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The Green f u n c t i o n  f o r  t he  Kummer d i f f e r e n t i a l  equa t i on  i s  c a l -  

c u l a t e d  by means o f  t he  Sturm -L iouv i  l e  method. As by- product  we o b t a i n  

Laguerre,  Hermi te  and Wh i t t ake r  Green f u n c t i o n s .  

Ca lcu la- se a  função de Green para a  equação d i f e r e n c i a l  de Kum- 

mer p e l o  método de S t u r m- L i o u v i l l e .  Como casos p a r t i c u l a r e s  obtêm-se 

também as funções de Green para as equações d i f e r e n c i a i s  de Laguerre,  

Hermi t e  e Whi t t a k e r .  

I n  a  recent  paperl we have presented a  s i s te rna t i c  S tu rm-L iouv i l -  

l e  expansion f o r  t h e  Green f u n c t i o n  f o r  a  number o f  s p e c i a l  f u n c t  i o n s ,  

t he  common f e a t u r e  f o r  a11 o f  them be ing  t h a t  t he  cor responding d i f f e -  

r e n t i a l  equa t i on  cou ld  be d e r i v e d  f rom t h e  hypergeometr ic  d i f f e r e n t i a l  

equat ion.  I n  t h i s  paper we ex tend  t h i s  c a l c u l a t i o n  t o  t h o s e  s p e c i a l  

f u n c t i o n  which a r e  s p e c i a l  cases o f  Kummer o r  c o n f l u e n t  hypergeornetr ic 

equat ion.  P a r t i c u l a r  cases o f  Kummer f u n c t i o n s  a r e  Laguerre,Hermite and 

Whitakker f u n c t i o n s .  As a  by- product  o f  Wh i t t ake r  f u n c t i o n s  we a l s o  de- 

r i v e  the  Green f u n c t i o n s  f o r  Bessel f u n c t i o n s .  
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The present  paper i s  organ ized i n  t h e  f o l l o w i n g  way: i n  t h e  se- 

cond s e c t i o n  we c a l c u l a t e  t h e  Green f u n c t i o n  f o r  Kummer d i f f e r e n t i a l  e- 

q c a t i o n ;  i n  t he  t h i r d  we o b t a i n  Green func t i ons  f o r  Laguerre,Hermite and 

Wh i t t ake r  d i f f e r e n t i a l  equat ions.  D iscuss ions a r e  presented i n  t h e f o u r t h  

sec t i on .  

2. KUMMER GREEN'S FUNCTION 

Kummer's d i  f f e r e n t  i a1  o p e r a t o r 2  reads 

The Green f u n c t i o n s  f o r  t h i s  d i f f e r e n t i a l  o p e r a t o r  s a t i s f i e s t h e  

f o l l o w i n g  inhomogeneous d i f f e r e n t i a l  equa t i on  

which i s  bounded on the  dornain O $ z  i m. 

R e s t r i c t i o n s  f o r  the parameters a re :  i )  c # -m,  m non- negat ive  

i n t e g e r  and a l l ' v a l u e s  o f  a ;  i i )  a # - n, c = - m  o r  a = - n ,  c = -m and 

m < n, where m, n a r e  non-negat ive i n t e g e r s .  For t h e  s p e c i a l  case c #-m, 

a  = -n, m and n non-negat ive i n t e g e r s ,  we have po lynomia ls  s o l u t i o n s .  

The S t u r m- L i o u v i l l e  method3 c o n s i s t s  i n  w r i t i n g  t h e  Green func- 

t i o n  as t h e  p roduc t  o f  two l i n e a r l y  independent s o l u t i o n s  o f  t he  co r res -  

ponding homogeneous d i  f f e r e n t i a l  equa t i on  LZ Y ( z )  = O .  These 1  i n e a r l y  

independent s o l u t i o n s  a r e  Kummer f u n c t i o n s  F (a,c;z) and ~ ( a , c ; z ) ,  t h e  
1 1  

f i r s t  be ing  r e g u l a r  a t  t h e  o r i g i n  and the  second a t  i n f i n i t y .  

We w r i t e  t he  Green f u n c t i o n ,  then, as 

where z and z  a r e  min ( 2 , ~ ' )  and max ( 2 , ~ ' )  r e s p e c t i v e l y .  



3. PARTICULAR CASES 

a) Laguctrre Green Function 

Laguerre funct ions2 are p a r t i c u l a r  polynomial cases o f  Kumner 

func t ions  w i t h  a = -v, v non-negative in teger  and c = I+a, a > - 1 .  The 

r e l a t i o n  between Kummer and Laguerre func t ions  i s  

The second s o l u t i o n  f o r  the Laguerre d i f f e r e n t i a l  equat ion can 

be def ined i n  terms o f  the U(a,c;z) Kummer f u n c t i o n  i n  t h e  f o l l o w i n g  way 

Using Eq. ( 3 ) ,  we ob ta in  the  Green func t ion  f o r  the associated 

Laguerre d i f f e r e n t i a l  equat ion 

b) Herrnite Green Function 

Hermite func t ions*  a re  p a r t i c u l a r  cases o f  L a g u e r r e  func t ions  

w i t h  a = '1/2, depending on the p a r i t y .  

Re la t ion  between Laguerre and Hermite func t ions  are 

( - I ) ~  - 1 p  2-2n-1 ,(1'2) (z) = - z 
n H2n+ i ( JZ) 

r ( n + i )  

and f o r  the second s o l u t i o n  we de f ine  Hn(&), r e l a t e d  w i t h  the second 

Laguerre so l  u t  ion by 



' 2 ( z )  = r +  2 H2n(Ji) . 

Then using Eq. (6) we w r i t e  the Green func t ions  as 

~ - ( z , z ' )  = ( - I ) ~ ( z z '  1 - l "  ( < I  '2n+l (JZ>) 

G+(z,zf) = ( - l l n  K ~ ~ ( & < )  H~~(&,) 

where ~ - ( z , z > )  and G+(z,zt) a r e  odd and even p a r i t y  Green func t ion  res-  

p e c t i v e l y  f o r  t h c  Hermite d i  f f e r e n t i a l  equation. 

c) Whittaker Green Function 

The K u m r  d i f f e r e n t i a l  equat ion can be p u t  i n t o  the auto-ad- 

j u n c t  form where the d i f f e r e n t i a l  equat ion does n o t  invo lve  the f i r s t  

d e r i v a t i v e  term. 

Making the exchange w b )  = e Z/2z-C/2u(z) i n  t h e  Kummer d i f f e -  

r e n t i a l  equation, w i t h  a = u-v+1/2 and c = 2u+l we o b t a i n  the Whi t taker  

d i f f e r e n t i a l  equation2. 

The Whi t taker  d i f f e r e n t i a l  operator  LZ i s  

The two l i n e a r l y  independent so lu t ions  o f  the  homogeneous d i f f e -  

r e n t i a l  equat ion are M (2) and Wv ( z ) ,  the f i r s t  i s  regu la r  a t  the o- 
v,lf > 1i 

r i g i n  and the  second i s  regular  a t  the i n f i n i t  respec t i ve ly .  The Green 

f u n c t i o n  fo r  the Whi t taker  d i f f e r e n t i a l  equation i s  

As specia l  case o f  t h i s  Green f u n c t i o n  we ob ta in  t h e  Greenfunc- 

t i o n  f o r  the modi f ied Besie l  equation. We p u t  u=O i n  ~ q . ( l l )  and us ing 



func t ion2  given by 

M ~ , ~ ( z )  = r 

r e l a t i o n s  which invo lve  the Whi t taker  func t ions  and the modi f ied Bessel 

( 

we obta i n  

The Green f u n c t i o n  f o r  o thers Bessel func t ions  can be e a s i l y  

obta ined from t h i s  expression, us ing  the w e l l  knownrelat ions between t h e  

modi f ied Bessel func t ion  and others Bessel func t ions .  

I n  t h i s  paperwe have c a l c u l a t e d  the  Green f u n c t i o n  f o r  t h e  

Kummer d i f f e r e n t i a l  operator  and f o r  p a r t i c u l a r  cases o f  t h i s  o p e r a t o r .  

Among thsse, t h e  most important i s  t h e  Whi t taker  case. 

There a re  many problems i n  quantum mechanics having d i f f e r e n t i -  

a1 equati'ons which reduce t o  a Whi t taker  equation. Problems w h e r e  t h e  

d i f f e r e n t i a l  equation shows spher i ca l  o r  c y l i n d r i c a l  symmetry, have a 

r a d i a l  equation, t h a t  can be reduced t o  a Whi t taker  equation. The Cou- 

lomb problem4, the i s o t r o p i c  harmonic osc i  1 l a t o r 3  and the charged p a r t i -  

c l e  i n  a uni form magnetic f i e l d 5  a r e  examples o f  these problems. 

The same i s  t r u e  f o r  r e l a t i v i s t i c  problems6. The parameter v i n  

the Whi t taker  f u n c t i o n  i s  r e l a t e d  t o  the square o f  the energy, and, as 

Eq. (11) i s  a n a l y t i c  i n  a11 complex plane, the represen ta t ion  1s v a l i d  

f o r  a11 poss ib le  values o f  the energy. 

The author  thanks very much Pro f .  J. Be l land i  F i l h o  f o r  c r i t i -  

cism and use fu l  discussions. 
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