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We i n v e s t i g a t e  the dynamical behavior  o f  the  system o f  N 

equal-mass d i s t i n g u i s h a b l e     hard  p a r t i c l e s  con f ined  i n a  one- dimensional 

box of  l e n g t h  R .  The c o l l i s i o n s  a m o n gthe p a r t i c l e s  and the c o l l i s i o n s  

between the  p a r t i c l e  and t h e  w a l l  a r e  assumed t o  be e l a s t i c . By i n t r o d u -

c i n g "Mirror-Image" t rans fo rmat ion  and by u s i n g  d i s t i n g u i s h a b i l i t y  o f  the

p a r t i c l e s ,  we a r e  a b l e  t o  o b t a i n  the  a n a l y t i c a l  s o l u t i o n  i n N e w t o n i a n

sense. We then study t h e  p o s s i b l e  o r d e r i n g  o f  d i f f e r e n t  col l i s i o n s f o r  

N = 2 case. F i n a l l y ,  the  e q u i l i b r i u m  d i s t r i b u t i o n  f u n c t i o n  has been de-

r i v e d  and f rom which some s t a t i s t i c a l  q u a n t i t i e s  have been c a l c u l a t e d .  

Invest igamos o  comportamento dinâmico do sistema de N p a r t í -

c u l a s  duras, d i s t i n g u í v e i s , de mesma massa, den t ro  de uma c a i x a  u n i d i -

mensional de comprimento R. As c o l i s õ e s  e n t r e  as p a r t í c u l a s e  as c o l i -  

sões e n t r e  p a r t í c u l a e  parede são supostas e l á s t i c a s .  I n t r o d u z i n d o  a 

transformação "Espelho-Imagem" e  usando a  d i s t i n g u i b i  i dade das p a r t í c u -  

las ,  nos é poss íve l  o b t e r  a  solução a n a l í t i c a  Newtoniana. Estudamos en- 

t ã o  as ordens poss í ve i s  das c o l i s õ e s  d i f e r e n t e s  para o  caso N = 2. F i -  

nalmente, a  função d i s t r i b u i ç ã o  de e q u i l i b r i o  é  deduzida e  algumas quan-

ti dades e s t a t í s t i c a s  são ca lcu ladas  a t ravés  desta. 

1. INTRODUCTIQN 

I n  e r g o d i c  theoryl ,  we a re  i n t e r e s t e d  i n  t h e  qual i t a t i v e  be- 

h a v i o r  o f  c l a s s i c a l l y  mechanical systems and o f  s imple phys ica l  systems 

(models) , which rnay through 1  i g h t  on some fundamental problems such as 



i r r e v e r s i b i l i t y  i n  s t a t i s t i c a l  mechanics. However, i t  i s  w e l l  knownthat  

no i n d i c a t i o n  o f  how systems approach e q u i l i b r i u m  can be ob ta ined  i n e r -  

godic  theory.  I n  o r d e r  t o  do so, the s o l u t i o n  o f  t h e  system m u s t  be 

known i n  Newtonian sense. I n  t h i s  paper, the Newtonian s o l u t i o n  o f  the  

bounded system o f  N equal-mass d i s t i n g u i s h a b l e  hard  p a r t i c l e s  w i l l  be 

s t u d i e d  w i t h  the  hope t h a t  the  t ime e v o l u t i o n  o f  a g iven i n i t i a l  d i s t r i -  

b u t i o n  f u n c t i o n  can be c a l c u l a t e d  e x p l i c i t l y  i n  the  near  f u t u r e .  

The boundary e f f e c t s  due t o  w a l l s  have been t r e a t e d  w i t h o u t  

any approx imat ion by " M i  r ror - lmage" t rans fo rmat ion .  Therefore,  we f i r s t  

o f  a11 c l a r i f y  the  ideã o f  "Mirror- lmage" method, s tep  by s tep,  i n  Sec- 

t i o n  2 .  In  Sect ion 3,we show t h a t  the mot ion i s  e q u i v a l e n t  t o  a s t r a i o h t  

l i n e  i n  N-dimensional to rus  w i t h  s u i t a b l e  coord ina te  system and we ob- 

t a i n  an a l g o r i t h m  f rom which t h e  p o s i t i o n s  and the v e l o c i t i e s  o f  N e- 

qual-mass d i s t i n g u i s h a b l e  hard p a r t i c l e s  can be determined f rom t h e i  r 

i n i t i a l  values. For N=2 case, the  p o s s i b l e  o r d e r i n g  o f  d i f f e r e n t  c o l l i -  

s ions  o f  an a r b i t r a r y  t r a j e c t o r y  i s  analyzed, bo th  q u a i i t a t i v e l ~  and 

q u a n t i t a t i v e l y ,  I n  Sec t ion  4.  F i n a l l y ,  w i t h  the  h e l p  o f  r e s u l t s  i n  t h e  

prev ious sec t ions ,  we a r e  a b l e  t o  d e r i v e  the  e q u i l i b r i u m  d i s t r i b u t  i o n  

f u n c t i o n  and t o  c a l c u l a t e  some s t a t i s t i c a l  q u a n t i t i e s  i n  Sec t ion  5.  

2. THE MIRROR-IMAGE TRANSFORMATION 

I n  thermodynamics, we u s u a l l y  deal w i t h  t h e  systems h a v i n g  

d e f i n i t e  boundaries ( i n c l u d i n g  impenetrable wal ls).One o f t e n  n e g l e c t s  

t h e  w a l l  forces, e i t h e r  by assuming t h a t  t h e  system has i n f i n i t e  ex ten t ,  

o r  by assuming t h e  s o- c a l l e d  p e r i o d i c  boundary condi t i o n s 2 .  The p e r i o -  

d i c  boundary condi t i o n s  may be regarded as an approximate way o f  dea- 

l i n g  w i t h  t h e  boundary e f f e c t s ,  v a l i d  f o r  the l a r g e  systems ( f o r  which 

t h e  boundary e f f e c t s  a re  l i k e l y  t o  be unimpor tant  anyway). However, t h e  

boundary e f f e c t s  do p l a y  an impor tan t  r o l e  f o r  the systems w i t h  o n l y  a 

few p a r t i c l e s ,  and hence these e f f e c t s  cannot be neg lec ted .  

The p e r i o d i c  

ke care o f  the  h a r d  wal 

We c l a r i f y  t h i s  by cons 

14 

: boundary c o n d i t i o n s  in t roduced  by ~ o r n ~  can t a -  

1 p o t e n t i a l s  complete ly  ( w i t h  no approx imat ion ) .  

i d e r i n g  the s imp les t  conceivable bounded system: 



one h a r d  p a r t i c l e  i n  a  one-dimensional box o f  l eng th  R. The Hami l ton ian 

i s  

where the  w a l l  po ten t  ia1  Vv(q) i s  i n f  i n i  t e  when q = O o r  R and zero  

o therw ise .  From Newton's f i r s t  law, t h i s  hard p a r t i c l e  w i l l  move l i n e -  

a r l y  w i t h  cons tan t  v e l o c i t y  u n t i l  h i t t i n g  t h e  w a l l s ,  and then bounce 

back and f o r t h  between t h e  w a l l s .  By c o n s i d e r i n g  (q (01, " (0 ) )  as the  

i n i t i a l  c o n d i t i o n s ,  the mot ion can be represented by t h e  z i g -  zag l i n e  

x O ~ ( x O  = q  (O)), w i t h  a l t e r n a t i n g  s lopes kv(O), as shown i n  F igure  1. 

Fig.1 - The zig-zag motion XoP o f  one hard p a r t i c l e  i n  a one-dirnensimal 

box o f  l eng th  E and i t s  image X o Q  i n  a one-dimensional torus o f  length 

22,, w i t h  the  coordinate from zero through R than back t o  O .  

The b a s i c  idea o f  Born i n  t h a t  we can o b t a i n  e x a c t l y  t h e  sa- 

me mot ion by imagin ing t h a t  whenever the  hard p a r t i c l e  h i t s  t h e  wa l l ,  i t 

s imp ly  passes through 

t i c l e  e n t e r s  the  w a l l  

t i o n .  Th is  can be ach 

t i a l  c o n d i t i o n s  (q(0) 

p a r t i c l e s  w i t h  t h e  i n  

l a t i o n s  ( f o r  the  deta 

t h e  w a l l  and a t  the  same time, another  hard  par -  

w i t h  t h e  same v e l o c i t y  b u t  i n  t h e  oppos i te  d i r e c -  

eved by  r e p l a c i n g  the  hard  p a r t i c l e  w i t h  t h e  i n i -  

"(O)) by an i n f i n i t e  s e t  o f  f r e e l y  moving hard 

t i a l  c o n d i t i o n s  (qn(0), v,(O)). The f o l l o w i n g  re -  

1,  see 6orn3) 



n be ing  any i n t e g e r ,  rnust be s a t i s f i e d .  Here we have assumed t h a t  t h e  

O-th p a r t i c l e  i s  the  o r i g i n a l  p a r t i c l e  o r  q o ( 0 )  = q  (O) and ~ ~ ( 0 )  = ~ ( 0 ) .  

The above r e l a t i o n s  can e a s i l y  be ob ta ined  d i r e c t l y  by c o n s i d e r i n g  t h e  

w a l l s  j u s t  as p e r f e c t  r e f l e c t i n g  m i r r o r s  and by c o l l e c t i n g  a11 t h e  irna- 

ges o f  the  p o i n t  @ (O), ~ ( 0 ) ) .  i n  do ing  so, the Hami 1 t o n i a n  (1) becornes 

and the  i n i t i a l  c o n d i t i o n s  o f  hard p a r t i c l e s  a r e  (q,(O), ",(O)). Thus 

t h e  w a l l  p o t e n t i a l s  have been rernoved complete ly .  

For l a t e r  conveniencz, we consider  the  w a l l s  as p e r f e c t  m i r -  

r o r s  which r e f l e c t  t h e  coord ina te  system, ins tead  o f  t h e  p o i n t  ( q(O),  

~ ( 0 ) )  as Born does. The c o n f i g u r a t i o n s  space then becornes a  one-dimen- 

s i o n a l  to rus  o f  l e n g t h  21! w i t h  t h e  coord ina te  systern, f rom t h e  o r i g i n  

through (1 than back t o  the o r i g i n  ( o r  2&) , as shown i n  F i g u r e  1. Now we 

d e f i n e  the "Mi  r r o r -  lmage" t rans fo rmat  ion  as 

h e r e s  (x)  i s  ze ro  o r  p o s i t i v e  i n t e g e r  and O É r ( x )  d .t , 

q = r ( x )  f o r  s  (x) be ing  even, 

q = R - r ( x )  f o r  s(x)  be ing  odd. 

The Hami 1 ton ian  (1) then becomes a f t e r  the  above " M i  r r o r -  Ima- 

ge" t rans fo r rna t ion  

w i t h  t h e  i n i t i a l  c o n d i t i o n s  ( q ( O ) ,  ~ ( 0 ) ) .  Hence t h e  mot ion i s  a  s t r a i g h t  

l i n e  Xo& as shown i n  F i g u r e  1. More e x p l i c i t l y ,  by s u b s t i t u t i n g  t h e  d i s -  

placernent x ( t )  = q(0) + v ( O ) t  o f  the  hard p a r t i c l e  f o r  x i n  Equat ion (41, 

the  Newtonian s o l u t i o n  can be w r i t t e n  as 



f o r  ; (x( t ) )  be ing  even and o f f ,  respect i 've ly .  The upper and lower s i g n s  

a r e  v a l i d  r e s p e c t i v e l y  f o r  z(t) 3 O and s(t) < 0. 

L e t  us now consi der t h e  bounded system o f  W equal-mass i n d i s -  

t i n g u i s h a b l e  (nor ; - in teract i r ig)  t iard p a r t i c l e s .  We suppose t h a t  the  Hamil-  

ton ian  i s  

and tha: t h e  i n i t i a l  c o n d i t i o n s  o f  t h e  hard  p a r t i c l e s  a r e  (qi(0)) ,viíO)). 

Th is  system has been s t u d i e d  by hobson and ~ o o m i s ~  and cheng5 by us ing  

6 0 t - n ~ ~  p e r i o d i c  c o n d i t i o n s .  Now, we p u t  t h e  above "Mir ror -  lmage" t rar is-  

fo rmat ion  i n t o  m r 2  general form: 

ixil = s(xil% -+ F(X.~) - a < x  < a ,  i 

where ~ ( x . )  i+ zero  o r  p o s i t i v e  i n t e g e r  and O < r ( x . 1  s R, 
2 

qi = r ( x J  f o r  S(X{) be ing  even, 

qi = R - d x . )  f o r  s(xi) be ing  odd 
2 

f o r  each hard p a r t i c l e .  A f t e r  t h i s  "Mirror- lmage" t rans fo rmat ion ,  

Hami 1 ton i an (8) becomes 
N 

P; 
H I ' N  = C  i = ,  2n; 

Therefore,  t h e  mot ion i s  a  s t r a i g h t  l i n e  i n  a 8-dimensional t o r u s  

t h e  c o o r d i n a t e  from the  o r i g i n  through R then back t o  the o r i g i n  (or2R) 

f o r  each dimension. For  the  case N=2, a t y p i c a l  t r a j e c t o r y  i s  shown i n  

F igure  2 ( a ) .  Furthermore, by s u b s t i t u t i n g  the  d i s p l a c e m e n t  x .  (t ) = 
7. 

= qi(0) + vi(0)t o f  each hard p a r t i c l e  f o r  xi i n  Equation (9 ) , the  New- 

t o n i a n  s o l u t i o n  can be p u t  i n t o  t h e  f o l l o w i n g  forms: 



(b)  
Fig.2 - (a) A t y p i c a l  t r a j e c t o r y  o f  two ind is t ingu ishab le  and (b) o f  two 

d is t ingu ishab le  hard p a r t i c l e s  i n  a  two-dimensional torus w i t h  -» and - stand f o r  the coordinate axises o f  two hard p a r t i c l e s .  

qi(t) = r ( x 5 ( t ) )  v i ( t )  = .r v$) , 
(12) 

f o r  s ( x . ( t ) )  being even and odd, respect ively.  Here the upper and lower 
Z 

signs are respect ively f o r  xi(t) á O and x . ( t )  < O .  I n  the .next sec- 
Z 

t i o n  we w i l l  use Equations (91, (10) and (12) f o r  the bounded system o f  

N equal-mass d is t ingu ishab le  hard p a r t i c l e s .  

3. THE NEWTONIAN SOLUTION 

For the bounded system o f  N equal-mass d is t ingu ishab le  hard 

p a r t i c l e s  i n  a one-dimensional box o f  length R, the Hamiltonian i s  in 
the fo l lowing formz 



where the hard pai r po ten t i a l  VH(qi;qj) i s  i n f  i n i  t e  f o r  qi > q j  ( i  < j )  

and zero otherwise, and Vv(qi) i s  the wa l l  po ten t i a l .  Here we have as- 

sumed tha t  the hard p a r t i c l e s  are d is t ingu ishab le  and have assigned 

each hard p a r t i c l e  a  p o s i t i v e  in teger  (1 through N) according t o  i t s  

i n i t i a l  p o s i t i o n  qi(0); i < j i f  and only i f  qi(0) 4 qj(0) .  The hard 

p a i r  po ten t i a l  VH(qi,qj) w i l l  keep t h i s  order ing  ( d i ~ t i n ~ u i s h a b i  l i t y )  

f o r  a l l  time t, o r  

A f t e r  the " M i  rror-lmage" transformations (9) and (10) , the Hami 1  tonian 

( 13) then becomes 

Therefore, the wa l l  po ten t i a l s  have been removed cornpletely as we d i d  

before f o r  the bounded system o f  N equa l-mass ind is t ingu ishab le  hai-d 

p a r t i c l e s .  From now on we on ly  have t o  study the e f f e c t s  o f t h e  hard po- 

t e n t i a l  VH'H(qi,qj) o r  the c o l l i s i o n s  amng the hard pa r t i c l es .  I 

I t  i s  we l l  known t h a t  when two equal-mass hard pa r t i c l esco l -  

l i d e ,  the hard p a i r  po ten t i a l  VH(qi,qj) can on ly  exchange t h e i r  ve loc i -  

t i es .  Therefore, t h e i r  m t i o n  w i l l  be s t r a i g h t  l i nes  by exchange t h e i r  

assigned numbers r i g h t  a f t e r  the c o l l i s i o n .  In  other words, we have 

qk = q j  and q '  = qi , i (16) 

where ' stands f o r  the coordinate r i g h t  a f t e r  the c01 1 i s i on .  For l a t e r  

ca lcu la t ions  we achíeve the same goal by exchanging t h e i r  coordinate a- 

xes: We ac tua l l y  d i v i de  the conf igura t ion  space (N-dimensional t o r u s  

having the coordinate from O through R than back t o  O f o r  each dimen- 
N 

sion) i n t o  2 (N!) regions (see next  section) by the c o l l i s i o n  surface 

s = { ( q  N 1,q2, ..., qN) 1 a t  leas t  two o f  qi are equal o r  a t  leas t  one 

o f  qi i s  zero o r  R ( i  = 1,2, ..., N)). Actua l ly ,  each region represents 



a  rnomentum s t a t e .  Now, i t  can e a s i l y  be seen t h a t  t h e  rnotion o f  our  sys- 

tem i s  a  s t r a i g h t  1 i n e  i n  t h e  c o n f i g u r a t i o n  space mentioned above. For 

the case N = 2, a  t y p i c a l  t r a j e c t o r y  i s  shown i n  F igure  2 ( b ) .  

Wi th  t h e  h e l p  o f  t h e  p rev ious  r e s u l t s ,  we a r e  a b l e  t o  o b t a i n  

the  Newtonian s o l u t i o n ;  the  dvnavic  s t a t e  o f  the  systern can be p r e d i c -  

t e d  f rom i t s  i n i t i a l  s t a t e .  More e x p l i c i t l y ,  g i v i n g  t h e i r  i n i t i a l  va- 

lues, t h e  p o s i t i o n s  and momenta o f  N  equal-mass d i ç t i n g u i s h a b l e  hard  

p a r t i c l e s  f o r  any t ime t can be determined by t h e  f o l l o w i n g  a l g o r i t h m ;  

( 1 )  c a l c u l a t e  the displacement, x;(t) = q.(D) + v,(O)t, f o r  
2 

each hard p a r t i c l e ,  

(2) c a l c u l a t e  t h e  position qi(t) and the v e l o c i t y  vi(*) by  

us ing  Equation (12) f o r  each hard p a r t i c l e ,  

( 3 )  rearrange q . ( t )  ( 2  = 1, 2, . . . , N )  i n  t h e  inc reas ing  o r -  
Z 

der and reass ign  a  new i n t e g e r  i' ( 1  through N )  accord ing  t o  t h i s  new 

o r d e r i n g  (due t o  d i s t i n g u i s h a b i  1  i ty )  , 
(4)  w r i  t e  down the  pos i  t i o n  q ,(-L) and the v e l o c i  t y  o , ( t )  i i 

f o r  each hard  p a r t i c l e .  

I n  p r i n c i p l e ,  we s o l v e  the  problein f o r  any i n t e g e r  U .  From 

p r a c t i c e  p o i n t  o f  view, the  above c a l c u l a t i o n s  can be c a r r i e d  ou t  w i t h -  

o u t  rnuch d i f f i c u l t i e s  f o r  q u i t e  l a r g e  i n t e g e r  fl1, by us ing  the  modern 

e l e c t r o n i c  cornputer. 

4. ANALYSIS OF COLLISIONS FOR N = 2 

I t  i s  w e l l  known t h a t  t h e r e  e x i s t s  another  i n t e g r a l  o f  mot ion 

bes i des t h e  energy 

f o r  Harni l tonian systern ( 1 3 ) .  Equat ion (18) represents f o r  a  (N-1)-dirnen- 

s i o n a l  s u r f a c e  o f  a  E-dirnensional sphere o f  r a d i  us 2 f i N .  I t  can eas fy  
N 

be shown t h a t  t h e  i n t e r s e c t i o n  INn Eu, a t  most con ta ins  2  ( N ! )  p o i n t s  



N 
i n  t h e  s u r f a c e  Eu. I n  o t h e r  words, the re  a r e  a t  most 2 (N!) a1 lowed mo- 

mentum s t a t e s  (depending on t h e  i n i  t i a 1  momentum s t a t e )  . As we a l ready  

know , the con f igu ra  t i ons space becones 

due t o  t h e  hard  p a i r  p o t e n t i a l  VH(qi,qjj. Therefore the mot ion should be 

res t r i c t e d  t o  the  reduced phase space, P = C O (.TN A E#) . More exp l  i - 
N N 

c i t l y ,  the  mot ion i s  a  s t r a i g h t  l i n e  i n  t h e  reduced phase space P 
N' 

For t h e  case N=2, the  i n t e r s e c t i o n  12n c o n s i s t s  o f  e i g h t  

p o i n t s  ( ~ ~ ( 0 )  f v2(0)  a r e  assunied) , labeledf rom 1 through 8 i n  B2 as 

shown i n  F i g u r e  3. Thus t h e  reduced phase space P2  can be represented by 

F i g u r e  4,  i n  which the  i n t e g e r  assigned t o  t h e  reg ion  corresponds t o  t h e  

same momentum s t a t e  as i n  F i g u r e  3. The arrows --ti and -tn stand f o r  

coord ina te  a x e s  o f  ql and q2, r e s p e c t i v e l y .  T h e  t r a j e c t o r y  i s  a  

s t r a i g h t  l i n e  i n  P2 and i t s  i n c l i n a t i o n  depends on t h e  r a t i o  o f  ~ ~ ( 0 )  

and vp(0)  . 
For l a t e r  convenience we c l a s s i f y  t h e  d i f f e r e n t  c o l l i s i o n s  by 

i t s  momentum s t a t e s  b e f o r e  and a f t e r  t h e  c o l l i s i o n .  Thus the  c o l l i s i o n  

ci- (i, j =  1,2, ..., 8) stands f o r  t h e  c o l l i s i o n  w i t h  t h e  momentum s t a t e s  

i ( b e f o r e  c01 1 i s i o n )  and j ( a f t e r  c01 1 i s i o n )  . L e t  us r e s t r i c t  t h e  i n i t i a l  

momentum s t a t e  t o  be s t a t e  1; pl(0) 2 O ( o r  ~ ~ ( 0 )  > O), p2(0) O ( o r  

v2 (0 )  0) and IP2(0)/p1(0) 1 < 1. TO do t h i s  we n o t e  t h a t  we o n l y  con- 

Fig.3 - The energy su r face  I, i n  the  momencun space and the poss ib le  mo- 

rnentum s ta tes  i n  a s i n g l e  t r a j e c t o r y .  
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F i g . 4  - A t y p i c a l  t r a j e c t o r y  w i t h  t h e  i n i t i a l  momentum s t a t e  1 

(- n/4 @ O) i n  t h e  r e d u c e d  p h a s e  s p a c e  P 2 .  

s ide r  the t r a j e c t o r i e s  w i t h  the i n c l i n a t i o n  @ such as - n / 4  < @ $ O ( i n  

the  region I ) ,  which impl ies t h a t  on ly  some o f  the c o l l i s i o n s  ca n 

happen . 

Since the t r a j e c t o r y  i s  a s t r a i g h t  l i n e  as shown i n  Figure 4,  

we have no d i f f i c u l t y t o  determine the c o l l i s i o n  whenever the t r a -  

j ec to ry  h i t s  the c011 i s i o n  l i n e s  (AB, AC, BC, BD, EF and GH) andthe co l-  

l i s i o n  ver t ices  (B, F, G and K ) .  For instance, as the  t r a j e c t o r y  h i t s  

the ver tex  F (o r  G), i t  means tha t  the f i r s t  hard p a r t i c l e  c o l l i d e s  w i t h  

the l e f t  wa l l  when the second hard p a r t i c l e  c o l l i d e s  w i t h  the  r i g t  wa l l .  

The momentum (or  ve loc i  t y )  o f  each hard p a r t i c l e  i s  reversed r i g h t  a f t e r  

the c o l l i s i o n .  Hence the c o l l i s i o n  a t  ver tex  F and G i s  respect ive ly  C5-1 

and C6-2. In  s i m i l l a r  arguments, we can show t h a t  the c o l l i s i o n  a t  ver-  

tex  B and K i s  C3-7 andd C8-4' respect ively.  

A f t e r  c a r e f u l  analysis, the poss ib le  c o l l i s i o n s  and their  

orders i n  a t ra jec to ry  are shown i n  Figure 5 .  There e x i s t  on ly  s ixteen 

d i f f e r e n t  c o l l i s i o n s ,  which i n  t u rn  make ten groups o f  c o l l i s i o n s ;  



F ig .5  - The poss ib le  c o l l i s i o n s  and t h e i r  orders i n  a s ing le  t r a j e c t o r y .  

For the t r a j e c t o r y  w i t h  the i n i t i a l  momentum s t a t e  other than 1 ,  we on ly  

have t o  wa i t  a f i n i t e  t ime u n t i l  i t  reachs the momentum s ta te  1 and ap- 

p l y  the  above resu l t s .  Therefore, the t r a j e c t o r y  can be represented by a 

sequence o f  Go, G1,...,G9 which s a t i s f i e s  the  fo l l ow ing  ru les ;  

( 1 )  Go, G1, G2, G3 and G4 can be f o l  lowed by G4, G5, G6, G7 
and G8, and 

(2) G5, G6, G7, G8 and G can be fo l lowed by G o ,  G1, G2, G3 9 
and Gg. 

According t o  the Jacobi 's theorem6, the motions a r e - R r i o d i c  

o f  per iod  T = 2n!L/ul(0) i f  and only i f  



i s  r a t i o n a l ,  o therw ise ,  t l i e  r ro t ions a r e  e r g o i i c .  I f  t h e  niot ion i s  ergo- 

d i c ,  then t h e  t r a j e c t o r i e s  a r e  dense everywhere i n  t h e  reduced phase spa- 

ce P2 and can pass through t h e  v e r t i c e s  0, c ,  G and K o n l y  once f o r  a11 

t ime t; t h e  corresponding groups o f  c o l l i s i o n s  G3, G5, G c  and G8 can ap- 

pear a t  most once. The c o n d i t i o n s  f o r  the  above mentioned ver tex- passing 

motions a r e  r e s p e c t i v e l y  

f o r  some i n t e g e r s  n and m .  Since t h e  i n i t i a l  p o s i t i o n s  and momrnta sa- 

t i s f i e d  Eqs. (21) and (22 j  a r e  o f  measure zero,  alrnost a11 t r a j e c t o r y  

then can be represented by a  sequence o f  G1,  G2, G4, G 6 ,  G7, G g  which 

s a t i s f i e s  t h e . f o l l o w i n g  r u l e s ;  

(1) G,, G2 and G 4  can be f o l l o w e d  by Gq, G6 and G7, and (2) 

G6, G  and G can be f o l  lawed by G G2 and Gg. 
7 9 

I n  o rder  t o  o b t a i n  Newtonian s o l u t i o n ,  we a l s o  need t o  know 

the  dates o f  a l l  p o s s i b l e  c o l l i s i o n s .  For l a t e r  c a l c u l a t i o n s ,  we now 

c l a s s i f y  t h e  d i f f e r e n t  c o l l i s i o n s  i n  c lasses by t h e i r  c o l l i s i o n  l i n e s  , 
I .e. 

We may consider  t h a t  each c o l l i s i o n  l i n e  i s  a se t  oí p a r í l l l e l  l i n e s  and 

the t r a j e c t o r y  i s  a  s t r a i g h t  l i n e  i n  t h e  reduced phase space P2. There- 

fo re ,  two nearest  c o l l i s i o n  p o i n t s  on each c o l l i s i o n  l i n e  s re  separated 

by equal d i s tance  and equal t ime i n t e r v s l .  I n  o t h e r  words, on t h e  one 

hand, the motion i s  e q u i v a i e n t  t o  a  r o t a t i o n  a long each c o l l i s i o n  l i n e ,  



i l e  on t h e  o t h e r  hand, the  t i m e  i n t e r v a l  between two n e a r e s t c o l l i s i o n s  

the same c l a s s  i s  cons tan t .  Moreover, we have: 

Theorem 1: The t ime i n t e r v a l  between two neares t  c o l l i s i o n s  

the  same c l a s s  i s  equal t o  (a) A t A C  = 2%/(v1 - 2)2,0) (b) b , t g D  

= Z I / ( ~ ~ , ~  + 82,0 ) ,  (C) b t g C  = h t G H  = 2%/v 'and ( d j  A t A B  = A* - - 
1  ,o E F  

= - 2 ~ / v ~ , ~  = v 1  (0) and V = ~ ~ ( 0 ) ) .  
2,o 

Proo f :  I t  i s  ev iden t  from F i g u r e  4 t h a t  t h e  t ime i n t e r v a l  be t -  

ween two neares t  c011 i s i o n s  o f  CBC ( o r  CGH) and o f  CAB ( o r  CEF) a r e  res -  

p e c t i v e l y  equal t o  the  t ime i t  takes f o r  t h e  t r a j e c t o r y  i n  movingthrough 

d i s t a n c e  29. h o r i z o n t a i l y  and v e r t i c a l l y .  Me o b t a i n  t h e  r e s u l t s  (c)  and 

(d) s i n c e  t h e  t r a j e c t o r y  moves wi t h  t h e  v e l o c i  t y  v  ( -v  ) hor i zon-  
120 2,o 

t a l l y  ( v e r t i c a l l y ) .  For two neares t  c o l l i s i o n s  o f  CAC,  we assume P  arid Q 

t o  be t h e  corresponding c o l l i s i o n  p o i n t s .  Drawing t h e  l i n e s  PR//EF and 

QR // GH, we then have PR = m. The t r a j e c t o r y  moves through hor i zon-  
- 

t a l l y  ( t c  the  r i g h t j  and 2L - QR v e r t i c a l l y  (downward) d u r i n g  the  t ime 
- - 

i n t e r v a l  L i tACy o r  V A t  = PR and u2 G t A C  = 2R - QR. We o b t a i n  
l , o  AC ,O 

(a) by e1 i m i n a t i n g  FR and m. Sii-ice AC 1 BD, we can o b t a i n  (b) by r o t a -  

t i n g  the  t r a j e c t o r y  90 deyrees t o  the  1 i n e  PS and by a p p l y i n g  t h e  same 

arguments as we d i d  f o r  u b t a i n i n g  ( a ) .  

Now, we consider  t h e  c o l l i s i o n  l i n e  AC as t h e  s u r f a c e  o f  sec- 

t i o n 7  and i n v e s t i g a t e  t h e  mot ion o f  the p o i n t s  on i t. We then.  have: 

C o r o l l a r y :  The rnotion i s  a  r o t a t i o n  w i t h  angu la r  v e l o c i t y  

around the  c i r c l e  AC. 

Proof:  From Theorem 1 ,  t h e  d is tance  between P and Q can be 

w r i t t e n  as 



2v 
= 2 {' + 2,o + v:,0 + v:,0 

v - v  
1 9 0  290 ("1 , o - ~ * , u ) ~  i"' 

Therefore, Equation (24) has been proved since the circumference o f  the 

c i r c l e  AC i s  2&~, (21r degrees). 

The t r a j e c t o r y  i s  dense everywhere on the c i r c l e  AC i f  and 

only i f  the r a t i o  o f  O and 2 r  i s  i r r a t i o n a l .  From Equation (241, i t  i s  

obvious t h a t t h i s d e p e n d s o n t h e r a t i o o f v  a n d v  B e i n g i r r a t i o n a l  
190 2,o 

o r  not  as we expect. 

Theorem 2. If the motion i s  ergodic, than the p r o b a b i l i t i e s  

of appearing Gi (i = 1,2,4,6,7,9) along the t ra jec to ry  are  

and 

Proof: Let  us draw the l i nes  BB' and G G ' ,  which a re  p a r a l l e l  

t o  the  t r a j e c t o r y .  From Equations (20) we see t h a t  which one o f  G1, G2 
and G w i l l  appear depends on ly  on -t he  c o l l i s i o n  po in t  along AK as shown 

9 
i n  Figure 4. For instance, G wi 11 appear i f the t r a 9 c t o r y  passes through 1 
the po in ts  between the ver t ices  A and G ' .  Since the t r a j e c t o r y  i s  dense 

everywhere along the c i r c l e  AC, the time average i s  equal t o  the ensem- 

b l e  average. In  other words, the probabi 1 i t i e s  o f  G1 Y G2 and Gg depend -- -- 
on m, G'81 and r~. Since AAGG' '- AABB', we get AB/AG = AB'/AG1 and AGI 
= G ' B ' o r  P(G,) = P ( G ~ ) .  From one of Equations (22)(corresponding t o  the 

ver tex  G) , we obtain q (0) = q2(0) = - v ~ , ~ / ( v ~  ,0 -~2 ,0 )  ( n  = 1 and rn = 0 ) 

and AGI r f i q l ( 0 ) .  We then have = fi - (m+ = ( v l y 0  + 

V ~ , ~ ) / ( V ~ , ~  - v ~ , ~ ) .  I t  can e a s i l y  be seen tha t  C and C should ap- 3-4 8- 7 
pear w i t h  exact ly  the same p r o b a b i l i t y ,  o r  p(G4) = P(G9). With s i m i l i a r  





and 

As h ' - + = ,  we h a v e q , q  > =qk>-qrn> f o r  any F and r n ,  thus t h e  p o s i -  
L m 

t i o n s  o f  any two hard  p a r t i c l e s  a r e  s t a t i s t i c a l l y  independent (o r  un- 

c o r r e l a t e )  as we expect .  I f  t h e  i n i t i a l  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  

where Üi and o a r e  r e s p e c t i v e l y  t h e  average v e l o c i  t y  and i t s  s tandard 

d e v i a t i o n  o f  i - t h  hard p a r t i c l e .  The e q u i l i b r i u m  v e l o c i t y  d i s t r i b u t i o n  

f o r  t h e  hard p a i r  p o t e n t i a l  vf1(qi,qj) can o n l y  exchange t h e  v e l o c i t í e s  

among the hard p a r t i c l e s .  Equation (33) means Sauss d i s t r i b u t i o n  w i t h  

t h e  mean v e l o c i t i e s  + Ü b u t  n o t  a  Maxwell d i s t r i b u t i o n .  Hence t h e  po- i 
t e n t i a l s  V ( q  q  ) and vV'W(qi) a r e  n o t  enough t o  o b t a i n  t h e  equi  l i b r i u m  H i' j 
d i s t r i b u t i o n  f u n c t i o n  o f  an i d e a l  gas. Works a re  i n  progress f o r  t h e  

t ime e v o i u t i o n  o f  the d i s t r í b u t i o n  f u n c t i o n .  
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