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Two-photon resonance f luorescence f rom a th ree  l e v e l  system 

i s  s t u d i e d  i n  t h e  presence o f  a second e lec t romagnet i c f i e l d  which cou-. 

p l e s  t h e  two-photon e x c i t e d  s t a t e  resonan t l y  t o  a t h i r d  l e v e l .  Because 

o f  t h i s  coupl i n g  t h e  two-photon resonance spectrum c o n s  i s t s  o f  n i n e  

peaks, i f t h e  second f i e l d  which couples t h e  e x c í t e d  l e v e l  t o  t h e  t h i  r d  

l e v e l  i s absent,  we g e t  t h e  usual f o u r  peak spectrum. 

O espec t ro  da f l u o r e c ê n c i a  de ressonância de do is  fo tons  de 

um sistema de t r ê s  n í v e i s é estudado na presença de um segundo campo e- 

letromagnét i c o que acopla resscnantemente o estado e x c i t a d o  de doi  s - f o -

t o n e aum t e r c e i r o  n í v e l  . Devido a esse acoplamento o espec t ro  ressonan- 

t e  de do is  f o t o n s c o n s i s t e  de nove p i c o s .  Se o segundo campo que acopla 

o n í v e l  e x c i t a d o  ao t e r c e i r o  n í v e l  f o r  des l igado,  obtem-se o usual es-  

p e c t r o  de q u a t r o  p i c o s .  

The problem o f  resonance f luorescence f rom a two l e v e l  atom 

e x c i t e d  resonan t l y  by a s t r c n g  e lec t romagnet i c  f i e l d  has been a s u b j e c t  

o f  much t h e o r e t i c a l  and e ~ ~ e r i m e n t a l ~ ' ~ ~  i n t e r e s t .  The f luo rescen t  

spectrum f rom such a system cons i s t s  o f  a c e n t r a l  peaK a t  t h e  exc i  t a t i o n  

f requency and two symmetr ical l y  p laced  s i  de bands. The problem o f  a two 

- leve1 atom i n t e r a c t i n g  w i t h  a s t r o n g  r a d i a t i o n  f i e l d  whose f r e q u e n c y  

i s  h a l f  t h a t  o f  t h e  t r a n s i t i o n  frequency o f  t h e  system has been s t u d i e d  

recent ly12.  l t i s  shown t h a t  f o r  such a system f luo rescen t  spectrum con- 

s i s t s  o f  f o u r  peaks,centred a t  the  l a s e r ,  tw ice  the  l a s e r  and two o t h e r  

a t  h i g h  and low f requencies which a r e  d e f i n e d  l a t e r  i n  the  paper. 



I n  t h i s  paper we i n v e s t i g a t e  what happens t o  t h e  two-photon 

resonance spectrum when t h e  two-photon e x c i t e d  l e v e l  i s  resonan t l y  cou-  

p l e d  t o  a  t h i r d  l e v e l  by a  s i n g l e  photon. I t  w i l l  be shown t h a t  t h e  

spectrum c o n s i s t s  o f  n i n e  peaks. 

To i n v e s t i g a t e  the  spectrum, we cons ider  a  th ree  l e v e l  a t o m  

whose energy l e v e l  diagram i s  shown i n  t h e  f i g u r e  1. The t r a n s  i t i o n  f r e -  

quency between t h e  f i r s t  two l e v e l s  i s  denoted by w and the  t rans i , -  
1 

t i o n  frequency between the  l e v e l  12> and 13> i s  denoted by w 2 .  The atom 

i s  pumped w i t h  two s t r o n g  l a s e r  beams o f  f requencies w and tob such t h a t  a  
2wa = w1 and wb = w 2 .  The atom i s  s imul taneously  coupled t o  t h e  o t h e r  

modes which a r e  i n i  t i a 1  l y  empty. The Harni 1  t o n i a n  f o r  such a  system can 

be w r i t t e n  as 

+ + + + 
H = ilo ( a a  +a a  ) + % ( a  a  + B  B ) + IiwaBaBa 

1 2 2  3 3  3 3  b b  

+ 
where a .  and a .  a r e  the  Fermion c r e a t i o n  and d e s t r u c t i o n  opera to rs  des- 

Z Z 
c r i b i n g  t h e  e l e c t r o n i c  s t a t e s  o f  t h e  atom i=1,2 ,3;  and these opera to rs  

+ 
obey t h e  Fermi -D i rac  s t a t i s t i c s .  6 .  and B .  a r e  the photon c r e a t i o n  and 

3 3 
d e s t r u c t i o n  opera to rs  f o r  the  l a s e r  and t h e  f luorescence f i e l d  j = a ,  b 

and k .  A1,  A 2 ,  Blk and B2k a r e  the  usual imaginary coupl i n g  c o n s t a n t s  

f o r  the  r a d i a t i o n  and t h e  atomic system. I n  e q . ( l )  we have adopted t h e  
+ + + 

r o t a t i  ng wave approx imat ion ( n e g l e c t i n ç  e  .g . , terms 1  i ke a l a 2 ~ k - a 2 a l ~ k f .  

Fig.1  - Three-leve1 system with two laser field of frequencies a and % 
respectively. 



We have a lso  assumed t h a t  leve l  11, does not  couple w i t h  leve l  13> d i -  

r e c t l y .  From now on A w i l l  be taken t o  be u n i t y .  While working w i th  the 

Hamiltonian we take i n t o  account the f a c t  t h a t  n +n +n =1, where ni = 
+ 1 2  3 

= a a are the e lec t ron  number operators. The above r e l a t i o n  emphasi- i i' 
zes the f a c t  t h a t  the atom can on ly  be i n  e i t h e r  o f  the three statesand 

a l l  o ther  states o f  the system are  q u i t e  f a r  away f rom three states o f  

i n t e r e s t .  

We use retarded double-time Green funct ions t o  study the 

f l uorescence spectra. Let  G12 (a) and G23 (w)  represent the Four i e r  t rans-  
+ + + + 

form o f  the Green's funct ions <<a a .a a >> and <<a a ;a a >> respective- 
1 2 '  2 1'- 2 3  3 2  

l y ,  t ha t  i s  

The expectat ion value here i s  taken i n  a product s ta te  o f  a 

monochromatic coherent s t a t e  f o r  each o f  the i n i t i a l l y  o c c u p i e d  f i e l d  

modes and an a r b i t a r y  i n i t i a l  s t a t e  f o r  the three leve l  atom. 

The exci  t a t i o n  spectra due t o  the e lec t ron i c  t r ans i  t ions  1-2 

and 2 6 3  are obtained f rom the imaginary par ts  o f  the Four ier  transforms 

o f  the Green's funct ions G12 and GZ3 respect ively,  thus our problem re-  

duces t o  the determinat ion o f  the Greenls funct ions G12 and G23 from the 

Hamiltonian given i n  eq . ( l ) .  I n  t h i s  paper we are in teres ted on ly  i n  100- 

k ing  a t  the e f f e c t s  o f  coupl ing o f  the two-photon exc i ted  leve l  t o  the 

t h i r d  l eve l  by a s ing le  photon. For t h i s  we need on ly  GI2(w), but  i f  one 

i s  i n te res ted  i n  t he  complete spectra from the system then G ~ ~ ( w )  i s a l s o  

requi red. The proper t ies  o f  the Green's f unc t i on  can be found i n  the l i -. 
t e r a t ~ r e l ~ , ~ ~ .  The equation o f  motion f o r  the Greenls func t i on  i s  g iven 

by 
1 

w < < ~ ( t ) ; ~ ( t ' ) > > ( ~ )  = <[A(t) ; ~ ( t ) ] >  + <<[ ~ ( t )  , H ] ; B ( ~ ~ ) > > ( ~ )  . (2) 

The operatorsA(t)  and ~ ( t ' )  a re  i n  the Heisenberg represen- 

ta t i on ,  the subscr ip t  w and the time argument wi11 be surpres.sed fo rcon-  

venience i n  t h i s  paper. 

Using the Hamiltonian given i n  eq . ( l ) ,  from eq.(2), we get  

the fo l l ow ing  equation o f  motion f o r  eI2(w) 



Since the f luorescence i s  very weak as compared t o  the laser  f i e l d , s o  we 

can make the fo l l ow ing  approximation 

+ 
Now wr i  t i n g  the equation o f  motion f o r  <<Bk;a2al>> and subst i  t u t i n g  i t s  

value back i n t o  eq.(3) we have the f o l  lowing equation, 

where 

8fk( 1 -2n2-n3) -_ = 
2 o - w  +ir k 

and y which appears i n  l a t e r  equations i s  g iven by 
2 

Imaginary par ts  o f  y and y2 are the spontaneous emission probabi 1 i t i e s o f  
1 

leve1 12> and 13> respect ive ly .  

I n  the same approximation, we der ive the fo l l sw ing  equations 

o f  motion 

+ + +  + + + 
ga<<(n2-nl)$a ;a2al>> =-2Al(<<a a B B ;a a >> + <<a a B B ;a a >>) 1 2 a a  2 1  2 l a a  2 1  

+ +  + 
+ A2 <<a2a3BbBa;a2al>> , 

+ + + 
<<a a 6 B ;a a >> = 2 ~  <<(n -n )B  ;a a >> , 92a 2 1 a a  2 1  1 a  2 1 ~ 2 1  

8 



where 

and 

I n  d r i v i n g  t h e  above equat ions we have iised t h e  f o l  l o w i n g  decaupl ing 

schenie 

+ + - t 
<< (n2-n3) 6 B  B ;a2al>> = nb<< (n2-n3) Ba ;a2al>> b b a  

(1 2) 

+ 
where na = < B  B >. The decoupl i n g  scheme o f  eqs. (12) and (13) i s  equi-. a a 
v a l e n t  t o  t h e  Hartree-Fock s e l f  c o n s i s t e n t  f i e l d  approximation14and t h i ç  

i s  expected t o  be v a l i d  i n  the  l i m i t  o f  h i g h  photon d e n s i t i e s ,  when 

Usi ng eqs. ( 5 )  t o  (9) a f t e r  some rearrangement o f  terms, we p u t  equa t ion  

(4)  i n  t h e  f o l l o w i n g  form 



where 

and 
w-w -y 

R = P + A ~ G  a 2 
1 a w-w -y / 2  

1 2  

I f  the  second l a s e r  f i e l d  i s  absent,  t h a t  i s  when = O ,  eq .(12) redu-  

ces t o  

T h i s  i s  e x a c t l y  the  same express ion  f o r  the  Green func-  

t i o n  as i n  re fe rence  12 f o r  the  case o f  two photon resonance f 1 u o r e s  - 
cence. Eq. (15) p r e d i c t s  f o r  the  f luo rescen t  spectrum f o u r  L o r e n t z  i a n  

peaks a t  the  l a s e r  frequency, tw ice  the  l a s e r  f requency and two o t h e r  

peaks a t  w+ and i t  i s  g i v e n  by - 

where na = - ~ A F ~ ,  n a  has the  dimensions o f  the  f requency squared, i t s  

va lue  depends upon the  s t r e n g h t  o f  the  l a s e r  f i e l d  and t h e  o s c i l l a t o r  

s t r e n g h t  o f  t h e  t r a n s i t i o n  invo lved .  

Green f u n c t i o n  i n  eq.(14) incorpora tes  t h e  e f f e c t  o f  the  

coup l ing  o f  t h e  e x c i t e d  l e v e l  t o  a t h i r d  l e v e l  on the  two-photon r e s o -  

nance spectrum. 

I f  one i s  concerned w i t h  t h e  d e t a i l s  o f  t h e  spectrurn,one 

has t o  g e t  t h e  imaginary p a r t  o f  t h e  Green f u n c t i o n  g iven  i n  eq .(14).As 

here we a r e  concerned o n l y  w i t h  tne  number o f  peaks produced from the 

system, o n l y  the  knowledge o f  propagators i s  enough t o  p r e d i c t  the  num- 

ber o f  peaks. The propagators g-l and L - ~  p r e d i c t  f o u r  peaks as rnentio- 
1 



ned above f o r  the  case o f  two-photon resonance f luorescence.These peaks 

a r e  due t o  t h e  i n t e r a c t i o n  o f  l a s e r  f i e l d  o f  frequency w wi t h  t h e  atom. 
a 

The propagators descr ibes two peaks a t  

These two peaks a r e  a consequence o f  t h e  i n t e r f e r e n c e  o f  t h e  second l a -  

s e r  f i e l d  i n t o  the  lower  system corresponding t o  t h e  t r a n s i t i o n  frequen- 
1 

cy  wl. We o b t a i n  t h r e e  more peaks f rom t h e  propagator  R- . 

The l o c a t i o n  o f  the  peaks comes f rom the  s o l u t i o n  o f  t h e  

f o l l o w i n g  c u b i c  equa t ion  

where 

The r o o t s  o f  eq. (16) cannot be pu t  i n t o  a s imp le  form; b u t  t h e  t h r e e  

r o o t s  l i e  w i t h i n  the  l i m i t  o f  w+. - 

So i n  a11 we have n i n e  peaks f rom such a system. I f  we 

s e t  wl=wa t h a t  i s  we have a s i n g l e  photon resonance between t h e  f i r s t  

two l e v e l s  o f  the  atom, the  Green f u n c t i o n  i n  eq.(14) degenerates to  the  

double o p t i c a l  resonance case and i t  g ives  seven peaks f o r  t h e  l o w e r  

p a r t  o f  t h e  spectrum as p r e d i c t e d  i n  recent  s tud ies15-16 .  To my know- 

ledge, no exper imenta l  r e s u l t s  r e l a t e d  t o  t h i s  a r e  a v a i l a b l e ,  b u t  I am 

s u r e  t h a t  t h i s  t h e o r e t i c a l  s tudy w i l l  g i v e n  an i n c e n t i v e  t o  exper iment-  

I i s t s  t o  look f o r  these f requenc ies  i n  t h e  f l u o r e s c e n t  spectrum. 
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