
Revista Brasileira de Física, Vol. 10, NP 1, 1980 

The Method of Contour Rotations and the Three Particle 
Amplitudes 

JOSE R. BRINATI
Instituto de Física, UFRJ, 27970 Rio de Janeiro, RJ 

and 

GERHARD W. BUND 

Instituto de Física Teórica, São Paulo, SP 

Recebido em 21 de Setembro de 1979 

The app l i ca t i on  o f  the method of contour ro ta t i ons  t o  the 

s o l u t i o n o f  the Faddeev-Lovelace equations and the ca l cu la t i on  o f  the 

break-up and s t r i p p i n g  amplitudes i n  a system o f  three d i s t i n c t  p a r t i -  

c les i s  reviewed. A re la t i onsh ip  between the masses o f  t h e  p a r t i c l e s  

i s  obtained, which permi t s  the break-up ampl i tude t o  be ca lcu la ted from 

a s ing le  i t e r a t i o n  o f  the f i n a l  i n teg ra l  equation. 

Estuda-se a apl icação do método de rotações de contorno à
solução das equações de Faddeev-Lovelace e ao cá lcu lo das ampl i tudes de 

break-up e s t r i p p i n g  num sistema de t rês  par t ícu las  d i s t i n t a s .  Obtém-se

uma relação en t re  as massas das par t ícu las  que permite o cá lcu lo  da am- 

p l  i tude de break-up através de uma única i teração da equação i n teg ra l  f i -  

nal . 

1. INTRODUCTION 

I n  a recent a r t i c l e l  we presented the numerical betweenan 

exact ca l cu la t i on  and the corresponding DWBA f o r  a s t r j p p i n g  re- 

ac t i on  f rom a heavy target ,  leadi  ng t o  a resonance i n  the f i n a l  s ta te .  

I n  t h i s  c a i c u l a t i o n  the exact break-up amplitude was obta i  ned t h r o u g h  



t h e  Lovelace ampl i tudes,  which s a t i s f y  ccupled equat ions o f  t h e  Faddeev 

tY Pe. 

As i s  w e l l  known t h e  Faddeev equat ions g i v e  a mathemati- 

c a l l y  c o r r e c t  f o r m u l a t i o n  o f  t h e  t h r e e  body problem o f  n o n - r e l a t i v i s t i c  

p a r t i c l e s .  However t h e i r  s o l u t i o n  presents d i f f i c u l t i e s  f o r  r e a l  ener-  

g i e s  and momenta, due t o  the  s i n g u l a r i t i e s  which occur ir. t h e  kerne ls  o f  

these equat ions.  

Severa1 m e t h ~ d s ~ ' ~  have been proposed t c  c i rcumvent  these 

d i f f i c u l t i e s .  I f  t h e  p o t e n t i a l  may be represented by separable terms uf 

s imple a n a l y t i c  form, t h e  method o f  contour '  r o t a t i o n 2  has been appl i e d  

w i t h  success,  particular!^ i n  t h e  case o f  i d e n t i c a l  p a r t i c l e s 5 ,  where 

t h e  method becomes s t r a i g h t f o r w a r d .  

Here we g i v e  a rev iew o f  t h i s  method, which we a l s o  used 

i n  our  workl, w i t h  emphasis on i t s  a p p l i c a t i o n  t o  the  c a l c u l a t i o n  o f  

t h e  break-up amp l i tude  i n  t h e  case o f  th ree  c f i s t i n c t  p a r t i c ! e s .  

We s h a l l  n o t  d e r i v e  the  coupled equat ions and the  expres- 

s ions  f o r  the  ampl i tude which can be found elsewhere8, and s h a l l  f u r t h e r  

r e s t r i c t  o u r  s tudy m a i n l y  t o  separable s-wave i n t e r a c t i o n s ,  ment ion ing 

o n l y  b r i e f l y  the  g e n e r a l i z a t i o n  t o  i n t e r a c t i o n s  a c t i n g  i n  o t h e r  p a r t i a 1  

waves . 

I n  s e c t i o n  2 we summarize the  coupled equat ions f o r  t h e  

Lovelace ampl i tudes i n  t e m 5  o f  which t h e  break-up ampl i tude i s  w r i  t t e n  

and s e c t i o n  3 i s  devoted t o  the  s tudy o f  t h e  s i n g u l a r i t i e s  o f  t h e  co r -  

responding k e r n e l s .  i n  s e c t i o n  4 the  a n a l y t i c  c o n t i n u a t i o n  o f  t h e  cou- 

p l e d  equat ions a long a s t r a i g h t  l i n e  i n  t h e  f o u r t h  quadrant i s  p e r f o r -  

med and i n  s e c t i o n  5 t h e  equat ions which g i v e  t h e  Lovelace a m p l  i t u d e s  

f o r  r e a l  momenta i n  terms o f  t h e  corresponding ones f o r  complex momenta 

a r e  discussed. 



2. THE FADDEEV-LOVELACE EQUATIONS AND THE BREAK-UP 
AMPLITUDE 

The system w i t h  which we s h a l l  w o r k ~ c o n s i s t s  o f  t h r e e  sp in -  

less  p a r t i c l e s .  We s h a l l  use the  cen te r  o f  momentum frame; the  momenta 
+ 

o f  the  p a r t i c l e s  i n  t h i s  frame s h a l l  be des ignated by pa, where a  l a -  

b e l s  the p a r t i c l e s ,  a  = 1,2 o r  3.  The p a i r  o f  p a r t i c l e s  ob ta ined  by ex- 

c l u d i n g  the  p a r t i c l e  a  f rom t h e  system s h a l l  a l s o  be denoted by a; thus 
+ 
q, s h a l l  represent  t h e  r e l a t i v e  momentum o f  t h e  p a i r  a. The massof p a r -  

t i c l e  a, t h e  reduced mass o f  t h e  p a i r  a  and t h e  reduced mass o f  p a r t i -  

c!e a  w i t h  respect  t o  the  c.m. o f  t h e  p a i r  cc s h a l l  be des ignated by ma, 

v and ua r e s p e c t i v e l y .  

The two-body i n t e r a c t  ions a r e  o f  the  separable t ype  

3 
For simpl i c i  t y  we s h a l l  assuma S-wave i n t e r a c t i o n s ,  t h a t  i s ,  <q,lga> i s  

+ 
a  f u n c t i o n  ga(qa), depending s o l e l y  on t h e  magnitude o f  qa.  

We s h a l l  a l s o  need t o  assume t h a t  ga i s  an a n a l y t i c  func-  

t i o n  o f  qu, except  f o r  s i n g u l a r i t i e s  on t h e  r e a l  a x i s  such t h a t  q 2  $-c. 
The s i n g u l a r i t i e s  of ga l y i n g  c l o s e s t  t o  t h e  o r i g i n  a r e  thus qa = g b a .  

One example i s  t h e  Yamaguchi p o t e n t i a l  g i v e n  by 

which has poles a t  q = -+ i ba  . 
a  

The two-body 5 - m a t r i x  corresponding t o  the  p o t e n t i a l  ( I )  i s  

w r i  t t e n  

where w i s  the  energy i n  the system o f  the p a i r a  and T i s  g iven8 by 
a  a  

H being the  k i n e t i c  energy opera to r  i n  t h i s  system. 
o a  



The t u n c t i o n  ~ ~ ( w , )  i s  a n a l y t i c  i n  t h e  c u t  w - p lane except  
a 

f o r  a p o l e  a t  t h e  energy - E  , corresponding t o  a bound-state. The func-  
c1 

t i o n s  g and X may a l s o  be nade t o  depend70n w,, i n  which case they a is0 
a a 

have t o  be a n a l y t i c  i n  the  c u t  w,-plane. For  ins tance  i n  r e f  . l  one ob- 

t a i n s  a narrow two body resonance by choosing X2 p r o p o r t i o n a l  t o  1 - E /  

(w,-.;' . 

The exact  ampl i tucie f o r  the  break-up, I n  wl i ich p a r t i r l e s  2 

and 3 form a bound pai  r i n  t h e  ent.rance channel, i s  g i ven8  by 

where X a r e  the Lovelace ampl i tudes which obey t h e  equat ions 
8 

a1  

+ 
I n  eqs. (5) and (6) $; i s  the  momentum oF the incoming p a r t i c l e ,  paand  
-f 
qa, a = 1,2,3, a r e  the  momenta corresponaing r o  the p a r r i c l e s  ir: the  

exi: channel and B t h e  t o t a l  energy o? the  th ree  p a r t i c l e  system. Ftir- 

t h e r  i n  eq.(6),  the  f u n c t i o n  Z i s  g i ven8  by the express ion 
aa 

-> 
za, ( P , , p p  = :I 4 , ~  

-+ + 
where the momenta q 2nd q i  a r e  g ven by t h e  r e l a t l o n s  

+ + -, I 
q 6  = 'p,? "i% J 

I n  eq.(8) the  upper( lowerJ s i g n  app ly  when aBy i s  c y c l i c  ( a n t i c y c l  ;c) 



3. THE INTEGRAL EQUATIBN FOR CQMPLEX MOMENTA 

The Faddeev-Lovelace equations sha l l  not  be studied i n  the 

form given by eq . (6) but  ra ther  through the i  r pa r t  ia1 -wave decomposi t- 

i on 

where 

3 'O 
Here 0 denotes the angle formed by the momenta pa and pl.The func t i on  

a  1 
i n  eq.(9) i s  g iven by an equation anaiogous t o  eq.( lO). ln what f o l -  

Z a ~  
iows i n  t h i s  sec t ion  we sha l l  make an analysis o f  the kernei p'2  . 

L 6 'IB' 

.ZaB o f  the i n teg ra l  e q ~ a t i o n s  (9)  , i n the eomplrx p f -p lave.  
6 

The mapping o f  the s i n g u l a r i t i e s  o f  the func t i on  r B ( w B  ) 

i n t o  tha complex p'-plane are  given through the t ransformat ion 
B 

6 1/2 p $ = ( ( E k r ; l ~ g ! 2 ~ )  . (11) 

Tnis t ransformat ion maps the cu t ,  which coincides w i t h  the p o s i t i v e  w 
B 

ha l f- ax is ,  i n t o  two curves i n  the f i r s t  and t h i r d  quadrants o f  the p ' -  
B 

-plane a+ p l o t t e d  i n  f i g .  1. 

A pole a t  the energy wR = -cB,  associated t o  a  bound-state 
6 does correspond i n  the p f -p lane t o  the po in ts  1(2ii ( W ~ + E  ))'I2 (~'and 

B B 
B-  Jn f i g  . l )  . Rssonance poles a t  energies E - i T / 2  cor,respoiib t o  po in ts  
+ R 
R and R- i n  f i g .1  across :he cu t  i n  the second sheet o f  the va r i ab le  

P; 



F ig  . I  - Singu la r i  t i e s  of  T6(~+in-Pb2/2u6) i n  

curves s t a r t  ing a t  A* = + /2 r iB(~+i r i )  a r e  the 

the comptex p' - plane.  The 
@ +  

cuts,  the points  B and B -  

correspond t o  the  bound-stete pole ,  the points  R+ and R" located ir, the 

second sheet correspond t o  a resonance. 

R 
3.2. Analiticity of ZaB 

From the d e f i n i  t i o n  (7) o f  Zag and f rom eq.(8), the func- 

t i o n  2' i s  w r i t t e n  
aB 

where 

and 



Thq s i n g u l a r i  t i e s  o f  Z' i n  the  p r- p l a n e  a r e  determined by 
a B R 

the  s i n g u l a r i  t i e s  o f  ga and g and by the  zeros o f  RaB-p. We cons i d e r  a 
f i r s t  the  s i n g u l a r i t i e s  o f  ga(qa). Thus the  l o c a t i o n  o f  a p o l e  o f  ga a t  

qi = -b2 wi 11 be transforrned, through replacement o f  q by eq. (8) , i n t o  
a 

I n  t h e  p t -p lane ,  eq.(15) descr ibes two symmetr ical a rcs  BC and B r C t  
8 '  

a c i r c l e  centered a t  the o r i g i n ,  as dep ic ted  i n  f i g .2c ,  where t h e  po 

B i s  g i v e n  here  by B = -v p /m - iba. The l a r g e s t  ang le  by which the  
a a  Y 

p o s i t i v e  h a l f - a x i s  may be r o t a t e d  c l o c k w i s r  around the  o r i g i n ,  w i t h o u t  

meeting any p o i n t  o f  the  curve BC, i s  a r c t g  (m b / v  p ) . I n  add i t i on ,  as 
y a  a a  

qa = -% i s  the  s i n g u l a r i t y  o f  CJ l y i n g  c l o s e s t  t o  t h e  o r i g i n ,  i t  i s  
a 

e a s i l y  seen t h a t  no o t h e r  s i n g u l a r i t y  assoc ia ted  w i t h  g i s  crossed. 

By making an analogous s tudy f o r  gB, one ob ta ins  t h a t  the  

l a r g e s t  ang le  6 ó f  r o t a t i o n  o f  the  p o s i t i v e  h a l f - a x i s ,  such t h a t  no 

s i n g u l a r i t i e r  sBZ' o r i g i n a t i n g  frm s i n g u l a r i t i e s  o f  e i t h e r  g o r  
a R a 

a r e  met, i s  
g~ 

Next consider  the  s i n g u l a r i t i e s  generated by the  zeros o f  

-p i n  eq.(12). F r m  eq. (14) the  equa t ion  f o r  these s i n g u l a r i t i e s  i s  

?. 
F19.2  - BC and B ' C 1  are the  curves of singularity of z , ~ ( ~ , , ~ ~ , E )  i n  the 
pk - plane g iven  by eq. (17); figs.a, b and c correspond to  the  cases 

Pa < ' c t ~ .  Qap pa and pa > respectively. The end pcints B ( B 1 )  
and c ( c ' )  correspond i n  eq. (17), respectively to p = -i and p = +I .  



where -1 s p h +l. I n  t h i s  

s i n g u l a r i t i e s  on t h e  t o t a l  

case one has a dependence o f  the curves o f  

energy E, As we a r e  c tudy iny  t h e  b reak-up  
-+ 3 

r e a c t i o n s  we have B>O . Ttir momenta p, and q a  c o r r e s  p o n d  i ng t o  

channel s a t i s f y  

p, thus meets the  on-she l l  condi t i o n  i f  

The curves o f  s i n g u l a r i t i e s  g i v e n  by eq.( i7)  w i t h  p, 

t h i  s  

(18) 

(19) 

sub- 

j e c t  t o  c o n d i t i o n  (19) ,  f a l l  i n t o  t h e  f o l l o w i n g  two spparate cases: 

a) P, < &r*@ 

where 

I n  t h i s  case the  curves o f  s i n g u l a r i t i e s  a r e  two l i ~ e  segments, d i ~ p l a -  

ced from t h e  r e a l  a x i s  by a d is tance  o f  the o r d e r  o f  nagni tude o f  TI , 
l o c a l  i zed  i n  t h e  f i  r s t  ãnd t h i  r d  quadrants i n  the  p ' -p lane  as shown i n  

S 
f i g . 2 a .  

The corresponding s i n g u l a r i t i e s  a r e  as shown i n  f i g . 2 b ,  represented by 

two h a l f  c i r c l e s  o í  r a d i u s  

w i t h  c e n t e r  a t  the  o r i g i n ;  each h a l f - c i r c l e  be ing connected t o  tw i i n e  

segments p a r a l l e l  t o  t h e  r e a l  a x i s ,  d i sp laced  from t h e  l a t e r  Sy a d i s -  

tance p r o p o r t i o n a l  r o  r i .  We i n t r o d u c e  f o r  I a t e r  use the  cluant i-  

t y  y a ? p a , ~ )  which g i v e s  t h e  p c s i t i o n  o f  t h e  p c i n t  B i r  f ig .2b ,  



Final  1 y we consider momenta p > Qa, corresponding, f o r  a a 
= 1, t o  the range o f  momenta appropr iate t o  the entrance and sca t te r i ng  

channels and, f o r  a # 1 >  t o  the rearrangernent channels. l h e  curve o f  

s l n g u l a r i t i e s  corresponding t o  eq. (17) are two symmetrical l y  disposed 

arcs o f  c i  r c l e  which do not touch the real  ax is  as shown i n  f i g . 2 ~ .  The 

rnaxirnurn angle 8 by which the real  a x i s  rnay be ro ta ted wi thout  cros- 
B 

sing t h i s  curve i s  g iven by 

We may 

t i n g  eq 

i s o l a t e  i n  z t B  the r i n g u l a r i  t y  corresponding t u  eg.(17), by c a i -  

.(12) i n t o  the f o m  

where & 
R 

i s  the Legendre func t i on  o f  the second k;nd9, def ined by 

whicn has a branch c u t  f o r  rea l  values o f  z I n  the i n t e r v a l  - I  $ z s  + . I .  

By rnaking = R ( p  I )  t h i s  branch cu t  i s  mapped i n t o  the curves i n  the 
ai3 aSP6 

pB-plane depicted i n  f i g . 2 .  

We sha l l  need the a n a l y t i c  cont inuat ion Q( - ) ( z )  of QR(z) a- 
i 

9 
cross t h i s  cu t  i n t o  the lower h a l f  o f  the complex z-plane , 

where P are the Legendre pol inornials. We a lso  def ine  f o r  f u tu re  usethe 
R 

f unc t i on  z(-) '  , w i t h  Q i n  eq.(24) repiaced by & (-1 
a6 R R '  



Before  proceeding we would l i k e  t o  p o i n t  o u t  t h a t  t h e  p re-  

sen t  s tudy may be extended t o  o t h e r  than  s-wave i n t e r a c t i o n s .  Indeed, 

i n  an a p p r o p r i a t e  r e p r e s e n t a t i o n  , one o b t a i  ns coupled equat ions o f  t h e  

t ype  (91, the  k e r n e l s  be ing o f  t h e  same form as those o f  eqs. (12)-(14) 

m u l t i p l i e d  by angu la r  momentum coup l ing  c o e f f i c i e n t s .  Thus, as f a r  as 

o u r  d i s c u s s i o n  i s  concerned, t h e  e f f e c t  o f  t h e  i n t r o d u c t i o n  o f  t h e  ad- 

d i  t i o n a l  angu la r  momentum quantum numbers i s  the increase o f  the  number 

o f  coupled equat ions.  For  d e t a i  1s see f o r  ins tance  eqs . ( l l )  and (22) i n  

re f  .3. 

As a f i n a l  o b s e r v a t i o n  we remark t h a t  the  f u n c t i o n  FaB(Pa, 

p B , R  ) , w h i c h e n t e r s  i n t o t h e d e c o m p o s i f i o n  (24) o f ~ '  i s a n a l y t i c  
a  % aB' 

i n  the  f o u r t h  quadrant o f  t h e  p f - p l a n e .  The s i n g u l a r i  t i e s  o f  
B 

a r e  

ob ta ined  by r e p l a c i n g  p by R (p , p l )  i n  eq. ( 1 5 )  f o r  the s i n g u l a r ;  t i e s  
a6 a % 

o f  ga and i n  t h a  analogous equa t ion  f o r  those o f  g One o b t a i n s  f i x e d  
B' 

s i n g u l a r i t i e s  i n  t h e  f i r s t  and t h i r d  quadrants g i v e n  by 

The above s i n g u l a r i t i e s  a r e  o n l y  apparent s i n g u l a r i t i e s  o f  2' as they 
uB' 

a r e  cance l led  by analogous s i n g u l a r i t i e s  i n  t h e  f i r s t  term i n  eq. (24) .  

They a r e  a1 so nof  r e l e v a n t  tn Z(-)', as they a r e  s i  tua ted  o u t s i d e  o f  the 
aB 

domain o f  the v a r i a b l e s  p and p '  where t h i s  f u n c t i o n  s h a l l  be u t i l i z e d .  
B 

4. THE AMALYTIC CONTINUATION QF THE INTEGRAL EQUATIONS 

I n  s e c t i o n  3 we determined t h e  ! o c a t i o n  o f  t h e  s i n g u i a r i -  

t i e s  o f  t h e  ke rne l  o f  t h e  i n t e g r a l  equat ions (9) I n t h e  complex p r - p l a -  B 
ne f o r  r e a l  va lues o f  pa. We found s i n g u l a r i t i e s  c l o s e  t o  the  r e a l  a x i s  



a t  a d is tance  p r o p o r t i o n a l  t o  n; these s i n g u l a r i t i e s  prevent  a s t r a i g h -  

fo rward  numerical s o l u t i o n  o f  t h e  coupled i n t e g r a l  equat ions.  I n  p a r t i-  

c u l a r ,  i t  has been shown1° t h a t  t h e  k e r n e l  i s  n o t  square i n t e g r a b l e  i n  

t h e  l i m i t  i n  which i s  s e t  equal t o  zero. 

One way which avoids these d i f f i c u l t i e s  i s  achieved by per-  

forming t h e  a n a l y t i c a l  c o n t i n u a t i o n  o f  t h e  i n t e g r a l  equat ions (9) such 

t h a t  t h e  v a r i a b l e s  pa and p'  a r e  b o t h  d e f i n e d  a long  a h a l f - l i n e  i n  the  B 
f o u r t h  quadrant,  s t a r t i n g  a t  t h e  o r i g i n  and making an angle 4 w i t h  the  

p o s i t i v e  h a l f  a x i s .  

The procedure becomes f e a s i b l e  because t h e  s i n g u l a r i t i e s  

assoeiated w i t h  .rB a r e  f i x e d ,  T~ being a n a l y t i c  i n  the f o u r t h  quadrant  
II 

and those o f  ZaB keep moving downward, as the  p o i n t  p i s  s h i f t e d  down- 
C1 

ward i n  t h e  f o u r t h  quadrant .  The curves o f  s i n g u l a r i t i e s  which co r res -  

pond t o  pa i n  the  f o u r t h  quadrant have the  p r o p e r t y  t h a t  they nevercross 

the  h a l f  l i n e  which s t a r t s  a t  t h e  o r i g i n  and passes through p a .  T h i s  

Dehaviour i s  i l l u s t r a t e d  i n  f i g . 3 .  

Thus t h e  s i n g u l a r i t i e s  o f  the  k e r n e l  do n o t  p inch  t h e  path 

o f  i n t e g r a t i o n ,  as t h i s  p a t h  i s  d i s p l a c e d  frorn the  r e a l  a x i s t o h a l f  li- 

ne i n  t h e  f o u r t h  qi iadrant heginning a t  the  o r i g i n .  

T h i s  r o t a t i o n  may be c a r r i e d  on towards l a r g e r  va lues o f  9 

as long as the  p a t h  o f  i n t e g r a t i o n  s tays  i n s i d e  the  doyain where the  
II 

domain where the  f u n c t i o n s  XB1 a r e  a n a l y t i c .  I t has been s h o ~ n ~ , ~ ~ ,  t h a t  

F i g . 3  - Branch cuts of Q Q ( ~ a B ( p a , p ~ ) )  in the pk -plane for complex 
pa. 

P,  = ~ e - ~ @  for increasing values of @. The points B ( B ' )  and c ( c ' )  cor- 

respond respectively to p = - 1  and p = + I  in eq. ( 1 7 ) .  



R 
the  ampl i tudes Xgl a r e  a n a l y t i c  f u n c t i o n s  o f  p' i n  any domain b o u n d e d  

f3 
by the  r e a l  p o s i t i v e  a x i s  and a h a l f  l i n e  i n  t h e  f o u r t h  quadrant,  p ro -  

!L v i d e d  t h a t  the  inhomoçeneous terms Zal (p,,py ,E) a r e  a n a l y t i c  f u n c t i o n s  

o f  p, i n  t h i s  domain. The r e g i o n  o f  a n a l i t l c i t y  o f  t h i s  f u n c t i o n  was 
R 

o b t a i n e d  a l ready  í n  s e c t i o n  3.2, i n  v iew o f  t h e  syrnmetry ZaB!pa, p$, E )  
R 

= Z ~ ~ ( P B , P ~ , E )  . 

Thus, Sy s t a r t i n g  frorn eq.(9) and by per forming t h e  con- 

t o u r  r o t a t i o n  d iscussed above, one o b t a i n s  the  fo ! low ing  s e t  o f  coupled 

equat ions f o r  X' w i t h  complex nornenta 
a:' 

whrre I$ i s  any p o s i t i v e  quan t - i t y  whidh s a t i s f i e s  the i n e q u a l i t y  

where and $lB a r e  g i v e n  by eqs. (16) and (23) r e s p e c t i v e l y .  For an- 

g l e s  @ l a r g e r  than those sbeying ( 3 0 ) .  t h e  p a t h  o f  i n t e g r a t i o n  wou!d 

cross curves o f  s i n g u ! a r i t i e s  o f  X 
n. 
a1 

5. THE CALCULATION OF TME AMPLITUDES ON-SHELL 

The s o l u t i o n  o f  t h e  i n t e g r a l  equat lons (29) g i v e s  us t h e  arn- 
R p l  i tudes X (p, eim,p;) . Oncr these ampl i tudes i r e  o b t a i  ned, orie re-  
a 1 R 

t u r n s  t o  eq.(9) i n  o r d e r  t o  o b t a i n  t h e  ampl i tudes X (P,,Py), w i t h  r e a l  o 1 
mmenta p . The p a t h  o f  i ~ t e g r s t i o r ,  corresponding t o  the  I n t e g r a l  on t h e  

r i g h t  hand s i d e  o f  eq. (9)  i s  now deformed i n t o  a cu rve  i n  the  fou r thqua-  
n. d r a n t  a long which t h e  func t ions  X ( p ' , p ' )  a r e  known by 501ving eqs .(29). 
61 6 1 



I n  order t o  be ab le  t o  perform tnese contour ro ta t ions  m e  
II 

needs t o  determine the s i n g u l a r i t i e s  o: the funceions ZaB f3 Pi2 i n  t:he 

p i  -plane f o r  f i x e d  p . This analysis was al ready performed i n  secttori  3. 
a 

From th is .  study one concludes tha t ,  i n  o rder  t o  avc id  the curves o f  s i n -  

g u l a r i t i e s  o f  2' associated w i t h  ga and gB, the angle i n  eqs. (29) 
aB 

has t o  sa t i s f y ,  besides (301, a l so  the condi t ions 

.wnere$ i s  g iven by eq.(16). 
a B 

With regard t o  the  cu t  o f  t h r  f u n c t i c n  Q (R ) ,  g iven by eq. a aB 
( 1 7 1 ,  we found d i f f e r e n t  types o f  curves, depending on the value o f  pa. 
Thus f o r  ~;a < QaB the func t i on  QII(RaB) i s  ana l y r i c  i n  the f o u r t h  quadrant 

and the path rnay be deformed i n t o  the h a l f  l i n e  defined by the angle 0 .  

For QaB < pa < Qa, the s i n g u l a r i t i e s  shown i n  f ig.2b seem t o  

f o rb id  the deformation o f  the rorrtour o f  i n teg ra t i on  i n t o  the h a l f  l i n e  

niaking an angte $ w i  t h  the rea l  ax i s .  Nevertheless one rney deform the 

path o f  integrat;on, w i thout  changing the value o f  the i n teg ra l  on the 

r i g h t  hand s ide  o f  eq.(9), i f  one makes a detour arouod the ram i f i ca t i on  

po in t  and crosses twice the cu t  o f  the func t i on  Q ~ ( R ~ ~ )  as shown i n  f i g .  

4a. provided tha t  i n  the :ection B C D  o f  the path, QR i s  replaced by i t s  

a n a l y t i c  cont inuat ion  g(-) ( c f  .eq .(26)) across the cu t .  R 

That & i - )  s indeed the required a n a l y t i c  cont inuat ion  canbe 

v e r i f  ied  by performing the mapping o f  the p' -plane i n t o  the R -plane 
B aB 

through eq.(14). The cu t  g iven by eq.(17) i s  mapped i n t o  the l i n e  segment 

w i t h  end po in ts  R = +1 and R = - 1  and the path ABCDE i n  f i g .  4a i s  
a B a B 

mapped i n t o  the curve A ' B ' C ' D ' E '  i n  f i g .  4b thrcugh t h i s  t ransformat ion.  

Thus the a n ã l y t i c  cont inuat ion  i s  as given by eq.(26), namely from above 

the cu t  i n t o  the lower h a l f  o f  the RaB-plane. 

I n  what f o l  lows we shal! qse the ke ine ls  



Fig.4 - I n  f i g .  a the curve ABCDE i s  the defomed contour o f  i n t e g r a t i o n  

appropr iate t o  the case Qaa < p ,  < Q'. F ig .  b represents the rnapping of 

f i g  . a i n t o  the  cornplex Rag  -plane through eq. (14) ; the  l e t t e r s  i r \  f i g  . 
a correspond t o  the dashed ones i n  f i g .  b.  

where Z (-Ia i s  defined by eq. (271, and a l so  the d i scon t /nu i t y  o f  t h e  
a8 

across the cu t  g iven by 

Thus by performing the contour r o t a t i o n  d i  scussed above, eq . (9) becmes 

f o r  Qa, < Pa ' Q~ 

where 



H e r e r  a n d y a B
a r e  g i v e n  by eqs. (21) and (22) respec t i ve ly .The  secorid 

a B 
term i n  eq. (35) i s  t h e  c o n t r i b u t i o n  f rom t h e  s e c t i o n  ABC o f  t h e  p a t h  o f  

i n t e g r a t i o n  i n  f i g .  4a. 

For t h e  cases p 
a < 3,~ and p > ( c f  . s e c t i o n  3.2) , eqs . 

(35) and (36) a r e  v a i  i d ,  p rov ided  one sers  r and y " equal t i  zero.  
aB 

I n  t h e  case pa > Q,, where X' i s  t h e  p a r t i a 1  wave ampl i tudes o f  the  
aB 

e l a s t i c  o r  rearrangement channels, one has t h e  a d d i t i o n a l  c o n d i t i o n  on  @ 

I t shou ld  be observed t h a t  f o r  Qaa < p, <Q' , eq. (3.5) i r  

s t i l l  an i n t e g r a l  equat ion,  s i n c e  t h e  second term requ i res  t h e  knowledge 

< yaB(pa, E) . Hether i  ngton and Schick 2 have o f  X%or r e a l  momenta p' 
8 1 

shown t h a t  eq. (35) may be so lved  s tepwise.  For t h i s  purpose they i n t r o -  

duce the  parameter i za t i o n  

pa = 1 Q" (38) 

and make use o f  t h e  r e l a t i o n s h i p  

R 
Thus i f  one wishes t o  c a l c u l a t e  Xal f o r  p = A ~ Q ~  ,accord ing  

t o  eq. (35) one needs t o  know X' f o r  momenta p' = h Q j  such t h a t  a 1 a 

Now by making use o f  eq. (39) one ge ts  t h a t  X~ < A o .  T h i s  l a s t  inequal  i- 

t y  a l l o w s  t h e  s o l u t i o n  o f  eq. (35) by i n c r e a s i n g  x by smal l  amounts. 

Eq. (35) may a l s o  be conven ien t l y  so lved  by making i t e r a t i o n s  

i n  t h e  amp l i tude  cl. I n  p a r t i c u l a r ,  i f  t h e  masses o f  t h e  p a r t i c l e s  sa- 

t i s f y  t h e  i n e q u a l i t y  g iven  below, one s i n g l e  i t e r a t i o n  o f  eq. (35) i s  

s u f f i c i e n t  f o r  a11 va lues o f  t h e  momenta pa, a = 1,2,3. Th is  means t h a t  

i n  t h e  r i g h t  hand s i d e  o f  eq. (35) xBl may be replaced s imp ly  by fR (p' 
B l  B' 



p;). By s tudy ing  t h e  i t e r a t e d  equa t ion  one f i n d s  t h a t  t h i s  i s  indeed t h e  

case i f  t h e  c o n d i t i o n  

(41 

ho lds  f o r  a11 p' < yaB(p , E ) .  From o u r  s tudy o f  the  f u n c t i o n y a B  i n  sec- 
B a 

t i o n  3.2, i t  w i l l  be seen t h a t  t h e  c o n d i t i o n  (41) i s ,  f o r  p < ga, e q u i -  

v a l e n t  t o  

I n s e r t i n g  the  exp l  i c i  t express ion  (22) f o r  y a B ,  one o b t a i n s  t h a t  eq .(42) 

i s  s a t i s f i e d  p rov ided  t h a t  t h e  masses of t h e  p a r t i c l e s  o b e y  t h e  r e l a -  

t i o n s h i p  

where t h e  masses have been o rdered  accord ing t o  t h e i  r inc reas ing  magni- 

tude 

I n  f i g . 5 ,  where t h e  v a r i a b l e s  a r e  Y2 = ma 
2Ima 1 

a r t d Y 3 = m  / m  wl i ich 
"3 a1 

span t h e  t r i a n g l e  OAC, t h e  hatched area i s  t h e  domain o f  v a i i d i t y  o f  eq. 

(43). The case o f  two equal masses corresponds t o  the  segments OC and CB. 

Thus, i f  two p a r t i c l e s  have the  same mass, one concludes t h a t  one s i n g i e  

i t e i - a t i o n  o f  eq.(35) i s  enough p rov ided  t h a t  t h e  r a t i o  batween the mass 

o f  t h e  t h i  r d  p a r t i c l e s  and t h e  mass o f  the  equal p a r t i c l e s  i s  l a r g e r  t h a ~  

O .4i 42. 

I n  the  r e g i o n  OAE more than one i t e r a t i o n  o f  eq. (35) may be 

necessary, depending on t h e  va lue  o f  t n e  on- she l i  momenta. 

F i n a l l y ,  we summarize the  s teps which a r e  r e q u i r e d  i n  t h e  

l c u l a t i o n  o f  t h e  break-up ampl i tude:  

Thr  coupled i n t e g r a l  equa t ion  (29) a r e  so lved,  the  upper bound on 6 

i n g  g i v e n  by eqs. (30) and (31); 

The break-up ampl i tudes on- she l l  a r e  c a l c u l a t e d  through eqs. (35) 2nd 

(36) by app ly ing  one o f  the metho6s o u t l  ined i n  t h i s  s e c t i o n .  



Fig.5 - The hatched area i s  the domain where the inequal i t y  (43) between 

the masses is satisfied. The var iab le  are Y 2  = ma2/01 and Yj = ma3/mai. 

The t r iang le  OAC corresponds to  Yi < Y 2  < 1 according t o  ( 4 4 ) .  

I n  the ca l cu la t i on  o f  the scat ter ing  o r  s t r i pp ing  amplitudes 

the condi t i o n  (37) on 4 has a lso  t o  be consi dered, however step 2) i s  

simpl i f i e d ,  as the second t e m  o f  eq.(35) i s  absent i n  t h i s  case. 

The authors are g ra te fu l  t o  Dr.R.D.Amado f o r  he lp fu l  discus- 

sions. 
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