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It i s  shown t h a t  c l ass i ca l  systems w i t h  non- integrable cons- 

t r a i n t s  cannot be der ivab le  from a v a r i a t i o n a l  p r i n c i p l e  w i thout  invo- 

k i ng  subs id ia ry  cond i t ions .  Quant iza t ion  by D i rac ' s  method o r b y  Faddeev 

-Fradkinls modi f ied path i n teg ra l  method i s  there fore  impossible. 

Mostra-se que sistemas c l a s s í c o s com vínculos não in tegráve is  

não podem ser derivados de um p r i n c i p i o  var iac iona l  sem o recurso de con- 

dições subs id iá r ias .  A quantização pe lo  método de D i rac  ou pela versão 

modif icada por Faddeev e Fradkin da i n teg ra l  sobre t r a j e t ó r i a s  torna-se 

portanto imposs i v e l  . 

1. INTRODUCTION 

I f  one analyses the developrnent o f  na tura l  science i n th i scen -  

t u r y  one i r rmd ia te l y  perceives two branches which blossomed i n t o  theo- 

r i e s  o f  na tura l  phenomena w i t h  d i s j o i n t s  domains o f  app l i ca t i ons .  Onthe 

one hand stands quantum theory searching f o r  the fundamental forces o f  

nature and, on the other hand, stands the theory o f  dynamical s y s  tems 

t r y i n g  t o  describe the macroscopic wor ld  t ha t  surrounds us. 

One may place the s t a r t i n g  p o i n t  o f  the development o f  quan- 

tum theory on the quant iza t ion  o f  c l ass i ca l  hamiltonians associated t o  

atomic systems. The success o f  quantum theory fo l lowed q u i c k l y  i n  the 

domain o f  atoms, molecules, c r y s t a l s  and atomic nuc le i .  But, t o  develop 

i t s e l f  i n t o  a cons is ten t  theory o f  nature quantum theory had a l s o  t o  



quant ize the fundamental 

very c lassycal  system. 

For systems wi 

s u l t s  were o f  fundamenta 

e lds  o f  forces and conta in  asympto t ica l ly  e- 

a f i n i t e  number o f  deg rees o f  f reedom two re-  

mportance: ~i r a c ' s '  treatment o f  s ingu lar  

lagrangeans proved that: every cons is ten t  lagrangean gives, by the use o f  

the v a r i a t i o n a l  p r i nc ip le ,  equations o f  motion t h a t  can be put  i n t o  the 

hami l tonian formalism, the s ingu la r  lagrangeans g i v i n g  constra ined ha- 

m i l t o n i a n  systems. The extension o f  Feynman i n t e g r a l s  t o  s i ngu la r  l a -  

grangeans, as proposed by ~ a d d e e v ~  and extended by  F r a  d k i n made 

the programe f o r  quanírization o f  equations o f  motion der ived by theva- 

r i a t i o n a l  p r i n c i p l e  f o rma l l y  we l l  defined. If one might summar i z e  the 

general approach t o  a quantized desc r i p t i on  o f  the fundamental f o r ceso f  

nature one would say t h a t  i t  i s  centered around the ideas o f  model l ing 

w i t h  f i e l d  lagrangeans and the extension o f  Faddeev-Fradkin's f u n c t i -  

onal i n teg ra l  t o  i n f i n i t e  degrees o f  freedom. 

The purpose o f  t h i s  paper i s  t o  ca l1  a t t e n t i o n  t o  the poss i -  

b i l i t y  o f  t heo re t i ca l  development i n  a d i a m e t r i c a l l y  opposed d i r e c t i o n  

t o  the one considered so f a r .  

I f  one would have t r i e d  t o  exp la in  the whole spectrum o f  sys- 

tems, from simple atoms t o  la rge macroscopic ob jec ts  i n i n t e r a c t i o n ,  one 

would apply quantum theory t o  the atoms and c lass i ca l  dynamics t o  the 

macroscopic ob jec ts .  

These opposing descr ip t ions  would no t  be i n  c o n f l i c t  i f  every 

c lass i ca l  macroscopic systems could be der ived as the asymptotic l i m i t  

o f  some quantum system. This i s  c e r t a i n l y  no t  so. We s h a l l  show i n  t h i s  

paper t h a t  the c o n f l i c t  e x i s t s  even i n  the realm o f  newtonianniechanics, 

as i n  the case o f  p a r t i c l e s  moving sub jec t  t o  non- integrable c o n s t r a  - 
i n t s .  

I n  the next  sec t i on  we s h a l l  discuss the s implest  caseof new- 

tonian mechanics w i t h  a non- integrable cons t ra in t :  a p a r t i c l e  i n  th ree 

dimensions sub jec t  t o  a s ing le  cons t ra in t .  I n  sec t i on  3 we general ize 

our r e s u l t s .  I n  sec t ion  4 we discuss an example. I n  sec t ion  5 we argue 

on the i m p o s s i b i l i t y  o f  quant iz ing  such system by any standard method. 



2. THE THREE DIMENSIONAL CASE 

Consider a n o n- r e l a t i v i s t i c  p a r t i c l e  w i t h  mass m and coordina- 

tes  q subject  t o  the ideal  cons t ra in t  g iven by 
i 

summation over repeated indíces beíng meant. 

Eq. (2.1) means t h a t  a t  every i ns tan t  o f  t ime themot iono f  the  

p a r t i c l e  i s  such tha t  t he  possible v i r t u a l  displacements dq2must beper- 
3 

pendicular t o  the vector a w i t h  components a Weshall assume, fromhere 
+ i' 

on, tha t  a i s  a u n i t  vector: 

a.a. = 1 
2 2 

From DIAlembertls p r i n c i p l e  we must have 

e{&< = O 

subject  t o  eq.(2.1) from where we e a s i l y  ob ta in  

mGi = $ 
a.q. = O 
Z 2 

X being a Lagrange m u l t i p l i e r .  

E l iminat ing  X from the above equat ions we ob ta in  f i n a l  

i& + aii aai/aqk)4$k- = 0 

ai;; = O 

as the equations o f  motion, w i t h  X given by 

1 = -m(aai/aqj)c&4j 

Let  us t r y  t o  ob ta in  the same equations from the va r ia t i ona l  

p r i n c i p l e .  



We begin choosing the lagrangean 

where we t r e a t  i, as the f o u r t h  coordinate o f  the p a r t i c l e  

The Euler-Lagrange equations g i ve  

3 .+ -+ 
mq = I a  - Aq r o t  8 

3 + 
We may decompose r o t  a  i n  i t s  two components one p a r a l l e l  t o  a  

3 
and the other i n  the plane perpent icu lar  t o  a. We get  

Therefore eq. (2.7) i s  equivalent  t o  eq. (2.4) i f  and on l y  if 

3 3 
a - r o t  a = 0 (2.9) 

which i s  the i n t e g r a b i l i t y  cond i t ion  f o r  the  const ra in ts  g iven by eq. 

(2.1) .  

We there fore  conclude tha t  the necessary and s u f f i c i e n t  condi-  

t i o n  f o r  the lagrangeari g iven by eq, (2.6) t o  g i ve  the co r rec t  eq.(2.4) 

f o r  the motion o f  the p a r t i c l e  i s  t ha t  the const ra in t ,  g iven byeq.(2.1) 

be in tegrab le .  

This resu l  t stiggests the quest ion i f  some lagrangean, no t  ne- 

cessa r i l y  o f  the form given by eq. (2.6), may g i ve  the co r rec t  equation 

o f  mot ion f o r  non- integrable const ra in ts .  Before cons.idering t h i s  f u n -  

damental quest ion we sha l l  general ize the r e s u l t s  shown i n  t h i s  section. 

3. THE GENERAL CASE 

We now consider a  general i zat  ion o f  the previous resul  t by con- 

s ide r i ng  a  f r e e  p a r t i c l e  moving i n  a  n-dimensional space subject  t o  p 

ideal  cons t ra in t s  ( p  < n-2) o f  the form 



We assume, w i thout  loss o f  general i t y ,  t ha t  the vectors aB are o f  u n i t  

length and l i n e a r l y  independent. 

Newton's equations are  therefore,  from DIAlembertls p r i nc ip le ,  

o f  the form 

where X are the Lagrange m u l t i p l i e r s .  From eqs. (3.1) and (3.2) we 
B 

obta i n 

Let  us consider 

and l e t  us i nves t i ga te  whether the above lagrangean produces, by the  va- 

r i a t i o n a l  p r i n c i p l e ,  Newtonls eq. (3.3).  

l'he Euler1s equations der ived from L are 

I t: i s  easy t o  prove tha t  the condi t i o n  f o r  eq.(?.5) t o  beequi-  

va lent  t o  eq. (3.3) i s  t ha t  the vector  A wi t h  components g iven by 

be a l i n e a r  ccinbination of the vectors aB, t h a t  i s  

WE: now prove t h a t  the condi t i o n  given by eq. (3.7) i s  equiva- 

l e n t  t o  say tha t  the system o f  forms given by eq. (3.1) i s  in tegrab le .  





B doB = 112 ( aaj/aqj - aaj/api) dqj A dqi 

and thus, from eq. (3.8) 

where 

Le t  us ca l1  

R = w1 h w 2  A ... A if 

We have f i n a l l y  

B d w  A a =  0 , B E  1, 2 ,..., p , 

and by Froebeni us ~ h e o r e m ~ ,  the system 

w B  = O , B = 1,2 ,..., p , 

i s  integrable.  

4. AN EXAMPLE 

I n  order t o  make c lea r  the d i f f e rence  o f  the r e s u l t s  o f  the 

newtonian and lagrangean approaches t o  the equation o f  motion, we con- 

s ide r  i n  t h i s  sec t ion  the s implest  case o f  n o n- i n t e g r a b i l i t y  o f  cons- 

t r a i n t s .  kle suppose the cons t ra in t  t o  be given by 

dldq2 + dq3 = 0 (4.1) 

This corresponds t o  have ai g iven by 

a = O, a = q I / ( l  +q:)  'I2 , a = I / ( I + ~ ~ )  
1 2 3 

'I2 (4.2) 

The cond i t ion  o f  i n t e g r a b i l i t y  i s  



everywhere d i f f e r e n t  from zero, e x h i b i t i n g  the non- in teg rab i l i t y  o f  the 

cons t ra in t  g iven by eq. (4.1). 

~ q .  (2.5) take the form (m=l )  

The general so lu t i on  f o r  the above equations can e a s i l y  be 

found 

where 

are the i n i t i a l  p o s i t i o n  and v e l o c i t y  o f  the p a r t i c l e ,  respect ive 

i s  i n te res t i ng  t o  no t i ce  the absence o f  i , ,  f rom eqs. (4.4). This 

l y .  I t  

i s  so 

because the i n i t i a l  cond i t ions  have t o  be consistent  w i t h  t hecons t ra in t  

equation and we have the r e l a t i o n  

f rom where we e1 iminate < f rom the law o f  mot ion. 
3 O 

obta 

mina 

466 

3 

I f  one considers a l l  the t r a j e c t o r i e s  t ha t  s t a r t  from q,, one 

ins  a  surface which i n  our case has i t s  equation given by the e l i -  

t i o n  o f  and 4 2 0  from eq. (4.4). We ob ta in  



Though the motion which s ta r ted  from the p o i n t  qo i s  r e s t r i c t e d  t o  the 
+ 

above surface, t h i s  surface i s  not  an i n t e g r a l  f o r  the cons t ra in t  as a 
3 

i s  perpendicular on ly  t o  the t r a j e c t o r i e s  t h a t  pass through the po in tq ,  

bu t  no t  t o  the whole surface. Suppose we proceed along a p a r t i c u l a r  t r a -  
t 

j e c t o r y  and take another po in t  qo const ruc t ing  the surface o f  the t r a -  
3 

j e c t o r i e s  t ha t  s t a r t  from to. the new surface wi 11 be d i f f e r e n t  from the 

previous one in tercept ing  i t  along the common t r a j e c t o r y  t ha t  connects 
3 ;. 
qo t o  q O .  

Let  us suppose now t h a t  ai% i s  i ntegrable and $(a i s an i n- 

tegra l  o f  the cons t ra in t .  I n  t h i s  case the t r a j e c t o r i e s  t ha t  s t a r t  from 
3 

q  1 i e  on the surface given by 
o 

3 

and the t r a j e c t o r i e s  t h a t  s t a r t  from qo 1 i e  on a s i m i l a r  surface given 

t 
I f  q i s  on the surface given by equation (4.6) then 

and the two surfaces, g iven by eqs. (4.6) and (4.7) are the same. The 

i n t e g r a b i l i t y  o f  the cons t ra in t  decomposes the con f i gu ra t i on  space i n t o  

d i s j o i n t  c!asses o f  points,  each c lass corresponding t o  a surface o f t h e  

form given by eq. (4.6). The dynamics o f  the system i s  fundamentally i n  

a f ou r  d imns iona l  phase space i n  cont ras t  t o  the case o f  non - i n t e g r a -  

b l e  cons t ra in t  where the phase space has necessar i ly  f i v e  dimensions. 

L e t  us consider the equations der 

ven by eq. (2.6) w i t h  the const ra in t  given, 

some a lgebra ic  manipulations we have the f o  

the desc r i p t i on  o f  the motion 

i ved 

aga 

1 low 

from the lagrangean g i -  

in,  by eq. (4.1). A f t e r  

'i ng se t  o f  equat ions f o r  



What i s  important t o  observe i s  t ha t  X s a t i s f i e s  a f i r s t  o r d e r d i f f e r e n -  
+ 

t i a l  equat ion and tha t  the equation f o r  q depends on 1. Thus, by g i v i n g  
+ 

the i n i t i a l  cond i t ions  a t  q, (qol,q ,qo3,401 and ) the mofion o f  
O 2 

the p a r t i c l e  ir s t i l l  undetermined,Ofn con t ras t  t o  what happens i n  new- 

tonian mechanics. The natura l  way t o  f i x  the cond i t ions  fo r  eq. (4  .8) 
i s  by spec i fy ing  the i n i t i a l  and the f i n a l  po in t s  o f  the t r a j e c t o r y .  I n  

t h i s  case, the i n i t i a l  values 4 
0 1 >  q02 

and A , f o r  the v e l o c i t y  and X 
o 

respect ive ly ,  can be chosen f o r  the motion t o  reach the f i n a l  spec i f i ed  

po in t .  I t  i s  i n te res t i ng  t o  observe t h a t  i n  the newtonian case, t h e i n i -  

t i a l  posi t i o n  r e s t r i c t s  the f i n a l  posi t i o n  o f  the t r a j e c t o r y  t o  the sur- 

face given by eq. (4.5) . I n  the lagrángean case t h i s  i s  no t  so and even 

i f  the f i n a l  p o s i t i o n  of the p a r t i c l e  i s  on the surface above, the mo- 

t i o n  i s  very much d i f f e r e n t  from the newtonian dynamics as one can ea- 
-+ 

s i l y  be checked by inspect ing the law o f  motion f o r  q. 

5. CONCLUSIONS 

To quantize a c lass i ca l  system by the general procedures de- 

veloped by Dirac supplemented by Faddeev and Fradkin one has t o  s t a r t  

from a lagrangean tha t  contaihs a11 the dynamical informat ion o f t h e  sys- 

tem, the equations o f  motion being Eu le r ' s  equations der ived from the 

vanishing o f  the f i r s t  v a r i a t i o n  o f  the ac t i on .  To quantize c lass i ca l  

systems w i t h  const ra in ts  one has t o  ob ta in  a lagrangean which gives, by 

the v a r i a t i o n a l  principie, not  on l y  the standard equations o f m t i o n b u t  

a1 so the cons t r a  i n t  equat ions . 



I f  we consider a n o n - r e l a t i v i s t i c  f r ee  p a r t i c l e  subject  t o t h e  

cons t r a  i n t  

then the lagrangean 

gives the co r rec t  equations o f  motion i f  we t r e a t  X as the f o u r t h  coor- 

d ina te  o f  the p a r t i c l e  and i f  w = aidqi i s  completely in tegrab le .  This 

r e s u l t  can e a s i l y  be general ized when the p a r t i c l e  moves i n  a n-dimen- 

s iona l  space wi t h  the const ra in ts  o f  the form given by eq. (5.1) as we 

have done i n  sec t ion  3. Both r e s u l t s  can be f u r t h e r  general ized whenthe 

system conta in  app l ied  forces.  I f  the constra ined motion o f  the p a r t i c l e  

i s  descr i  bed by the lagrangean L (q,g) then, the lagrangean 
O 

gives the co r rec t  equations o f  motion and cons t ra in t  i f  we t r e a t  XB(f3= 

= I  , 2 , .  . . , p )  as addi t ional  coordinates and i f  the system o f  forms 

i s  completely in tegrab le .  I n  case the systems o f  forms i s  notcompletely 

in tegrab le  the Eu ler 's  equations der ived from the lagrangean given by 

eq. (5.2) are not  the cor rec t  equations obtained by D'Alembert1spr inci -  

p l e  which i s  f u l f i l l e d  by every c lass i ca l  systern w i t h  idea l  const ra in ts .  

The quest ion one can  a s k  imrnediately i s  w h e t h e r  there i s a  

more general lagrangean than these considered so f a r  t h a t  reproduces 

the co r rec t  equations o f  motion. Le t  us t r y  t o  answer t h i s  quest ion i n  

the case o f  a p a r t i c l e  ( f r ee )  moving i n  three dimensional eucl ideanspa- 

ce sub jec t  t o  a s ing le  non- integrable cons t ra in t .  We suppose t h a t  there 

i s  a lagrangean def ined i n  a f ou r  dimensional rnanifold t ha t  exh ib i t s the  

co r rec t  equations o f  motion as given by eq. (2.4) . I f  one o f  these equa- 

t i ons  i s  f i r s t  degree i n  der iva t ives ,  the lagrangean i s  necessa r i l ys in -  

gu lar  and i t s  hami l tonian system has cons t ra in t s .  The t o t a l  number o f  

const ra in ts  and gauge condi t i ons  (associated t o  each f i r s t  c lass c o n s-  



t r a i n t )  i s  necessari l y  even (see, f o r  example, ~ r a d k i n '  and therefo-  

re, by the general theorem o f  constra ined hamiltonians,upon e l i m i n a t i o n  

o f  the const ra in ts ,  we end up w i t h  an unconstrained hami l tonian H* w i t h  

phase space o f  d imens ion  2(n-p) , where 2p i s  the t o t a l  number o f  cons- 

t r a i n t s  and gauge condi t ions.  I n  our case, as the phase space of H* has 

t o  conta in  the phase space o f  the system given by eq. (2.4) we conclude 

t h a t  p=l and H* describe the motion o f  a system i n  s i x  dimensional pha- 

se space. Now, the phase space o f  the system given by eq. (2.4) hasonly 

f i v e  dimensions and, therefore,  i t  must be constrained i n  a f i v e  dimen- 

s iona l  manifold o f  the space o f  H*. Le t  us assume t h i s  mani fo ld t o  be 

given by the equation 

x(p*,q*) = 0 

Because the system under considerat ion does not  move out  o f  t h i s  mani- 

f o l d  we a l so  have 

and i t  fo l lows tha t  x i s  a cons t ra in t  f o r  the system d e s c r i  bed  by H* 

which, by construct ion,  i s  uncostrained. As the cont rad ic t ions  camefrom 

the assumption o f  the existence o f  a lagrangean f o r  the system given by 

eq. (2.4) we conclude tha t  i t  i s  impossible t o  const ruc t  a l a g r a n g e a n  

t h a t  completely descri bes the motion o f  a system subject  t o  non-  i n t e -  

grab le  const ra in ts .  

We there fore  conclude tha t  there i s a  fundamental c o n f l i c t  be t -  

ween the quantum desc r i p t i on  o f  the microscopic l eve l  and the c lass i ca l  

desc r i p t i on  a t  the macroscopic l eve l .  This c o n f l i c t  i s  no t  on l y  between 

quantum and c lass i ca l  mechanics but  a l s o  w i t h  t h e t r a d i t i o n a l  methods o f  

doing s t a t i s t i c a l  mechanics which i s  based on the existence o f  a hamil-  

ton ian f o r  the elementary systems subject  t o  s t a t i s t i c a l  ana lys is .  

However, there i s  a d i f f e rence  between the c o n f l i c t  i n  s t a t i s -  

t i c a l  mechanics and quantum theory. S t a t i s t i c a l  mechanics makes use o f  

hami l tonian dynamics on ly  t o  assure the invar iance o f  the d e n s i t y  o f  

phase space. This does not  require,  by i t s e l f ,  t ha t  the c lass i ca l  sys- 

tem be necessar i l y  hami l tonian.  On the o ther  hand, i f  one takes theqwn- 

t i z a t i o n  r u l e  as given by Feynman path i n teg ra l  i n  i t s  hami l tonian form, 



one observes tha t  i t  requires two 

and the Poincaré-Cartan i nva r i an t  

invar ian ts :  the phase space dens i ty  

H d t )  = inva r i an t  

It i s  an important r e s u l t  o f  mechanics5 t h a t  the invar iance o f  

the i n teg ra l  above i s  equivalent  t o  impose t h a t  the system i s  hami l to-  

n ian  what shows once again t h a t  one i s  able t o  quant ize on ly  c l ass i ca l  

hami l tonian systems. 
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