i e s  i n  t h a i r  behavior,  s p e c i a l l y  w i t h  respect t o  the 

associated phase t r a n s i t i o n s .  The comnon features we want t o  s t ress  are:  

* Par t ia1  Financia1 support by CNPq. 



a) Thei r  Gaussian nature,  which accounts f o r  t h e i r  e x p l i c i t  

s o l v a b i l i t y  and fo r  a s p e c i f i c  behavior o f  the two-point func t ions  p ( p )  

around - = 0; and 

b) The Sum Rules, which i n  the  - Free Bose Gas corresponds t o  

the densi ty  c o n s t r a i n t  and i n  the spher ica l  model t o  the " s p h e r i c i t y l '  

c o n s t r a i n t .  

I n  v 2 3 dimensions and a t  low enough temperatures, a) and b) 

combine, i n  both models, t o  produce a "condensate" o f  zero momentum o r  a 

spontaneous symmetry breakdown. 

Great progress has been achieved i n  the  theory o f  phase t r a n s i -  

t i o n s  and spontaneous symmetry breakdown a f t e r  the p ioneer ing w o r k  o f  

~ r 8 h l  ich, S imon and Spencer [I ,FSS] who rea l  ized t h a t  features a) and b) , 
i n  the form o f  i n e q u a l i k i e s  could be found i n  a l a r g e  c lass o f  models. In  

p a r t i c u l a r  they showed t h a t  the N-vector model ( ~ = l  i s  the  I s i n g  mode l  , 
N=2 i s  the plane r o t a t o r  and N=3 i s  the c l a s s i c a l  Heisenberg model) i n  v23 

dimensions have a phase t r a n s i t i o n  and provided lower bounds f o r  t h e i  r 

c r i t i c a l  t e  

a 

m d e l s  are, 

ca l  model ( 

peratures a f t e r  prov ing:  

) Gaussian D o d m t i o n :  the two p o i n t  func t ion  p(p) o f  these 

f o r  p # 0, dominated by the two p o i n t  f u n c t i o n  o f  the spher i -  

n f r a r e d  bound) 

b ' )  Sum Rules, which j u s t  express the f a c t  t h a t  

As i n  the  Free Bose Gas and i n  the  Spherical Modelat low enough 

temperatures, a ' )  and b ' )  combine again t o  produce a "condensate" o f  zero 

momentum o r  a spontaneous magnetizat ion. 

The lower bounds i n  the  c r i t i c a 1  temperature are excel l e n t  when 

compared t o  values which a re  considered t o  be exact :  f o r  N=l ( l s i n g )  the  

e r r o r s  i s  14%, f o r  N=3 ( ~ e i s e n b e r ~ )  9% and as N + m ( spher i ca l  model ! ) 

i t  i s  exact .  

Extensions o f  these ideas, techniques and r e s u l t s  have been ob- 

ta ined  by Lyson, Lieb and Simon? In p a r t i c u l a r  they prove phase t r a n s i t i o n s  



and est imate c r i t i c a l  temperatures f o r  the x-y model and f o r  the quantum 

Heisenberg tznt<ferromagnet i n  V 5 3 dirnensions (but  n o t  f o r  the Heisenberg 

ferromag-net, as erroneously annouced i n  t h e  o r i g i n a l  ve rs ion) .  By another 

p o i n t  of view, quantum systems have been a l s o  analysed by Dr iess le r ,  Lan- 

dau, Perez and ~ e r e z - ~ r e z i n s k i ~ ~ ~ ~ ~  where, f o r  a  c lass  o f  systems, the  

problem i s  reduced t o  a c l a s s i c a l  one a f t e r  "euc l ideanizat ion" .  

The c r u c i a l  I n f r a r e d  Bound i s ,  both f o r  quantum and c l a s s i c a l  

systems,a consequence o f  a p o s i t i v i t y  cond i t i on  known as R e f l e c t i o n  Posi-  

t i v i t y .  Thi!; proper ty  a l lows the  i n t r o d u c t i o n  o f  a  s c a l a r  product i n  the  

space o f  0b:;ervables and Gaussian Domination f o l l o w s  from the  associated 

Schwarz i n e q u a l i t y .  The general theory o f  Re f lec t ion  P o s i t i v i t y  and Gaus- 

s ian  Domination i s  developed i n  the  se r ies  o f  papers6 by ~ r g h l  ich, I s r a e l ,  

L ieb  and Sirnon. 

We a re  n o t  going t o  prove a ' )  here we wi 11 r a t h e r  r e s t r i c t  our-  

selves t o  understanding i t s  content  and exempli fy i t s  a p p l i c a t i o n s .  The- 

r e f o r e  t h i s  paper may be viewed as an i n t r o d u c t i o n  and could serve as a 

guide and an appet izer  t o  the  reading o f  the  o r i g i n a l  papers quoted above. 

The mate r ia l  presented o r i g i n a t e d  f rom a ser ies  o f  l e c t u r e s  on these t o-  

p ics  he ld  a t  d i f f e r e n t  places. It i s  a  p leasure t o  thank Ricardo Schor f o r  

suggest ing i t s  pub l i ca t ion .  We thank a l s o  W.Wreszinski f o r  a  c a r e f u l  re-  

v i s i o n  o f  t.he manuscript and f o r  s t i m u l a t i n g  d iscuss ions.  

2. THE FREE BOSE GAS 

Let  us consider a gas a t  a  f i x e d  densi ty  0 and ternperatures 0 

o f  non i n t e r a c t i n g  p a r t i c l e s  obeying the Bose. E i n s t e i n  s t a t i s t i c s ,  en- 
b b v  

closed i n  a volume A c R'. I f  we take A to  be a cub ic  box A = [-=p + 
+ 

w i t h  p e r i o d i c  boundary cond i t i ons  , the  Hamil tonian HA i s  given by 

+ This choice o f  the boundary cond i t i ons  i s  j u s t  a  matter o f  convenien- 

ce. 



w h e r e :  

b )  @(z) a n d  @*(x) s a t i s f y  t h e  canon ica l  comnutat ion r u l e s  

The F o u r i e r  t ransforms o f  $(r) and $*(x) , 

s a t i s f y  t h e  canonica l  commutation r e l a t i o n s :  

k 2  
C) ~ ( k )  = - i s  t h e  energy o f  a  f r e e  ~ a r t i ~ c l e  o f  momentum ;and 2 

d) t h e  "chemical p o t e n t i a l "  u i s  i n t roduced  as usual i n  t he  

grand- canonica l  ensemble, i n  o rde r  t o  a d j u s t  t he  d e n s i t y  p o f  t h e  sys- 

tem, t h a t  i s ,  u i s  a  f u n c t i o n  (0) d e f i n e d  i m p i i c i t l y  by t h e  equa t i on :  
A 

where the  symbo 

the  Gibbs s t a t e  

296 

I <A> means t h e  expec ta t i on  va lue  o f  t h e  observab A 
a t  g iven i nve rse  temperature B :  



A standard computation y i e l d s  tne well-known r e s u l t :  

and there fo re  the "sum r u l e "  (2.4) reads: 

7 
vA(p) 5 L pA(k,p) = - 1 1 

= v 
k~ A*  A k e  A*  exp @[w(k)-LI]-1 

The func t ions  vA(k,p) have the  f o l i o w i n g  p r o p e r t i e s :  

d) pA(u) i s  convex. 

Therefore a t  f i x e d  3 > O and p > O and f o r  a11 A f i n i t e  the re  

i s  unique s o l u t i o n  



o f  the d e n s i t y  c o n d i t i o n  (sum r u l e )  (2.7) .A 

, D e f i n i n g  

we o b t a i n  f rom (2.11) and (2.6) 

and 

p(O) E l i m  pA(0)  = l i m  
I 

A- 
A 

e x p [ - ~ u A ( p ) ] - ~  

For a  comprehensive d i scusss ion  o f  t he  thermodynamic l i m i t  o f  t he  Free 

Bose Gas see re ferences [Y] and E1 11 . 

On t h e  o t h e r  hand, from (2.7) 

" From a ) ,  b) and c )  1 i s t e d  above, t h e  f u n c t i o n  pA( i i )  = k g h *  pA(k,u) has 

a  graph l o o k i n g  1 i k e  the  p l o t  o f  f i g u r e  1 .  



which i n  the thermodinamic l i m i t  A -+C., reads 

where p(0) = l im ~ ~ ( 0 )  and u(p) = l irn uA(p). 
A* A- 

IVow, f o r  v < O from (2.8) 

and, 

i f  and on ly  i f  v 3 3. ( *) 

lrrom (2.151, (2.16) ~nc lude:  p(0) > O i f  

p > pmax(6), i .e. there i s  a macroscopic occupat ion o f  the zero-energy s ta -  

t e  which i s  the  phenomenon o f  Bose-Einstein condensation. 

Pmax(B) < - 

and (2.17) we then co 

The occurrence o f  condensation i s  connected w i t h  the sponta- 

neous brealtdown o f  the gauge symmetry, t h a t  i s ,  the invar iance o f  H A  un- 

der the t ransformat ion 

To show t h a t  l i n k  we consider the Harniltonian 

(*I In  f a c t ,  the s i n g u l a r i t y  o f  the i n t e g r a n d  i n  (2.16) a t  k=O i s  i n t e -  

grable i f  and on ly  i f  V > 3, s ince e ' ~ ( ~ ) - l  = O (w(k)) = 0(k2) as k -+ O 

and 
dVk - < m  i f f  v a 3 .  



In t roduc ing  new var iab les  

which a l s o  s a t i s f y  the canonical commutation r u l e s  (2.3) we ob ta in  

and we a re  back t o  the o r i g i n a l  problem. The two p o i n t  func t ion  i s  there- 

f o r e  given by 

and the sum r u l e  (2.4) reads 

x Because o f  the  e x t r a  terrn 3 (as conipared t o  (2.711, the  so l  u- 
1i 

t i o n  pA(X,p) o f  (2.21) f o r  XhO remains s t r i c t l y  nega t i ve  even i n  the  li- 

m i t  A + @ :  



0r1 the o ther  hand, the  m e  p o i n t  func t lons  a re  given by: 

where we used i n  the f i r s t  e q u a l i t y  s ign,  the  invar iance  under t r a n s l a -  

t i o n s .  I n  the  thermodynamic l i m i t  

From (2'22) we get  then 

and so even when )\ + O ( a f t e r  having taken the  l i m  A + m !) 

i f  í~ > p m a x ( B ) .  That i s  the  syrnmetry i s  n o t  res to red  by t a k i n g  X +O a f t e r  

t a k i n g  X -+ a,. 

3. THE SPHERICAL MODEL 

I n  1952, Ber l  i n  and ~ a c ~  introduced a model which incorporated 

some features o f  the I s i n g  model and had the advantage o f  be ing expl i c i -  

t l y  so lvable i n  a l l  dimensions. The model was coined " spher ica l"  because 

o f  i t s  kyneniatics which can be described as fo l lows .  



I n  a f i n i t e  volume A i n  a v-dirnensional cubic l a t t i c e ,  i.e.A CZ' 

we consider c l a s s i c a l  "spin" va r iab les  $(x) C R a t  each s i t e  x € A . For 

simpl i c i t y  we wi I 1  take A t o  be the hypercube A = I-L,. .. ,O ,... , + L lV . 
The var iab les  $(x)  are however const ra ined by the  condi t i o n  

Therefore a con f igu ra t ion  I$ o f  t h i s  system i s  a func t ion  $ :  A -+ R and 

can be viewed as a p o i n t  i n  the sur face o f  a A dimensional sphere o f  ra-  

d i  us fi as opposed t o  the I s i n g  m d e l  , where $(x)  = + 1  and whose c o n f i -  

gurat ions a re  the v e r t i c e s  of hypercube o f  s ide  2 i n  A dimensions. 

The energy ~ ~ ( 4 )  w i t h  p e r i o d i c  boundary cond i t i ons  o f  a c o n f i -  

gura t ion  i s  given by 

H ($1 = ( c - -  ]I$ = 1 I $ ( X ) [ ( - A - P ) ~ ( X )  A 
x e n  

where: 

a) the " l a t t i c e  laplacean" A i s  given by 

the e., i = l ,  ..., v being the u n i t  vectors  i n  the i - t h  d i recyíon.  I n  (3.3) 

we used p e r i o d i c  boundary cond i t i ons  i n  A.  

b) the sca la r  product (f , g) i s  def ined by 

and 

c) the  "chemical po tenc ia l"  = (B) i s  introduced i n  order  t o  A 
handle the spher i ca l  c o n s t r a i n t  (3.1) i n  the same way we t r e a t e d  the den- 

s i  t y  condi t i o n  o f  the f r e e  Bose gas (grand-canonical ensemble!) i .e. u,,(B) 

solves the equation 



where <.>A r e f e r s  t o  the expectat ion value i n  the  Gibbs' s t a t e  def ined by 

HA a t  invei-se temperature B 

The Four ie r  t ransformat ion f o f  a f u n c t i o n  f = A -+ C i s  d e f i -  

ned by 

x1T 
f o r p  & A * =  { p  = - ,  3 : e  A 1, t h a t  i s  ? = A * + C .  2L+1 

'The Hami I ton ian (3.2) i s  "diagonal ized" by Four ie r  t ransforming 

o f  the con f igu ra t ions :  

where 

b) $ * ( k )  denotes the cornplex conjugate o f  $ ( k ) ,  and f rom the 

r e a l i t y  o f  $ ( r )  i t  fo l lows  t h a t  

The model i s  so lvable,  s ince the computation o f  i t s  c o r r e l a t i o n  

funct ions i n v o l v e s o n l y  G a u s s i a n  i n t e g r a l s .  The t w o p o i n t  f u n c t i o n  

~ & * ( k ) 6 ( k ) : * ~  f o r  instance i s  given by: 

Fhe "sum ru le "  (3.5) can be rewr i  t t e n  as 



- 
where we used the f a c t  tha t  k g  A, f (k)g(k)  = 8 A ? ( X ) ~ ( X ) .  Therefore 

As i n  sect ion 2, f o r  a11 f i n i t e  A the re  i s  a unique s o l u t i o n  

pA(@)<O o f  (3.13). ( V e r i f y  t h a t  the funct ion 4 (v )  i n  the  l e f t  hand s ide  

s a t i s f i e s :  a) f A ( d  > fA(p l )  i f  O > p > v ' ;  b) f A ( p ) v  O and  c )  

f A ( d -  m, d) fA(.)  i s  convex. 
F i + o  

In Lhe thermodynamic l i m i t ,  we have 

a ( ~ )  = i i m  I <;*(O)~(O)>, = 
A* A 

where Bv = [-a, +lrJv and p ( @ )  = l i m  p A ( ~ ) .  Now, f o r  p(8)  $ O 
A* 

and so 

Not ice t h a t  ~ ( v )  < - i f f  v 3 3.  This impl ies t h a t  f o r  8 > ~ ( v ) ,  v 3 3 we 

ha ve 

~ ( 0 )  > 0 (3.17) 

i .e. the re  i s  "condensation" i n  the zero energy mode. 



The occurence o f  "condensat ion" i n  t h e  s p h e r i c a l  model i s ,  as 

i n  the f r e e  Bose gas, connected w i t h  t h e  e x i s t e n c e  o f  spontaneous "magne- 

t i z a t i o n l ' .  To see t h a t ,  l e t  us i n t r o d u c e  an un i fo rm ex te rna1  f i e l d  h ,  b y  

c o n s i d e r i n g  t h e  new Hami l t on ian  

I f  we i n t r o d u c e  new v a r i a b l e s  $(x) g iven  by 

we a r e  back t o  the  o r i g i n a l  problem: 

The two p o i n t  f u n c t i o n  o f  t he  a v a r i a b l e s  a r e  then g i ven  by :  

<O*( k )  $ ( k )  >,, = + 1 
, k # O  

2 h k ) - i i l  

The sum r u l e  reads then 



Due t o  the e x t r a  term on t h e  l e f t  hand s ide  o f  (3.221, the un i-  

que, s o l u t i o n  vA(B,h) < O remains s t r i c t l y  negat ive even i n  the l i m i t  A* 

i f  k # 0: 

I n  t h i s  l i m i t  (3.22) reads 

s ince from (3.21) we have 

On the other  hand, the one p o i n t  f u n c t i o n  i s  given by 

where again, we used t r a n s l a t i o n  invar iance.  

In  the thermodynamic l i m i t  

and so from (3.24) 

Therefore, since v(B,h) + O as h + O (50 as t o  keep (3.24) va- 

l i d )  i f  B > B, = I ( v )  we have 



t h a t  i s  the  spontaneous magnetizat ion squared i s  equal t o  the  "densi ty  o f  

condensate" ~ ( 0 )  given by (3.14). I t  i s  important t o  keep i n  mind t h a t  

f o r  B > 0, == ~ ( v )  , p(0) # O i f  we f i r s t  se t  h = O and then take  the 1 i m i  t 

A + m .  I f  we f i r s t  f i x  h Z 0, take the l i m i t  A + m and then t h e  l i m i t  h-+ 

we get  p(0) = O by the remark f o l l o w i n g  (3.24). For m(h) i t  i s  j u s t  the 

opposi te :  i f  we f i r s t  take A f i n i t e  and se t  h = O then m(0) = 0. 

4. THE N-VECTOR MODEL 

This model f o r  N  2 2 i s  a  genera l i za t ion  o f  the  I s i n g  model 

( ~ = l ) .  At each l a t t i c e  s i t e  z € we have a  continuous "spin" v a r i a b l e  

d = $ , ( d  € R sub jec t  t o  the c o n s t r a i n t  

N 

That i s  a  con f igu ra t ion  o f  the system i n  a  f i n i t e  volume A = { - L ,  ..., L lv  
N 

i s  a  func t ion  $ = A -t SN-] where i s  the sphere o f  rad ius 1 i n  R . 

The Hamil tonian i s  the usual I s i n g  Hamil tonian: 

where the l a t t i c e  laplacean, and the  sca la r  product ( , ) a re  as de f ined  

i n  9 3 .  

A "sum r u l e "  i s  t r i v i a l l y  obta ined from (4.1):  

Not ice tha t  (4.31, i n  c o n t r a d i s t i n c t i o n  t o  (3.5) 

t a k i n g  expectat ion value. 

As i s  w e l l  known t h i s  model i s  n o t  e x p l i c i t l y  so 

, holds w i t h o u t  

I vab le  i n  v  3 2 

dimensions tl9e only  exception being the case N=l,  v=2 (two d i m e n s i o n a l  

I s i n g  model). Numerical c a l c u l a t i o n s  however, suggested t h e  ex is tence o f  

phase t r a n s i t i o n s  w i t h  spontaneous breakdown o f  the O(N) symmetry f o r  v23 



and N i 2. The e x i s t e n c e  o f  phase t r a n s i t i o n s  i n  t h e  I s i n g  model, h7 = 1 ,  

V 5 3 f o l l o w s  f rom G r i f f i t h s '  i n e q u a l i t i e s .  For  N 2 2, V 6 2 no sponta- 

neous breakdown o f  a  continwus symmetry f o r  sho r t - range  i n t e r a c t i o n s  i s 

p o s s i b l e ,  by a  theorem of Dobrushin and Shlosmanlo.  ( ~ n o t h e r  r e s u l t  o f  

Mermin and wagner8 f o r b i d s  spontaneous magnet i z a t  i on )  . 

The c e n t r a l  r e s u l t s  o f  FSS [I] i s  t h e  e s t i m a t e  

where : 

1) k i s  a  f u n c t i o n  

h :  A + R  N 

x . -t h (x )€  

and 

. 2 )  ZA(h) i s  t h e  p a r t i t i o n  f u n c t i o n  o f  a  m o d i f i e d  N- vec to r  m d e l  

ob ta ined  a f t e r  t he  replacement i n  t h e  Hami l t on ian  (4.1) o f  $ ( x )  b y  

$ ( z )  + b ( ~ ) ,  x A; [ . e .  

S i  nce 

we can r e w r i t e  (4.4) i n  t h e  fo rm 

I f  i n  (4 .8)we rep lace  h  by Xh and cons ide r  t h e  T a y l o r  expans ion 

i n  X o f  b o t h  members we have 

A 
I - x < ( ~ , A + ) >  + l2 < ( h , - W ) ( h , - a g ) >  c 1 + x2 ( h ,  - h ) (4 .  9) 



since, by t r a n s l a t i o n  invar iance 

I f  we take 

we get  

and summiiig over i = I,. ..,v 

This i s  the so c a l l e d  I n f r a r e d  Pound which expresses the pheno- 

menon o f  gaussian domination. I n  order  t o  understand t h i s  nomenclature 

compare (4.13) w i t h  the  exact two-point func t ion  (3.10) o f  the (gaussian) 

spher i ca l  m d e l  . ( ~ h e  f a c t o r  N i n  (4.13) accounts f o r  the  number o f  com- 

ponents o f  $ ) .  

I f we now combine, as we d i d  i n  5 2 and i n  § 3 , the  s m  mtZe 

(4.3) and the Infrared bound (4.13) we have: 

~ $ 0  
and i n  the  thermodynami c 1 imi t 

wi t h  ~ ( v )  given by (3.15). 



From (4.15) we see t h a t  i f  v 2 3 and 

$ > Fc = NI(V) < m 

then 

i .e .  then i s  condensation. 

The r e l a t i o n  between condensation and spontaneous rnagnet i z a t i o n  

i s  i n  t h i s  case more sub t le  than i n  the  prev ious examples. However i n 2  

then i s  a p roo f  (a general i'zation o f  an argument by ~ r i f f t h s )  o f  the  re-  

l a t i o n  

The method requi res v 2 3, s ince v É 2 we have ~ ( v )  = m. Howe- 

ver i f  s u i t a b l e  long range i n t e r a c t i o n s  are al lowed then, i t  i s  poss ib le  

t o  prove w i t h  the  same technique t o  p r o v e  p h a s e  t r a n s i  t i o n s  a l ç o  f o r  

v = 1,2. 
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