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I n  the  framework o f  BPHZ renormal i z a t i o n  procedure, we d i s -  

cuss the  equivalence between 4-dimensional renormal izable massive quan- 

tum electrodynamics (Stueckelberg lagrangian) , and massive QED i n  t h e  

u n i t a r y  gauge. 

No contexto do m é t o d o BPHZ de renormal ização, d iscute- se a 

equiva lênc ia e n t r e  a e le t rod inâmica quânt ica bidimensional com massa 

(lagrangeano de Stueckel berg) , e a e le t rod inâmica quânt ica com massa no 

"gauge' uni t á r i o .  

1. INTRODUCTION 

Massive QED can be described by the  ~ roca-wentze l1  L a g r a n -  

g ian:  

However, t h i s  i s  a non- renormalizable theory, due t o  the u l -  

t r a - v i o l e t  behavior of the vec to r  meson propagator:  

- 
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As i n  m a s s l e s s  QED, we in t roduce a term p ropor t iona l  t o  

which improves the  u l t r a - v i o l e t  behavior.  In  t h i s  way we a re  

l e d  t o  the Stueckel berq1'2 Lasrangian: 

i n t e r a c t i o n  o f  a vector  meson w i t h  a fermion, i n  an 

l b e r t  space. 

the phys ica l  subspace by the  same procedure as used 

which describes the 

i n d e f i n i t e  m e t r i c  H i  

We de f ine  

Gupta-Bleuler: 

I f  we now make the  f o i  lowlng formal gauge t ransformat ion:  

U' = A' + aph 

@ ( x )  = e x p  - [ i e h ( x ) l ~ ( x )  

we ob ta in  the separat ion o f  the dynamics: 

e 

1 
L S t ( ~ ' , ~ )  = Lpr i~u ,$ )  + - ( a  A') + sur face terms 

2a 
( 6 )  

so t h a t  the  dynamics o f  the phys ica l  f i e l d s  i s  separated from t h a t  o f  

the ghost a A' (which has negat ive met r i c )  . 
I.1 

However ,  a l l  t h i s  separat ion i s  on ly  formal,  f i r s t  because 

the renormal izat ion o f  the  Proca lagrangian requi res an i n f i n i t e  number 

o f  counterterms3; and a l s o  exp -[ie~(x)] i s  n o t  w e l l  def ined2, i n  such a 

way t h a t  i f  Y(X) def ines a operator  valued d i s t r i b u t i o n ,  $(x) does not2.  

I n  the  present paper we prove the  equivalence between the  

theory i n  the Stueckelberg's lagrangian and t h a t  one w i t h  Proca'slagran- 



gian w i t h  counterterms (which we s h a l l  ca l1  u n i t a r y  gauge), t a k i n g  i n t o  

account the problem o f  renormal izat ion.  In  2-dimensions t h i s  has  been  

done i n  Ref. (3) . 
Our paper i s  d iv ided  as fo l lows :  

Having s ta ted  the problem i n  sec t ion  2, we ad jus t  the para- 

meters (which appear i n  u n i t a r y  gaugels lagrangian) i n  s e c t i o n  3 so 

t h a t  Green's funct ions i n  the renormal i zab le  case be independent o f  m2 
O 

(= am2) on t h e  mass s h e l l .  

In  sec t ion  4 we prove t h a t  parameters can be f i x e d  i n  such 

a way t h a t  Green's func t ions  be equ iva len t  i n  both theor ies,  i n  such a 

way t h a t  they d i f f e r  on ly  by a renormal izat ion.  

I n  sec t ion  5 we g i v e  an e x p l i c i t  example which shows t h a t  the 

parameters become i n f i n i t e  i n  t h e  l i m i t  m2 + -. 
o 

2. STATEIVIENT OF THE PROBLEM 

S .  ' .  With the  Proca lagrangian t h e  photon propagator turns o u t  t o  

be 

The in tera ic t ion i s  given by 

y i e l d i n g  a s u p e r f i c i a l  degree o f  divergence 

N (V) = n? o f  v e r t i c e s  i n  y 
Y 

Since 6u(y) depends on N ( v ) ,  any Green's func t ion  w i l l  e- 
Y 

v e n t u a l l y  t u r n  ou t  t o  be d ivergent .  Consequently we have a non- renorma- 

l i z a b l e  ttieory, and an i n f i n i t e  number o f  counterterms i n  generated. I n  



order  t o  def ine a unique theory an i n f i n i t e  number o f  r e n o r m a l  i z a t  i o n  

cond i t i ons  i s  requi red.  This a rb i t ra ryness  w i l l  be f i x e d  by t h e  fo l low-  

ing  c r i t e r i o n :  the Green's func t ions  o f  the u n i t a r y  gauge (non- renorma- 

l i z a b l e  theory) must be equiva lent  t o  those o f  the renormalizáble gauges. 

Having i n  mind t h i s  aim, we de f ine  the f o l l o w i n g  h-dependent 

Lagrangian ( x - ~ a ~ r a n ~ i a n )  : 

Lef  ( i )  = i (1+4 N4 [V 9 Y] - (M-e) N4 [h] - i N4 [ F ~ S ~ Y +  i(m2+a) 4 [A , ,A ]  - 

+ (e+n x [(I-A)N~[$Y] + AN,+ [;rui]] + = L, + L. i n t  

P 
where Qwplq i s  a complete, l i n e a r l y  independent se t  o f  fo rma l l y  gauge 

- i n v a r i a n t  couterterms. The p r e s c r i p t i o n  t o  f i n d  the  f i n i t e  p a r t  i s  the  

BPHZ renormalizable procedure, 

B = n? o f  externa1 

o r  N~,[QJ b u t  n o t  t o  Al, from 

w i t h  degree: 

boson 1 ines atached t o  v e r t  ices N5 [TAY] ,  
(a,, - i  eA,,) , B = n?  o f  the o ther  in terna1 

boson l i n e s .  I n  such a way t h a t  

- 
R(g) = F i n i  t e  p a r t  o f  < O I T Y ( X ~ )  .. . Y ( X ~ ) ~ ( Y ~ ) .  . .Y(yN) 

Q c a n b e p a r a n e t r i z e d a s f o l l o w s :  
V P 1 9  



where 

a(n1 i s  the same as c 1  

P r e f e r s  t o  any o f  the poss ib le  permutat ions o f  kj, i,, jQ,, 

k j,, O X j 9  óX j i ,  
t i o n  by par ts .  

M(d 
f i n a l l y  

such t h a t  rn,n,p,pl~ s tay  i n v a r i a n t ,  besides in tegra-  

(v) (1) (0) 
i s  m a t r i x  t o  c o n t r a c t  the  Lorentz  ind ices ,  and 

We ca l1  a t t e n t i o n  t o  the  f a c t  t h a t  if X=O and rni = - the  A-  

lagrangian becomes the Proca-Lagrangian ( p l  us, o f  course, an i n f  i n  i t e  

number oF counterterms) . I f  f ( X = l )  = O ,  we have f o r  A=l the  S t u e c k e l  - 
Y 

berg lagrangian. 

The problem now i s  t o  show t h a t  Greenns func t ions  are inde- 

pendent o f  X .  



3. DEPENDENCE ON rn; 

Nowwe s h a l l  f i x  the counterterms i n  such a w a y  t h a t  t h e  

usual r e l a t i o n  i s  ensured lS4 :  

where AoG vanishes i n  the mass-shell. 

For s i m p l i c i t y ,  we de f ine  

m
2

+a 
* fy = jLpplq f o r  y > 6 f6 = -b - - ( 1%) 

m2 o 

We de f ine  f u r t h e r m r e :  



From the Gell-Man Low formula we have: 

In  order  t o  use t h i s  formula l e t  us e s t a b l i s h  a r e l a t i o n  be t -  

ween Ao arid A (see f i g u r e  ( 1 ) ) .  
6 



Using now f igures (21, (3)  and (4) 

Fig .4  

we f i n d  the r e l a t i o n  shown i n  f igure  (5) 



where (a), (i), (k), were given i n  f i gu res  (1) and ( 3 ) .  

Due t o  gauge invar iance L ; we h a v e  t h e  r e l a t  i o n  showr 
$7 

i n  f i g u r e  (6) 

7 / 

where A i s  equal t o  r\ r and 'A i n  

the  l a s t  terrn means: i f  a  subgraph i s  a l l  contained i n  one s ide  o f  the 

bar, we have minimal sub t rac t ion  i f  the bar  d iv ides  the  subgraph i n  two 

pieces, one rnust rnake one e x t r a  s u b t r a c t i o n  (see r e f . 1 ) .  



I t e r a t i n g  the above process f o r  the o ther  v e r t e x  we f i n d :  

w i t h  RI coming from the e x t r a  sub t rac t ion  o f  f i g u r e  (7) 

Fig.7 

and R2 from the 2 e x t r a  sub t rac t ions  from f i g u r e  (8) 

They can be w r i  t t e n  as Z r( ') A G so t h a t  
Y Y  

Now i n s e r t i n g  

i n  (15) and comparing w i t h  (17) we ob ta in  



So that ( 1 1 )  holds. 

4. THE EQUIVALENCE 

In this section we shall prove that the Green's functions 

calculated wíth the X-lagrangian (10) are X-independent, i .e. we shall 

prove thiit3 

?czo 
ax (22) 

From the Gell-Man-Low formula: 

Inserting (18) in (23) 

Now it is our aim to find Ã G  gauge independent, that is: 
lf 



We can cons t ruc t  1 by the  f o l l o w i n g  procedure: gauge inva- 
Y  

r i a n t  2 are constructed, tak ing  l i n e a r  combinations o f  the A ' S .  
Y  Y  

n 
d n )  = A + L E B ( J ~  A 

Y  Y  j = l  Y ?  YY '  Y '  

Then we can wr i t e  : 

A = W y y '  Ay' Y  

such t h a t  

- 
where the c o e f i c i e n t  o f  h i s  independent o f  m2. We p u t  m2 = 0, and im- 

Y '  o o 
pose 2 = 0 .  (- = O holds independently o f  m2,. s ince t h e  coef i c i e o t  o f  

a x  a  x O 
A i s m 2  independent). By the  f a c t  t h a t  det[u] # O :  
Y ' o 

- b ( o )  S2y = O (31)  

f'yo) can be ca lcu la ted  i n  p e r t u r b a t i o n  theory, us ing:  



and the norrnal izat ion condi t ions o f  QED f o r  y < 6 .  Equation (31) impl ies 

independence o f  the Green 's func t ions  wi t h  respect t o  A ,  eq. (22) 5 .  

5. AN EXAMPLE 

I n  t h i s  chapter we take the e x p l i c i t  Green's f u n c t i o n  G (2,O) 

and prove t h a t  

2. The counterterins d iverge f o r  )i=1 as i t  should b e ,  because 

I n  t h i s  case, the graphs a r e  e x p l i c i t l y  f i n i t e ,  bu t  Greeri's f u n c t  i o n  

rnust be i n f i n i t e ,  because i n  the  case X=O t h e  Greenos func t ions  a re  i n -  

f i n i t e .  

Le t  us take G as i n  f i g u r e  (9) 

An s t ra igh t fo rwayd  c a l c u l a t i o n  shows t h a t :  

G ( X )  = ~ ( 1 )  

where 

p = + O )  (A) +- 
Y Y  n2 + a 

F ( ~ )  com!s from a n i i o t r o p i e s ,  and from rhe graphi  rhown i n  f i g u r e  
Y Y 

(10) 



we note t h a t  

For m2 >> M~ we f i nd : 
O 

which d iverge l o g a r i t h m i c a l l y  when in tegra ted .  

Acknowledgement the author wishes t o  thank D r .  M. Gomes f o r  

discussions, and specia l  l y  D r .  R. ~ g b e r l e  f o r  the idea o f  the problem, 

the discussions and c r i t i c a 1  reading. 

REFERENCES 

1. J.H .Lowenstein - Lectures on r e n o m l i z a b l e  theory - Mary 1 and Un i v e r -  

s i t y ,  1972. 

2. K. Symanzik - IsZamabad Lectures on Lagrangian quantwn f i e l d  theory, 

DESY repor t .  



3. J.Frenke1, M.Gomes, R . ~ 8 b e r l e  - Rev.Bras.Física, 6 ,  365 (1976). 

4 .  J.H.Lowenstein, B.SchrHer - PRD 6 ,  1553 (1972).  

5 .  The gauge independence of Ã wi 1 1  be used t o  put mi = O in  equation 
Y 

(31) .  This i s  important i n  order not t o  have contradiction between 

E=- I A o  G and - aG = O 
am2 m2+ a a x  

o 


