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Propert ies o f  s t a t i c  (minimum po ten t i a l )  f i s s i o n  path i n  the 

formalism o f  Hofmann are  invest igated.  I t i s  pointed out  t ha t  the i ne r -

t i a l parameters g rea t l y  a f f e c t  the f i s s i o n  path and hence the penetrabi-  

l i t y .  The d i f f i c u l t y  o f  determining f i s s i o n  path i s  discussed. 

São investigadas as propriedades da t r a j e t ó r i a  es tá t i ca  (po- 

tenc ia l  mínimo) de f issão. È assinalado que os parâmetros de i né rc ia  a- 

fetam fortemente a t r a j e t ó r i a  de f i ssão  e consequentemente a penetrabi-  

l idade.É d iscut ida  a d i f i cu ldade  em determinar a t r a j e t ó r i a  de f i ssão.  

The most t r a d i t i o n a l  and conventional way o f  ca l cu la t i ng  the 

spontaneous f i s s i o n  p r o b a b i l i t y  i s  t o  apply the WKB approximation along 

a su i t ab le  f i s s i o n  path when the po ten t i a l  surface i s  g iven as a func-
t i o n  o f  c o l l e c t i v e  parameters (one dimensional ca l cu la t i on ) .  However i t  

has been emphasized t h a t  the degrees o f  f reedm which are perpendicular 

t o  f i s s i o n  path are  important even i n  the ad iabat ic  f i s s i o n  process as 

wel1,as i n  the case o f  heavy ion  react ions.  I n  order t o  take these e f -  

f ec t s  i n t o  account, severa1 attempts have been made t o  ca lcu la te  thebar-  

r i  e r  penetrabi 1 i t y  i n more than one dimens i ~ n l - ~ .  Hofmann suggested to 
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apply the formalism o f  sca t te r i ng  theory t o  t r e a t  the t r a n s i t i o n s  o f  sta-  

tes which belong t o  degrees o f  freedom perpendicular t o  the f i s s i o n  path. 

Le t  us w r i t e  the c o l l e c t i v e  Hamiltonian as 

o f  the i n e r t i a  tensor 

t i a l .  

The essent 

. . 
where q l ,  q2 are  c01 1 e c t i v e  coordenates , MZJ the cont ravar i  ant  components 

(M. .), M the determinant o f  M. ., and V the poten- 
23 23 

ia1 po in t  o f  Hofmann's theory i s  t o  int roduce a new 

se t  o f  cmrd inates  

which diagonalizes the i n e r t i a  tensor, and then expand the po teh t i a i  a- 

roung y = 0 .  

I n  the case o f  s t a t i c  f i s s i o n  ( ( a v / a y )  = O f o r  ali r ) ,  
ly=o 

the new coordenates should s a t i s f y d h e  fo l lowing two condi t ions 

and 

Now l e t  ,us choose 



** 
which def ines the s t a t i c  f i s s i o n  path q2 = f ( q l )  . 

Substi t u t i n g  the re la t i ons  

and I 
I ?L,-& 

aql 

i n t o  Eqs. (3)  and (4 )  we ge t  

Equation (7) i s  the d i f f e r e n t i a l  equation which determines the 

s t a t i c  f i s s i o n  path. 

I n  f a c t ,  f o r  the case ~ 1 1  = ~ 2 2  and ~ 1 2  = 0 ,  ~ ~ . ( 7 )  reduces 

to 

whose d i  r e c t i o n  coincides wi t h  grad V .  

**We may choose ymore general ly  a s y  = g ( q 2 - f b 1 ) )  where g ( s )  i s  õn 

a r b i t r a r y  f unc t i on  which s a t i s f i e s  g ( 0 )  = O .  Even i n  t h i s  case the re- 

s u l t  ( ~ ~ . ( 7 ) )  i s  i nva r i an t .  



Equation (7) manifests c l e a r l y  the e f f e c t  o f  i n e r t i a  tensor 

on the s t a t i c  f i s s i o n  path. I t  i s  i n te res t i ng  t o  note tha t  the equation 

does not  have any degree o f  freedom f o r  choosing the i n i t i a l  cond i t ions .  

I n  o ther  words, the i n i  t i a 1  condi t i o n  i s  uniquely determined by the phy- 

s i ca l  requirement t ha t  the minimum po ten t i a l  t r a j e c t o r y  should pass on 

the saddle point ,  s ince otherwise the t ra jec to ry  does not  go over the 

b a r r i e r  from one s ide  t o  the o ther .  

At the saddle po in t  (av/aql = av/aq2 = O), the po ten t i a l  has 

the form 

where q1 and q2 are coordinate values o f  the saddle po in t ,  and a, b , c 
o o 

constants. ( l t  i s  always possib le t o  express the po ten t i a l  i n  the form 

o f  Eq. (8) f o r  a r b i t r a r y  q1 and q2 i f  we l e t  a, b and c be func t ions  of 

q1 and q2 ) .  

Int roduci  ng the new var iab les  

we have 

I n  the l i m i t  o f  E1 + O ,  we should have dE /dc + c / c  so tha t  we get  
2 1 2 1  

a = 
~ ~ ~ ( b  + ca) + ~ ' ~ ( a  + ba) 

~ 0 o ( a  + ba) + kP2(b + cal  

Solving E ~ . ( I o )  w i t h  respect t o  a, we get  



where 

Again i n  the  case o f  i s o t r o p i c  i n e r t i a  tensor  (Ml1 = M ~ ~ ,  M 1 2  

= 1d21 = O ) ,  the d i r e c t i o n  o f  the d e r i v a t i v e s  co inc ides  w i t h  the  p r i n c i -  

p a l  a x i s  o f  t h e  p o t e n t i a l  su r face ,  where the  p o s i t i v e  s i g n  correspondsto 

the  p a t h  which c l imbs  up t h e  p o t e n t i a l  su r face  and t h e  nega t i ve  s i g n  goes 

down a long  t h e  p o t e n t i a l  v a l l e y .  O f  course t h e  l a t t e r  t r a j e c t o r y  i s  o f  

our i n t e r e s t  which connects the saddle p o i n t  and the  minimum o f  t h e  po- 

t e n t i a l  . 
1  can be expanded aga in  i n t h e  Around t h e  minimum, t h e  p o t e n t i a  

f o l l o w i n g  form: 

V = a(q1-q;) + 2 ~ ( ~ ~ - ~ ; )  (q2-q:) 

where q1 and q2 a r e  coord ina tes  o f  the  minimum. The form o f  the  t r a j e c -  
m m 

t o r y  d r a s t i c a i l y  changes around the  minimum depending on t h e  r e l a t i v e  

magnitudes o f  the  c o e f f i c i e n t s  a, $ and y .  I f  the  minimum i s  i s o t r o p i c  ( 6  

= O, a = y) and t h e  i n e r t i a  tensor  i s  n o t  d iagonal ,  then the  t r a j e c t o r y  

forms a  s p i r a l  which f a l l s  i n t o  the  minimum t u r n i n g  i t  around. Such an e- 

xample i s  shown i n  F ig.1,  whose s t a t i c  p o t e n t i a l  pa th  i s  very u n r e a l i s t i c .  

I f  t h e  minimum i s  n o t  i s o t r o p i c ,  the re  e x i s t  aga in  o n l y  two 

p o s s i b l e  d i  r e c t i o n s  o f  the  t r a j e c t o r y  i n t o  the  minimum, i .e. t h e  two p r i  n- 

c i p a l  a x i s  o f  t h e  p o t e n t i a l  su r face .  However t h e r e  a r e  i n f i n i t e l y  degene- 

r a t e d  t r a j e c t o r i e s  t o  these two d i r e c t i o n s  a t  t h e  minimum so t h a t  i t  i s  

n o t  adequate t o  s o l v e  Eq. (9) s t a r t i n g  f rom t h e  minimum. 

I n  F i g .  2 we showed another  example o f  the  t r a j e c t o r y  f o r  the  

1 ic ; :~ ;d  drop p o t e n t i a l  o f  2 4 0 ~ u  g i v e n  by Brack e t  aZ.5. I t  i s  found t h a t  



J3 Fig.1 - Example o f  the  s t a t i c  f i s s i o n  path f o r  the p o t e n t i a l  V = 9 (p - 
t y ) '  -(+z+ 9 y ) 2  ($ x+ 5- A ) .  The minimum o f  t h i s  p o t e n t i a l  t s  loca- 

2  
ted  a t  x,,, = - 9, y, = - -1. The two t r a j e c t o r i e s  correspond t o  the f o l l o -  

2  
' wing i n e r t i a  parameters: case 1: M1I = MZ2 = 1  , M12 = M~~ = O , case 2: 
Ml1 =M22 = 1, ~ 1 2  ~ 2 1  = 0.75.  

the d i f f e r e n t i a l  equation i s  no t  always s tab le  f o r  the numerical procedu- 

r e  near the saddle po in t .  

Hofmann showed t h a t  the degree o f  freedom perpendicular t o t h e  

f i s s i o n  path decreases the p e n e t r a b i l i t y  cmpared t o  the one- dimensional 

ca l cu la t i on  due t o  the t rans i t i ons  among the states which belong t o  t h i s  

degree o f  freedom. l n  add i t i on  t o  t h i s ,  the s t a t i c  f i s s i o n  path definedby 

Eqs. ( 3 )  and (4 )  i s  i n  general much longer than the usual minimum poten- 

t i a 1  path so t h a t  t h i s  a l so  decreases the penetrabi l  i t y .  

Fig.2 - S t a t i c  f i s s i o n  path f o r  2 4 0 ~ u .  The po ten t ia l  surface i s taken  from 

Brack e t  aZ. 5 ,  simulated by the form, ' 

where A, B ,  and C a re  quadrat ic  funct ions o f  c andh  . The i n e r t i a  parame- 

t e r s  f o r  t r a j e c t o r i e s  case 1  and case 2 a re  equal t o  t h a t  o f  Fig.1. 



It should be noted that ,  depending on the i n e r t i a l  parameter, 

the s t a t i c  f i s s i o n  path i n  t h i s  fonnalism i s  not  adequate as seen i n  Fig.  

1 .  Hofmann formulated h i s  theory f o r  the case tha t  the f i ss ion  path does 

not coincides w i t h  the minimum o f  the po ten t i a l .  However, i n  such a case, 

there should be a constant out f low o f  the f l u x  from the path due t o  the 

t rans i t ions ,  so tha t  the concept o f  the f i s s i o n  path becanes somewhat am- 

b i guous . 
Thus i t  i s  q u i t e  d i f f i c u l t  t o  decide the f i s s i o n  path whenthe 

' i ne r t i a  coupl ing i s  very strong, a1 though i n  t h i s  case we expect a consi- 

derable decrease o f  p e n e t r a b i l i t y  canpared t o  the one dimensional calcu- 

l a t i o n .  
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