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The mathematics o f  the  t o p o l o g i c a l  s o l i t o n s  i 

framework o f  a non a b e l i a n  gauge f i e l d  theory  f o r  t h r e e  

s ions.  The t o p o l o g i c a l  charges a r e  i d e n t i f i e d  w i t h  t h e  

o f  monopoles s a t i s f y i n g  the  Schwinger's q u a n t i z a t i o n  r u l

s o l u t i o n  w i t h  symmetry under t h e  d iagonal  subgroup o f  O( 

as i t Hoof-Polyakov ansatz, i s  e x p l i c i t l y  e x h i b i t e d .  

s s tud ied  i n  t h e  

s p a t i a l  d i m e n -

magnet i c  charge 

e. A s p e c i f i c  

3) % 0 (3) , known 

Estuda-se a matemática dos s ó l i t o n s topológicos no con tex to  

de uma t e o r i a  de gauge não abel  iana para t r ê s  dimensões e s p a c i a i s .  As 

cargas topo lóg icas são i d e n t i f  icadas à carga magnética de monopolos que 

sa t i s fazem a r e g r a  de quant ização de Schwinger. Uma solução e s p e c i f i c a  

com s i m e t r i a  correspondente ao subgrupo d iagonal  de O(3) % 0 (3) conhe- 

c i d a  como o "Ansatz" de i t Hooft-Polyakov, é e x i b i d a  e x p l i c i t a m e n t e .  

1. INTRODUCTION 

A f t e r  t h e  d iscovery  by Maxwell o f  t h e  dynamical equat ions o f  

t h e  e lec t romagnet i c  f i e l d s ,  p h y s i c i s t s  s t a r t e d  t o  speculate t h a t  t h e  

t h e o r i e s  of e l e c t r i c i t y  and magnetismo would be t r e a t e d  i n  p a r a l l e l  by 

the  proposal of  the  ex is tence  o f  the  magnetic charges. The symmetries 

between e l e c t r i c i t y  and magnetism become man i fes t  by the  f o l l o w i n g  dual  

t rans fo rmat ions  
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NSC-68~-0204-01 (02). 



and 

Yet t h i s  i s  incornpat ib le  w i t h  the Lorentz  c o v a r i a n t  fo rmu la t ions  o f  

the  e lect rodynamics i f  one r e s t r i c t s  onese l f  t o  the  non s i n g u l a r  s o l u -  
-+ 

t i o n s  o f  t h e  c o v a r i a n t  f o u r- v e c t o r  p o t e n t i a l s  A ( r , t )  i n  the presence 
Fi 

o f  t h e  magnetic charges. The problem was i n v e s t i g a t e d  by a d m i t t i n g  

the  s i n g u l a r  s o l u t i o n s  o f  A known as D i r a c  s t r ingl , i n  which t h e  m g -  v '  
n e t i c  source te rm appeared as a m n o p o l e  s i t u a t e d  a t  t h e  end o f  a mag- 

n e t i c  d i p o l e  l i n e  o r  a t i g h t l y  wound so leno id .  

As t o  t h e  non s i n g u l a r  s o l u t i o n s  o f  the  Maxwell equa t ions ,  
3 -+ 

one needs a t  l e a s t  two k inds  o f  v e c t o r  p o t e n t i a l s  A P ( r , t )  and AFi( r , t )  , 
e rn 

f i n  response r e s p e c t i v e l y  t o  t h e  e l e c t r i c  and m g n e t i c  charges and c u r -  

r e n t s ,  d e f i n e d  as f o l l o w s  

and 

Jy' , t )  3+ 
d r '  , e 

The fundamental problem o f .  the  above assurnptions i s  whether the  e l e c -  

t r i c  f i e l d s  produced by the  s t a t i c  charge pe a r e  p h y s i c a l l y  i n d i s t i n -  

guishable t o  the  f i e l d s  produced by the  m t i o n  o f  the magnetic charges, 



t namely J . I t  seems t h a t  one l a c k s  the  i n g e n u i t y  i n  d i f f e r e n c i a t i n g  one 
rn 

f i e l d  f rom t h e  o ther .  For t h i s  reason, one might  j u s t  s imply  accept t h e  

p r i m i t i v e  v e r s i o n  o f  t h e  Maxwell equat ions,  i .e .  the Maxwell equat ions 

d e s c r i b i n g  the  n a t u r e  w i t h o u t  the  magnetic sources, because a proper  

cho ice  o f  t h e  r o t a t i o n  i n  the charge space, t h e  theory  o f  two k inds  o f  

v e c t o r  p o t e n t i a l s  i s  mathemat ica l ly  e q u i v a l e n t  t o  t h e  o r i g i n a l  Maxwel  1 

theory  o f  e lect rodynamics.  The statement can be proved q u i t e  e a s i l y . L e t  

and 

8 = de - V A ~  , 

be t h e  e l e c t r i c  f i e l d  and rnagnetic f i e l d  due t o  the  presence o f  t h e  e l e c -  

t r i c  and m g n e t i c  charges, then i t  a l l o w s  one t o  c o n s t r u c t  a c o v a r i a n t  

f i e l d  tensor  

Le t  us cons ider  a dua: r o t a t i o n  o f  the  complex f i e l d  tensor  

d e f i n e d  i n  t h e  f o l l o w i n g  form 

then by the  proper  cho ice  o f  t a n  O = jV/j' f o r  a1 1 v, one concludes t h a t  
e -rn 

the  r o t a t e d  f i e l d  tensor  CJ'" = GyUV + i G y F L V  s a t i s f i e s  t h e  f o l l o w i n g  

equa t i ons , 

The above equat ions a re  t h e  Maxwell equat ions w i t h o u t  m g n e t i c  charges 

i f  one regards G'" as t h e  p h y s i c a l  observables o f  t h e  f i e l d  tensor .  



The connect i ons between the magnet i c charges (or  monopoles) 

and the topological  charges by means o f  the non-Abelian gauge f i e l d s  

has been invest igated since 1974. The r e s u l t s  obtained by t lHooft  and 

Polyakov have met w i t h  a great  success i n  three spa t i a l  dimensions. The 

non-Abel ian Yang-Mi 11 s f i e l d s 3  and the spontaneous symmetry breaking o f  

the Higgs mechanism4 wi 1 1  be reviewed i n  the fo l l ow ing  sect ion.  Section 

3 w i l l  deal w i t h  the technical  aspects o f  the topo log ica l  s o l i t o n  and 

i t s  r e l a t i o n  t o  the magnetic monopole. A p a r t i c u l a r  so lu t i on  based upon 

' t  Hooft-Polyakov ansatz was e x p l i c i t l y  demonstrated i n  Section 4 .  The 

possib le developements on top ics  o f  relevance are  b r i e f l y  discussed i n  

the l a s t  sect ion.  

2. YANG-MILLS FIELUS AND GEORGI-GLASHOW MODEL~ 

Since the i n t roduc t i on  o f  two kinds o f  the vector f i e l d s  i n  

EM theory was proven t o  be equivalent  t o  the usual Maxwell theory, i t  i s  

therefore natural  f o r  one t o  speculate t ha t  f ie lds  1 i ke  Yang-Mi 11s type 

may help i n  so l v i ng  the problem. At  f i r s t  thought, one may fear t ha t  

such a bo ld  approach w i l l  make the theory more complicated, o r  even ab- 

surd because charged photons have not been observed so f a r .  Fortunately 

the worry was shown t o  be unnecessary. The reason i s  due t o  the ce le-  

brated Higgs mechanism o f  the spontaneous symmetry breaking, which ena- 

bles the charged components o f  the t r i p l e t  gauge p a r t i c l e s  t o  gain mass, 

meanwhile leaving the photon f i e l d  t o  remain massless i f  the neutra1 com- 

ponent o f  the Higgs p a r t i c l e  develops a non vanishing vacuum expectat ion 

value. The grand arch i tec ture  i n  bu i l d i ng  up the photon w i t h  the massi- 

ve vector  boson i s  a very a t t r a c t i v e  and beau t i f u l  piece o f  work i n  the 

recent attempt f o r  the u n i f i c a t i o n  o f  the EM in te rac t i on  and the weak i n-  

terac t ion .  I n  l i e u o f  adopting the Georgi-Glashow model l i t e r a l l y ,  we 

replace the charge heavy lepton doublet by a t r i p l e t  o f  Higgs f ie lds ,and 

search f o r  the s o l i t o n  s o l u t i o n  from the fo l l ow ing  Lagrangian, 

where 



2 and $ are i s o t r i p l e t s  o f  gauge f i e l d  and Higgs f i e l d  respect ive ly .  
lJ 

One a l so  takes X 3 0 ,  because o f  the p o s i t i v e  d e f i n i t e  cond i t ion  f o r  po- 

defines the vacuum a t  t e n t i a l  V($ )  =='c ($.à-a2l2. The rninirnurn o f  V ( $  

181 = a .  

The Lagrangian o f  eq. (12) i s  loca 

the fo l l ow ing  i n f i n i t e s i m a l  t ransformat ion 

l l y  gauge i nva r i an t  under 

With eq. (14) and Eq. (151, one v e r i f i e s  e a s i l y  t ha t  

~ ~ $ 1  = a y $ l  - x  $1 
lJ 

= D ~ $  +: x DIJ$ , 

and 
+ 3 

FIJv 
=sal - a b ? - e b ; x  21 

Fi v 1i v 

= i f  + f x %  
Fiv Fiv ' 

and hence the invar iance o f  L. 

Let us assume tha t  cp3 develops a  non vanishing vacuurn ex- 

pec ta t ion  value a ,  which a l so  simultaneously rninimizes the po ten t i a l  

V($)  . I f one redef ines $ by 

= $ 3  - a) 9 

then the Lagrangian becomes 



where 

correspond t o  t h e  two charged v e c t o r  bosons. 

The spontaneous b reak ing  o f  t h e  0 ( 3 )  gauge symmetry, b u t  l e -  

a v i n g  the  U(1) symrnetry about  z - a x i s  t o  remain i n t a c t ,  a l l o w s  us t o  r e -  

cognize t h a t  t h e  charged gauge p a r t i c l e s  become massive w i t h  

which i s  est imated t o  be l a r g e r  than 53 GeV on account o f  i t s  r o l e  o f i n -  

termediate vec to r  boson i n  weak i n t e r a c t i o n s .  

3. THE TOPOLOGICAL CHARGES 

I n  the  p rev ious  s e c t i o n ,  we have dernonstraded t h a t  t h e  t h i r d  

component o f  gauge p a r t i c l e s ,  namely t h e  phys ica l  photon, acqu i res  no 

rnass through the  spontaneous b reak ing  o f  0 ( 3 )  gauge symrnetry. L e t  us de- 

f i n e  a space-time region,  f o r  i ns tance  the  space a t  i n f i n i t e ,  I$ [  + - i n  

a p r e- s p e c i f i e d  d i r e c t i o n ,  such t h a t  t h e  Higgs f i e l d s  tend t o  a cons tan t  

i n  z - d i r e c t i o n  w i t h  the  leng th  &qual t o  a, so t h a t  t h e  p o t e n t i a l  i s  mi-  

n imized.  Such a r e g i o n  i s  c a l  l e d  the  supervacuurn6 by ' t  Hoof t ,  i n  which 

one can e a s i l y  convince onese l f  t h a t  t h e  e lec t ro -magnet i c  f i e l d  t e n s o r  

i s  r e l a t e d  t o  the  photon f i e l d  A: by, 

Since t h e  Lagrangian i s  symmetric w i t h  respect  t o  0 ( 3 )  gauge group, one 

may d e f i n e  e q u i v a l e n t l y  a supervacuurn i n  the  space t ime reg ion  i n  which 

the  s c a l a r  Higgs f i e l d  w i l l  p o i n t  i n  a p a r t i c u l a r  d i r e c t i o n  w i t h  I;l=a o 
by a gauge r o t a t i o n .  I n  t h i s  case, the phys ica l  observable o f  t h e  e 

tro-rnagnetic f i e l d  tensor  F" can be taken i n  t h e  f o l l o w i n g  express 

ec- 

on , 

2 4 )  



-+ -+ 
which reduces t o  eq. (23) i n  the  r e g i o n  o f  supervaccum i f  +(r) = ak a t  
-t 
Ir1 -+ rn. 

The meanings o f  the l a s t  equa t ion  can be understood by the  

a p p l i c a t i o n  o f  the  equat ions o f  motion, 

and rewr i t e  the F" i n eq. (24) as 

and 

I f  we consider  the case, i n  which t h e  B i s  s i n g u l a r  n w h e r e ,  then t h e  
Fi 

divergence o f  t h e  dual f i e l d  tensor  o f  eq.(30) au tomat i ca l  l y  vanishes, 

D e f i n i n g  the  t o p o l o g i c a l  c u r r e n t  K' by tak  

o f  the  dual o f  eq. (28) , on reaches 

(32) 

. i n g  the divergence 

which by no  means equals  zero. Since F~~ i s  the  phys ica l  EM f i e l d  ten-  

so r ,  K~ i n  eq. (33) can be i n t e r p r e t e d  as t h e  magnetic source term,which 

a1 lows one t o  c a l c u l a t e  the t o t a l  magnetic charge 



Making use of the Gauss theorem and = f o r  v ,a , f?  running frorn 

1 t o  3, one can s i m p l i f y  eq.(34) t o  

where the surface i n teg ra t i on  i s  taken on the two dimensional sphere o f  

radius tending t o  I n f i n i t e .  

To evaluate the surface i n teg ra l  e x p l i c i t l y 7 ,  l e t  us parame- 

t r i z e  the surface element o f  i n teg ra t i on  on s2 by two new var iab les  5 1 
and E2, and use the i den t i  t y  

t o  re-express the  charge g ,  

whe r e  

-+ 
Since the condi t i o n  of the vacuurn 1612 - a2 = O a t  Irl-).., one has 



therefore 

One recognizes tha t  E, F and G are the three f i r s t  fundamental f o r m  o f  

the surface i n  0, henceforth, one can rewr i t e  g imnediately i n  the 

express i on 

l' D ~ = D D  = 

2 
where the i n teg ra l  d20 i s  taken over S 

cb 1443. 
, the two dimensional sphe- 

re  w i t h  radius lt$l=a. The integer 

a2 O O 

O E F 

O F G  

n =  O ,  fl, 52, ..... (43) 

i s  the wrapping number, o r  Kronecker index, which character i  zes the ho- 

motopic classes8 i n  mapping S: -+ s2 lt~l =a' 
Since i n  natura l  u n i t  a = 

= e 2 / h  = 1/137, one obtains the  Schwinger condi t i o n  f o r  g 

4. 't HOOFT-POLYAKOV ANSATZ FOR THE D = 3 SOLITON 

Let  us consider the energy o f  the system der ived f rom the 

Lagrangian given by Eq. (12), 



whe re  

Since a1 1 the terrns on the r i g h t  hand s ide o f  eq.(45) are p o s i t i v e  de- 

f i n i  te, the vacuurn so lu t ion ,  i n  which eoO = 0, can be obtained i n  and 

on ly  i f  

f t v  
= O ,  (47a) 

D?,$ = o , (47b) 

& $ 6 2  = o . ( 4 7 ~ )  

What we are  looking fo r  i s  the s o l u t i o n  less t r i v i a l  than tha t  s ta ted 

above. in order t o  s i m p l i f y  our discussion, we a l so  r e s t r i c t  ourselves 

t o  the s ta t ionary  so lu t i on  f o r  the e l e c t r i c a l l y  neutra1 systern.The den- 

s i  t y  f o r  t h i  s  p a r t i c u l a r  considerat ion becoms 

The expression 

ord i  nate space 

metry i n space 

c re te  syrnrnetry 

given above has the ro ta t i ona l  symmetry both i n  the co- 

and i n  the isosp in  space. I t  has a l so  the d i sc re te  syrn- 

and isospin space inversions. Let us denote the two d i s -  
-f . operators by P and a respect ively,  and assume 4 1s a 

sca lar  and pseudoscalar w i t h  respect t o  P and a, wh i l e  Ai i s  a vector  

and a x i a l  vector  under the P and a inversions. Narnely 



By the d e f i n i t i o n s  o f  the d i sc re te  t ransformat ion given above, one can 

e a s i l y  v e r i f y  t h a t  

Therefore the eoO o f  the s ta t i ona ry  system w i t h  e l e c t r o s t a t i c  n e u t r a l i -  

t y  i s  i nva r i an t  under the group 0 ( 3 )  x  O ( 3 )  as we l l  as the d i sc re te  

group P x r .  To ensure the the Lagrangian describes the system o f  magne- 

t i c  monopole, one s h a l l  n o t  expect the d iscre te  symmetry t o  ho ld  sepa- 

r a t e l y  f o r  P and a. The reason i s  obvious: i f  one takes the divergence 

o f  the magnetic f i e l d  8, which i ç  i d e n t i f i e d  w i t h  the t h i r d  component 

o f  the gauge f i e l d  tensor F:~, one has 

The equation can be i nva r i an t  under P and s t ransformat ion 

only when k0 = 0 ,  which c e r t a i n l y  i s  n o t  the case o f  our p r  

separately 

,ime in teres t .  

't Hoof and Polyakov approached the  problem w i t h  much a t r i c -  

t e r  condi t i on .  Instead o f  consider ing the symmetry o f  0 ( 3 )  x  0 ( 3 )  and 

P x s ,  they inves t iga ted the s o l i t o n  w i t h  the symmetry under the diagonal 

subgroup o f  0(3 )  x  0 ( 3 )  i n  space and isospin space transformation, as 

w e l l  as the'd iagonal  subgroup i n  the d i sc re te  t ransformat ion
g
.  I n  other 

words, the so lu t i on  which transforms w i t h  equal r o t a t i o n  o f  angle i n  

space and isospin space. To meet a11 these condi t ions,  the so lu t i on  

can b,e cast  i n t o  the general expressions o f  the f o l l w i n g  form, 

The invar ia i ice under the product o f  the d i sc re te  symmetry Pa forces one 

t o  put  B(P) = C ( P )  = O. The unknown funct  i on H ( P )  and ~ ( r )  are a l  1 o f  

spher ical  symmetry. With t h i s  ansatz 



one f inds 

The energy can be calculated by the spatial integration, 

Defining the dimensionless variables1° 

k(x) = ~($1 , 

h(x) = ~ ( 2 )  , 

with 

x = ear 

one rewri tes 

1 + - hr2x2 + A x2(h -I)~?. (60) 2 e2 

The equations of motion are 

&kn = 2(k-1) (k-2) + h2x2(k-1) , (61) 

X-~(X~~') r = 2h(k-1) + $ h h(h2-1) . 
e2 

(62) 



I f  the so lu t ion  i s  re fer red  t o  the loca l i zed  lump o f  energy, the f l -  

n i  teness o f  E requi res the f o l  lowing boundary condi t ions 

and 

The numerical ca lcu la t ions  f o r  d i f f e r e n t  values o f  ~ / e 2  a r e  shown i n  

f i g u r e  1-3. 

O 2  4 6 0 2  4 6 

Fig .  I F ig .  2 

Fig.  3 



The t o t a l  energy, taken as the mass o f  so l  i ton, i s  found 

t o  be a smooth and s lowly vary ing func t ion  f(1/e2), i .e. 

137MA . (66) 

The ex t rao rd ina r i  l y  la rge mass o f  so l  i ton ,  between 700 GeV t o  1300 GeV 

l i e s  beyond the l i m i t  o f  present experiments. 

5. DISCUSSION 

'The s o l i t o n  given i n  the l a s t  sect ion i s  a s t a t i c ,  spher i-  

c a l l y  symmetric one. It i s  a l s o  the  s o l u t i o n  f o r  the  s i n g l e  charged 

magnetic monopole. Since the gauge f i e l d  tensor 

i s  re la ted  t o  the magnetic f i e l d  Bi by 

which reduces t o  

a t  the spa t i a l  i n f i n i t e .  

Therefore one w i l l  conclude tha t  the s o l i t o n  behaves l i k e  a 

magnetic monopole wi t h  pole s t rength  & = h/@, a p a r t i c u l a r  case o f  
m 

Kronecker index n = 1 f o r  the topological  charge g .  This resul  t i s  

no t  su rp r i s i ng  because the 8 t  Hooft-Polyakov ansatz corresponds t o  the 

class 1 o f  the homotopy tha t  maps the S: o f  the sphere a t  spa t i a l  i n -  

f i n i t e  t o  S& o f  the Higgs f i e l d  i n  vacuum conf igurat ion w i i h  wrap- 

p ing number 1. A d i  r ec t  consequence o f  the theory i nva r i an t  under the 

diagonal subgroup o f  0(3) x 0(3) .  



The so l i t ons  belonging t o  other homotopic classes have no t  

ye t  been solved, except f o r  the case f o r  Yang-Mills f i e l d  i n  space d i -  

mension equal t o  4. The topo log ica l  charges i n  the l a t t e r  case w i l l  

character ize the d i s t i n c t  classes o f  vacua state.  The discussions o f  

the s t ruc tu re  o f  vacuum and the tunne l l i ng  between the  d i s t i n c t  b u t  e- 

qu iva lent  classes o f  vacua are beyond the scope o f  t h i s  note. 

As mentioned i n  Section 4, the ' t  Hooft-Polyakov ansatz i s  

based upon the p a r t i c u l a r  gauge &(;) = O .  The so lu t i on  f o r  the s ta-  

t ionary ,  spher ical  symmetry o f  non vanishing xO(r)  does e x i s t ,  and i s  

re fer red t o  as the dyon so lu t ion .  The study o f  the dyon sol u t i on  and 

i t s  r e l a t i o n  t o  the d u a l i t y  r o t a t i o n  w i l l  be pursued fu r the r .  
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