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Energy and momentum equi l i b r i a  o f  magnet ica l ly  conf ined 

plasmas i n  the d i f f u s e  p inch and tokamak con f igu ra t ions  have been found 

w i t h  sca' lar c l a s s i c a l  tensor c l a s s i c a l  and 'neo- c lass ica l  t ranspor t  mo- 

dels. A r a d i a l  o s c i l l a t i o n  o f  the e l e c t r o n  temperature has the  same wa- 

velength -aQ(rni/rne)l'' (ae = e l e c t r o n  Larmor rad ius)  as the f a s t e s t  

growing e lect rothermal  i n s t a b i l i t y .  I t s  non- l inear  ampli tude enhances 

e l e c t r o n  energy loss  by e q u i p a r t i t i o n .  The plasma-wall boundary condi- 

t i ons  exami  ned  i n  each case; and, i n  p a r t i c u l a r ,  the sca la r  c l a s s i -  

ca l  t ranspor t  model i s  found t o  g ive  a f i n i t e  pressure here. 

Os estados de equi l í b r i o  de um "pinch" d i f u s o  e conf igura-  

ções do t i p o  Tokamak, magneti camente conf inados, foram estabelec i  dos 

mediante o uso dos balanços de pressão e energia em modelos c láss i cos  

e neo-cláss i cos de t ranspor te com condutividade escalar  e  tensor ia l .  Uma 

osc i lação  r a d i a l  na temperatura de e l e t r o n s  tem o mesmo comprimento de 

onda - %(mi/me) 112 (ae = r a i o  de Larmor do e le t ron)  que o modo asso- 

c iado com o crescimento mais ráp ido  de uma i n s t a b i l i d a d e  e le t ro tê rmica .  

* P a r t i a l l y  supported by Conselho Nacional de Desenvolvimento C i e n t í f i -  



Sua ampl i tude (nao-1 inear) ampl i f i c a  a energ ia perd ida por  e l e t r o n s  por 

equ ipar t  ição. As condições de contorno plasma-parede são examinadas em 

cada caso; em p a r t i c u l a r ,  o  uso da condutividade esca la r  no modeloclás- 

s i c o  de t ranspor te r e s u l t a  numa pressão f i n i t a  ( # O )  .naquele contorno. 

INTRODUCTION 

Three steady s t a t e  models f o r  the two-temperatures d i f f u s e  

p inch and tokamak have been stud ied  under condi t i o n s  represent i n g  mo- 

mentum and energy equi 1  i b r i a .  I n  the f i r s t  mode1,a sca la r  e l e c t r i c  con- 

d u c t i v i t y  i s  assumed and numerical s o l u t i o n s  o f  the t ranspor t  equations 

show t h a t  i t  i s  poss ib le  f o r  the  e l e c t r o n  temperature t o  have a r a d i a l -  
112 l y  o s c i l l a t i n g  component w i t h  a wavelength o f  the  order  (mi/me) a, 

where a, i s  the e l e c t r o n  Larmor rad ius ,  which i s  a l s o  approximately 

the  wavelength o f  the f-astest growing e lect rothermal  i n s t a b i l i t y  i n  a 

s p a t i a l l y  homogeneous plasma w i t h  perpendicu lar  t o  8. This  r e s u l t s  i n  

enhanced e l e c t r o n  energy loss  t o  the ions. 

I t  has a lso  been shown t h a t  i n  t h i s  model an acceptable 

boundary condi t ion  (low pressure and temperatures a t  the  plasma-wal l 

boundary) i s  n o t  poss ib le ,  posing a ser ious quest ion on the plasma con- 

f inement. A second model where an e l e c t r i c  tensor c o n d u c t i v i t y  i s  assu- 

med w i t h  the rmoe lec t r i c  e f f e c t s  however y i e l d s  e q u i l i b r i a  p r o f i l e s  w i t h  

the  des i red  boundary cond i t i ons  provided severe r e s t r i c t i o n s a r e  imposed 

upon i t s  f r e e  parameters. A t h i r d  model employing neoclass ica l  t rans-  

p o r t  has s i m i l a r  p roper t ies  t o  the sec0nd.A st rong a x i a l  magnetic f i e l d  

and a two temperature plasma i s  inc luded i n  a l l  models. 

1. A SCALAR CONDUCTIVITY MODEL 

The t ranspor t  equations f o r  a  s teady- state c y l i n d r i c a l  e-  

qui  1  ib r ium o f  a  magnetical l y  conf ined plasma w i t h  o n l y  r a d i a l  dependen- 

ce o f  parameters can be w r i t t e n  i n  a s t ra igh t - fo rward  manner i f  d i f f u -  

s i o n  o f  p a r t i c l e s  i s  reduzed t o  zero by p r e s c r i b i n g  an a p p r o p r i a t e  

a x i a l  e l e c t r i c  f i e l d .  Thermoelectr ic and v i s c o s i t y  e f f e c t s  are neglec-  

ted  and a sca la r  e l e c t r i c  c o n d u c t i v i t y  i s  assumed as f o l l o w s :  



j - E lec t ron  energy: - = 
mi a a 

(1 . I )  

i z  Bt7 Pressure balance: nk  (T +T ) = - - a r  B e i  C (1.3) 

1 a 4~ Ampere's law: r ãr ( r ~ ~ )  =-  c j z  (1.4) 

aEz - 0 Ohm and Faraday's laws: a EZ = jZ , - - a r  5 , (1.6) 

where tht? c l a s s i c a l  t e m p e r a t u r e  dependence l  o f  a ,  Ke and K a r e  i 
assurned. I n  t h i s  niodel the a x i a l  rnagnetic f i e l d  does n o t  c o n t r i b u t e  t o  

mornentum balance, bu t  does a f f e c t  the' r a d i a l  thermal conduct ion. 

By p r e s c r i  b ing  the f r e e  paramaters EZ, BZ, Tio, Teo and no 

where we have the on ax is  boundary condi t i o n s  Te(0) = Te0, Ti(0) = Tio, 

n(0)  = no, ( a ~  /ar = aT . / a r  = B )r=O = 0, eqns. (1 . I ) - ( \  .6) have been 
e z 

numer icaf ly  solved employing a Runge-Kutta technique t o  ob ta in  t h e  d i -  - 
rnensionless parameters Te = Te/TeO, Ti = Ti/TeO, ii = n/no i n  terms o f  

3: = Z ~ / T ~ ,  t h e  subscr ip t  O r e f e r r i n g  t o  values a t  r = O except f o r  r. 

which i s  an a r b i t r b r y  scale f a c t o r .  The i n t e g r a t i o n  conducted from the - - 
a x i s  proceeds u n t i l  one of the parameter Te o r  Ti goes t o  zero. I te ra -  

t i o n  mettiods f a i l  t o  f i n d  so lu t ions  f o r  which ?e , ?i and a11 become 

zero a t  some radius which would de f ine  the plasma-wall boundary. The 

int.roduct ion o f  r a d i a t i o n  and v i s c o s i t y  i n  the m d e l  f a i l s  t o  r e l a x  the 

w a l l  boundary condi t ions.  Indeed i t  can be shown by a n a l y t i c a l  expan- 

s ion  of the parameters t h a t  the equations on ly  permi t  two types t o  so- 

l u t i o n s  according t o  the i  r behaviour a t  the boundary, v i z . ,  (i) Te + O 

w i t h  ir;; i O, n # O as i n  f i g s .  1 (c) and 1 (d ) ;  ( i i )  T; + O w i t h  Te#O, 

n Z @ a s  i n  f i g s .  1 ( c )  and 1 (b) .  

I t  could be t h a t  i nc lus ion  o f  iome f u r t h e r  phys ica l  proces- 

ses (e.g., neu t ra ls )  might r e l a x  these cond i t i ons  b u t  as can be seen i n  



F i g . l  ( a ) ,  (b), (c)  and ( d ) .  Four t y p i c a l  r a d i a l  p r o f i l e s  o f  dimension- 

less  e l e c t r o n  temperature  , number dens i ty  and ion  temperature ?i 
f o r  the s c a l a r  c o n d u c t i v i t y  nwdel.  



the  f i gu res ,  the parameters t h a t  remain f i n i t e  a re  n o t  small and  s o  

there  i s  no obvious reason f o r  exc lud ing t h e  v a l i d i t y  o f  the  model. The 

s o l u t i o n s  imply t h e  tendency f o r  the plasma t o  have a f i n i t e  p r e s s u r e  

a t  the w a l l ,  i .e. ,  the plasma i s  no t  conf ined. Wh i l s t  one might q u e s -  

t i o n  the  c.onclusions o f  the  wal l-boundary so lu t ions  because o f  the as- 

sumption cif s teady-state and the neg lec t  o f  o ther  p h y s i c a l  p r o c e s s e s  

t h a t  might a r i s e  say, due t o  the  presence o f  neutra1 p a r t i c l e s ,  the  in -  

t e r e s t i n g  s p a t i a l  v a r i a t i o n s  o f  Te and n are o f  more general v a l i d i t y .  

The s p a t i a l  o s c i l l a t i o n s  a re  probably t h e  non- l inear  steady a m p l i t u d e  

o f  an e lect rothermal  i s t a b i l i t y  and t h e i r  wavelength i s  approximately 

ae(mi/me) ' / '  where a i s  the e l e c t r o n  Larmor rad ius2.  The i r  ampli tude e 
can be est imated by equating Ohmic hea t ing  a t  one peak w i t h  t h e  e q u i -  

p a r t i t i o n  i n  the  adjacent trough and i s  given by 

where Tit i s  the average va l  ue o f  ?. a t  t h e  trough. The ampl i tude o f  the  
2 

s p a t i a l  temperature osc i  l l a t i o n s  here i s  comparable w i t h  t h a t  o f  the 

temporal o s c i l l a t i o n s  measured on t h e  PLT ~ o k a m a k ~  and the  e l e c t r o -  

thermal i n s t a b i l i t y  rnight w e l l  be the exp lana t ion  o f  t h i s  l a t t e r  pheno- 

menon. 

One e f f e c t  o f  t h e  s p a t i a l  o s c i l l a t i o n s  o f  e l e c t r o n  tempera- 

t u r e  and the n out  o f  phase o s c i l l a t i o n s  o f  e l e c t r o n  dens i t y  i s  t o  g i v e  

an enhanced e lec t ron  energy loss  which can be described as  f o l  l o w s  . 
Ohmic hea t ing  i s  a  rnaximum (through U E ~ )  i n  the  e l e c t r o n  t e m p e r a t u r e  

peaks. The heat i s  t ranspor ted by e l e c t r o n  thermal conduct ion a c r o s s  

the  magnetic f i e l d  l i nes ,  b u t  on ly  over the shor t  r a d i a l  sca le  l e n g t h  

oe(mi/me) 'I2 which i s  t h e  sca le  length o f  t h e  e l e c t r o n  temperature gra-  

d i e n t ,  t o  the e l e c t r o n  temperature troughs. . E q u i p a r t i t i o n  o f  energy t o  

the  ions has a maximum a t  T 1.58 T .  f o r  a  given pressure, and t h i s  

i s  c lose  t o  the minimum o f  T i n  t h e  s p a t i a l  o s c i l l a t i o n s .  I n  compari- e 
son w i t h  a s p a t i a l l y  averaged monotonic p r o f i l e  o f  temperature,the spa- 

t i a 1  l y  osc i  l l a t o r y  p r o f i l e  leads t o  an enhanced e l e c t r o n  energy lossdue 

t o  the increased e q u i p a r t i t i o n  t o  ions i n  the  temperature minima. This 

could perheps c o n t r i b u t e  t o  the  apparent anomalous e l e c t r o n  energy loss  

i n  ~ o k a r n a k , ~ ~ .  



2. TENSOR CONDUCTIVITY MODEL 

Neg lec t i ng  d i f f u s i o n  and v i s c o s i t y ,  assuming an a n i s o t r o p i c  

e l e c t r i c  c o n d u c t i v i t y  a n d  c o n s  i d e r i n g  the r rno- e lec t r i c  e f f e c t s ,  t h e  

t r a n s p o r t  equat ions f o r  t h e  two-temperature f u l l y  i o n i z e d  d i f f u s e  p i n c h  

can now be w r i t t e n  r r i t h  t he  h a l p  o f  B r a g i n s k i i ' s  c l a s s i c a l  t r a n s p o r t  

theory  f o r m u l a t i o n 5  and i n  h i s  own n o t a t i o n  as f o l  lows: 

E l e c t r o n  energy: - - 
e 

Tu uT 
B A  5, aTe 

w i t h  q: = - ( x e  - a - )  - - - E  

-L 1 ( e n )  * ar en e E~ 

w i t h :  qi = - i aT ./ar 
r Xl % 

uT 
Bal BA aTe 

Pressure ba lance:  = - ( - - - E E ) ,  ar c en ar 8 z 

Faraday's law: aE /ar  = O , (2.8) 

where c g  = B e / B  , r z  = B z / B  , B  = ( B ~  + B : ) " ~  . 
8 
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I n  terms o f  the  same dimensionless parameters def ined befo- 

r e  and us ing  the  same boundary cond i t i ons  a t  r 4  and numerical i n tegra -  

t i o n  rou t ine ,  the  se t  o f  equations (2.1)-(2.8) above a r e  so lved y i e l -  

d ing  e q u i l i b r i a  p r o f i l e s  such as i n  f i g s .  2(a) - 2(e) .  The p r o f i l e s  

presented i n  f i g s .  2(c)  - 2(d) are obta ined by an i t e r a t i o n  scheme ba- 

sed on a f i n e  p a r t i  t ion ing  o f  some range o f  va l  ues o f  the  f ree parame- 

t e r  TiO/T,,O ( f i g .  2(c)) and E. ( the  a x i a l  e l e c t r i c  f i e l d )  ( f i g s .  2(d) 

and 2(e)) end were found as a l i m i t i n g  case o f  p r o f i l e s  l i k e  those pre- 

sented i n  f i g s .  2(a) and 2(b) .  I n  the  uni-dimensional parameter space 

o f  E. (o r  T.  /T ) however, on ly  one d i s c r e t e  va lue o f  E0 ( o r  T .  /T ) 20 e0 z0 e0 
g ives p r o f i  1 7  where the appropr ia te  boundary cond i t i ons  a re  met ( i  .e.,  

/ / 
zero pres8;ure and temperatures a t  the  w l l )  such as i n  f igs.  2(c) ,  (d) 

\ 
and ( e ) .  Bremsstrahlung r a d i a t i o n  has 1 i t t l e  e f f e c t  on the o v e r a l l  pro-  

f i l e s  as can be seen by the broken l ines o f  the p l o t s  i n  f i g .2 (e ) .  The 

quest ion o f  whether i n  p r a c t i c e  the plasma p r o f i l e s  ad jus t  t o  the very 

p rec ise  cond i t i on  on, say, the parameterEo,so as t o  s a t i s f y  the boundary, 

cond i t i on  o f  zero plasma pressure a t  the w a l l ,  o r  whether a f i n i t e  pres-  

sure p a r s i s t s  as i n  the s c a l a r  c o n d u c t i v i t y  model cannot be answered a t  

t h i s  stage. 

l t  can be shown t h a t  thermo- elect r ic  e f f e c t s  i n  t h i s  model 

a re  resporisible f o r  the des i red  boundary cond i t i ons  being met b u t  un- 

1 i k e  i n  the previous model, the e q u i l  i b r i a  p r o f i l e s  now present f e w e r  

s p a t i a l  o s c i l l a t i o n s  f o r  the e l e c t r o n  temperature. Indeed i t  i s  poss i -  

b l e  t o  ob ta in  h01 low e l e c t r o n  temperature p r o f i  les ( f i g .  2 ( c ) )  as has 

been observed experimental ly6 w i t h o u t  recourse t o  n e u t r a l s  o r  impur i - 
t ies. 

3. NEOCLASSICAL TRANSPORT MODEL 

An e q u i l i b r i u m  energy and momentum balance can be s e t  up 

employing neoclass ica l  t ranspor t  c o e f  f i c i e n  t s 7  i n  a s i m i  l a r  way t o  

MacMahon m d  ware8. As i n  the  tensor t ranspor t  model above i t i s  found 

t h a t  by i t e r a t i n g  one o f  the f r e e  parameters (e.g. i t  i s  poss ib le  

t o  reduce the 'pressure t o  a very m a l  1 va lue a t  t h e  w a l l  . However a 

sm11 dev ia t ion  i n  the now def ined value o f  a f r e e  parameter leads . to  
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Fig. 2 ( a ) ,  (b). ( c ) ,  (d) and (e). Five typical radial profi les or di- 

mensionless electron- temperature Te ,  number density z and ion tempe- 

rature < for the tensor conductivity model. 



l a rge  changes i n  the p r o f i l e  o f  the e lec t ron  temperature and a  s t rong  

v i o l a t i o n  o f  the w a l l  boundary cond i t i on .  This  s e n s i t i v i t y  o f  the stea- 

dy s t a t e  p r o f i l e s  t o  a  small pe r tu rba t ion  leads us t o  doubt whether i n  

p r a c t i c e  the pressure w i l l  be small a t  the  w a l l .  

4. THE EL.ECTROTHERMAL INSTABILITY FOR 
k PERPENDICULAR TO B AND j 

Elect rothermal  i n s t a b i l i t i e s  i n  a  f u l l y  ion ized  gas have 

been p rev ious ly  considered f o r  k p a r a l l e l  t o  B9 and a  simple c o r r e c t i o n  -- - 
of the optimum wavelength f o r  growth t o  the case o f  perpendicu lar  t o  

~ 1 0  gives a  wavelength o f  a (m./m ) ' I 2 ,  where a i s  t h e  e l e c t r o n  Larmor 
e z e 

rad ius,  because the e lec t ron  thermal conduction i s  reduced by a  f a c t o r  

o f  (1 + w 'T~)  >> 1. Thus we can consider  the  wavelength t o  b e  smal  1  
C? e 

compared t o  the scale leng th  o f  t h e  e q u i l i b r i u m  p r o f i l e  and, f o r  ease 

o f  analys i  s, we per tu rb  a  homogeneous equi 1  ib r ium wi t h  un i form pressu- 

r e  p and w i t h  j 
4 X B o  = O .  As argued p rev ious ly  the  i o n  motion should 

n o t  be neglected, and, as a  r e s u l t  a d i spers ion  equation i s  der i ved  f o r  

k perpendicu lar  t o  g0 and & t h a t  i s  q u i n t i c  i n  the  growth r a t e  and  - 
q u a r t i c  i n  the square o f  the perpendicu lar  wave number. ( ~ e t a i l s  w i  l l 

be publ ished elsewhere) . For 3 para1 l e l  t o  the  d ispers ion  e q u a t  i o n  

i s  q u a r t i c  i n  the growth r a t e .  The growth r a t e  i s  c lose  t o  me/( mi T~ ) 

where T i s  t h e  e lec t ron- ion  c o l l i s i o n  t ime. The optimum w a v e l e n g t h  

a r i  ses because shor te r  wavelengths a re  damped by e1 ect ron thermal con  - 
duct ion w h i l s t  longer wavelengths a r e  e n e r g e t i c a l l y  less  unstable be-  

cause of the increase i n  the accompanying per turbed magnetic energy in-  

cluded through Faraday's law. I n  principie the  model employed i s  n o t  

d i s s i m i l a r  t o  t h a t  of Fur th  e t  aZl1, i n  p a r t  I I  I B, C o f  t h e i r  paper, 

b u t  they d i d  n o t  inc lude  ion  i n e r t i a  and a l s o  f a i l e d  t o  f i n d  the o p t i -  

mum wavelength. S i m i l a r l y  through neg lec t  o f  e l e c t r o n  thermal conduc- 

t i o n  ( i n  p4srt I I )  and assuming n Te ( ins tead  o f  a  momentum equation) 

none o f  tht: features of our  equi 1  ib r ium p r o f i l e s  were found. 

We have c a r r i e d  o u t  the  s t a b i l i t y  ana lys is  f o r  a homoge- 

neous plasma f o r  both sca la r  and tensor  c o n d u c t i v i t y  models, the o p t i -  

m m  wavelength being s l i g h t l y  l a r g e r  i n  t h e  l a t t e r .  Comparison o f  these 

optimum wavelengths w i t h  t h e  f i n i t e  ampli tude mode s t r u c t u r e s  found i n  



t h e  c y l i n d r i c a l  e q u i l i b r i a  ind ica tes  t h a t  indeed the cur ren t  f i lamenta-  

t i o n  and e l e c t r o n  temperature o s c i l l a t i o n s  are e lect rothermal  i n  o r i g i n .  
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