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We propose a new desc r i p t i on  o f  s u p e r f l u i d i t y  based upon the 

f a c t  t h a t  Bogol iubov ¹s theory o f  s u p e r f l u i d i t y  e x h i b i t s  some so f a r  un- 

suspected macroscopic quantum waves (MQws) ,  which have a topo log ica l  na- 

t u re  and trave1 w i t h i n  the f l u i d a t  subsonic v e l o c i t i e s .  I n  the presen- 

ce o f  a MQW, besides the usual phonons, there e x i s t s  a l so  a new type of 

quas i- par t ic les ,  which are bound i n  the wave and have no counterpart  i n  

Bogol iubov's o r i g i n a l  theory. The spectrum o f  these new e x c  i t a t  i o n s  

looks much li ke  the l i qu id  4 ~ e  observed i n  neutron sca t te r i ng  

experiments. To quant ize the bound quas i- par t ic les  we employ the f i e l d  

t heo re t i c  vers ion o f  the Bohr-Somnerfeld quant iza t ion  ru le ,  andalso re-  

s o r t  t o  a v a r i a t  ional  computation. A t  any instantaneous conf i gu r a  t i on 

the MQWs cu t  the condensate i n t o  blocks o f  phase, p rov id ing ,  by analogy 

w i t h  ferromagnetism, a n i ce  explanat ion o f  what could be the X - t rans i -  

t i o n .  A crude estimate o f  the c r i t i c a 1  temperature g ivesTc = 2-4 K. An 

attempt i s  made t o  understand Tiszals two- f l u id  model i n  terms o f  the  

MQWS, and we conjecture tha t  they play an important r o l e  i n  the motion 

o f  second sound. We present a l so  a q u a l i t a t i v e  p red i c t i on  concerning o f  

the behavior o f  the "phonon-roton" peak below 1 .OK,  and propose two ex- 

periments t o  look f o r  MQWs . 
A t e o r i a  da super f lu idez  de Bogoliubov descreve cer tas  ondas 

quant i cas macroscópi cas (U&Ms) de natureza topológ i ca, que se inovem no 

f l u i d o  a velocidades subsônicas e eram,até o presente, desconhecidas. 

Com base nesse fa to ,  propomos uma nova descrição da superfluidez.Na pre- 

sença de uma O@', além dos fonons usuais, e x i s t e  também um novo t i p o  de 

* Dedicated t o  the memory of Nassim Bechara. 



quas i -par t ícu las ,  l igadas á onda, que não têm análogos na teo r i a  o r i g i -  

na 1 de Bogo 1 i ubov. O espectro dessas novas excitações é bastante pare- 

c ido  com o espectro do 4 ~ e  1 íquido, observado através do espalhamento 

de neutrons. Na quanti zação das quas i -par t  i culas 1 igadas, empregamos a 

genera l i zação da regra de quant ização de Bohr-Somnerfeld para teor  ias de 

campos, e além disso recorremos a uma aproximação va r i ac iona l .  Em qual-  

quer configuração instantânea, as O&Ms cortam o condensado em blocos de 

fase, proporcionando assim, uma possível expl icação para a t rans ição h. 

Uma es t imat iva  grosseira da temperatura c r i t i c a  ind ica  que Tc - 2-4 K. 

Procuramos entender o modelo dos dois f l u i dos  de Tisza em termos das 

OQMs, e conjecturamos que elas desempenham um papel importante no movi- 

mento do segundo som. Fazemos tarnb6m uma previsão a respe i to  do compor- 

tamento do p ico  de fonons-rotons abaixo de 1 , O  K, e propomos duas expe- 

r iênc ias para procurar OQNs. 

1. INTRBDUCTION 

Helium I I  i s  one o f  the most f asc ina t i ng  and puzzl ing many- 

-body systemsl. Being made up o f  i den t i ca l  bosons, i t should be amenable 

t o  a f i e l d  t heo re t i c  treatment. Nevertheless, and paradoxical ly ,  thepe- 

cu l  i a r  p roper t ies  o f  1 i qu id  4 ~ e  are ye t  needing a microscopic descr ip-  

t i o n .  

We propose here a new s t ra tegy  t o  solve t h a t  problem. We show 

t h a t  Bogol iubov's theory o f  superf l u i d i t y 2  d isplays some up t o  now un- 

suspected macroscopic quantum waves o f  topo log ica l  nature, which arecoh- 

erent  s ta tes  o f  the f l u i d ,  ineqi i ivalent  t o  the ground s ta te .  

A t  any instantaneous conf igura t ion ,  these waves p a r t i t i o n  the 

condensate i n t o  domains o f  phase, and provide, by analogy w i t h  ferromag- 

netism an explanat ion about what could be the h- t rans i t i on .  

Besides tha t ,  bound w i t h i n  the macroscopic quantum waves, the- 

r e  e x i s t s  a new type o f  exc i t a t i ons ,  d i f f e r e n t  from the o r i g i n a l  Bogo- 

l iubov's phonons, whose spectruin i s  very s i m i l a r  t o  t ha t  o f  l i q u i d  He- 

1 ium. 



I n  1941, t o  exp la in  the Hel ium I I s p e c i f i c  heat data, ~ a n d a u ~  

proposed a parametr izat ion f o r  the f l u i d  elementary exc i t a t i ons .  H i s  

work gave r i s e  t o  the phenomenological theory of supe r f l u i d i t y  which 

accounts f o r  many proper t  ies o f  1 i q u i d  4 ~ e  wi t h i n  the temperature range 

0.8K < T 5 1.8K. Landau's theory was f u r t h e r  developed by h i msel  f , 
~ h a l a t n i k o , ~ ~ , ~  and others6, 19-25. 

The e a r l i e s t  neutron sca t te r i ng  experiments designed t o  look 

fo r  Landau's quas i -par t  i c l e s 7  have found, i n  the energy-momentum plane, 

a cross sec t ion  peak ( the "phonon-roton" peak) near the curve o f  h i s  pa- 

ramet r iza t ion .  On the o ther  hand, more recent measurements8 are now i n -  

d i c a t i n g  tha t  the spectrum of Helium I I i s  a c t u a l l y  much more comp lex  

than t h a t  proposed by him. 

Another important approach t o  s u p e r f l u i d i t y  was 

~ e ~ n m a n ~ ' ~ O  - see a l so  Feynman and cohenll and Feenberg12 

me, the goal was t o  r e l a t e  the quas i- par t ic les  d ispers ion 

the l i q u i d  s t ruc tu re  func t ion .  

i n  1947, when at tempt ing t o  deduce the quantum 

f rom the i 

ambi t i ous  

which was 

and pinesl 

formula ted by 

- i n  t h i s  sche- 

r e l a t i o n  t o  

1 i q u i d  spectrum 

n te rac t i on  between Hel i um atoms, Bogol i ubov2 proposed a more 

p ro jec t :  the microscopic theory o f  s u p e r f  1 u i d  i t y  - theory 

l a t e r  extended by Lee, Huang and yang13, Bel iaev14, Hugenhol t z  

and many 

The fo rmula t ion  o f  Bogoliubovls theory i s  simple, accurateand 

beau t i f u l ,  I n  s p i t e  o f  tha t ,  t h i s  theory i s  s t i l l  r e s i s t i n g  t o  e x h i b i t  

the  more remarkable proper t ies  o f  a super f lu id .  

Our s t ra tegy  i s  j u s t  t o  say tha t  the macroscopic quantum wa- 

ves are  the br idge needed t o  l i n k  the foundations o f  such a theory t o  

the l i q u i d  tielium phenomenology. 

These waves, which we show t o  e x i s t  i n  a la rge c lass o f  non 

r e l a t i v i s t i c  bosonic r n ~ d e l s ~ ~ ,  w i l l  be s tud ied here i n  the context  o f  the 

A / $ I 4  theory. 

O f  course the  A 1 4 I 4  theory, being no more than a simpl if ied 

model o f  quantum f l u i ds ,  cannot account f o r  a pe r fec t  q u a n t i t a t i v e  des- 



c r i  p t  

simpl 

qu i r e  

ion  o f  Helium I I .  We bel ieve,  however, t ha t  despi te o f  i t s  great  

i c i t y ,  i t  displays a l l  q u a l i t a t i v e  features o f  the rea l  superf lu id.  

I n  t h i s  respect, Bogol iubov himsel f  wrote t ha t  "a1 l we can re-  

from a molecular theory o f  s u p e r f l u i d i t y ,  a t  l eas t  a t  the f i r s t  

stage o f  inves t iga t ion ,  i s  t o  t ~ e  able t o  account f o r  the q u a l i  t a t i v e  

p i c t u r e  o f  t h i s  phenomenon, being based on a  c e r t a i n  s i m p l i f i e d  schemel' 

(Ref .2).  These words are again opportune t o  def ine  the s p i r i  t o f  t h i s  

paper . 
Concerning t o  the equation o f  motion o f  the A )  +I4 theory, the 

macroscopic quantum waves (MQWS) are so lu t ions  of the type: 

W, = v i m  tgh ( mc(x-CV~) ) lexp(-imc2t) , 

I n  t h i s  exp ress ion ,x i s  a p a r t i c u l a r  coordinate, m , p  .and c are respec- 

t i ve1  y  the 4 ~ e  mass, the f l u i d  dens i ty  and the sound v e l o c i t y ,  V i s  a  

rea l  number whose modulus i s  never la rger  than u n i t .  

Wvdescribes a  subsonic coherent pulse moving i n  the conden- 

sate. Re la t i ve l y  t o  the fundamental s ta te  i t s  energy i s  p o s i t i v e .  The 

wave momentum and v e l o c i t y  are opposite, because i t  i s  a  moving p laneof  

low densi ty .  A  MQW has a l so  a  charge o f  topo log ica l  n a t ~ r e * ~ ,  since the 

phases o f  w~(-==) and Wv(+m) are d i f f e r e n t .  Thus, i t  cannot decay i n t o  

elementary exc i t a t i ons  o f  the f l u i d .  

From the knowledge o f  t h i s  wave, i t  i s  na tu ra l  t o  expect t h a t  

more complex so lu t ions ,  corresponding t o  multi-MQWS s ta tes ,  should a l so  

e x i s t .  A t  an instantaneous con f i gu ra t i on  o f  these states, the condensate 

i s  cut  i n t o  blocks of phase (analogous t o  the ferromagnetic doma ins )  

which provide a  simple desc r i p t i on  t o  the A- t rans i t ion .  

By studing the i n f i n i t e s i m a l  f l uc tua t i ons  o f  Wv, we w i l l  show 

that ,  besides the usual phonons, there e x i s t  quas i- par t ic les  which are 

bound i n  the MQWs and have no countepart i n  Bogoliubov's condensate.The 

spectrum o f  these new exc i t a t i ons  i s  q u i t e  s i m i l a r  t o  the spectrum ob- 

served i n  l iqu id  Hel ium by means o f  neutron sca t te r  i ng e ~ ~ e r i m e n t s ~ ~ ~ ~ ' ~ ~ .  

The p lan  o f  t h i s  paper i s  as fo l lows:  



Chapter I  I  i s  a b r i e f  review o f  Bogol iubov's theory. There, 

instead o f  using the cannonical method, we quantize the phonons bymeans 

o f  the f i e l d  t heo re t i c  vers ion o f  the Bohr-Sommerfeld quant iza t ion  ru-  

le30-32.  The reason f o r  t h i s  i s  t ha t  such a semiclassical  method,which 

i s  more transparent than the cannonical one, wi 11 be employed l a t e r  t o  

t r e a t  the q i las i -par t ic les  bound i n  the topo log ica l  waves. 

I r i  sect ion  I I I  we study i n  d e t a i l  the MQWs so lu t ions ,  cmpu t -  

ing the morne!ntum and energy they ca r r y  per u n i t  o f  area. 

I n  the present stage o f  our research on s u p e r f l u i d i t y ,  thema- 

j o r  d e f f i c u l t y  we face i s  the const ruc t ion  o f  the topo log ica l  wavessta- 

t i s t i c a l  mec:hanics. This de f ic iency  i n h i b i t s  a more prec ise  exp lo ra t i on  

o f  the phenomenological imp l ica t ions  o f  the macroscopic quantum waves 

phenomenon. We are  forced t o  reso r t  very f requent ly  t o  analogies w i t h  

magnetic systems. 

By using these analogies we are able t o  understand what could 

be the nature o f  the X- t rans i t ion ,  and t o  do a very crude est imate o f  

i t s  temperatxre (which gives T = 2-4K) . We a l so  attempt t o  understand 
C 

Tisza's two- f l u i d  r n ~ d e l ~ ~ i n  terms o f  theM&Ws,and conjecture tha t  these 

waves may have much t o  do w i t h  the motion o f  second sound. 

I t  i s  iil chapter I V  t ha t  we study the MQWs bound e x c i t a t -  

ions. We f i r s t  w r i t e  t h e i r  equation o f  rnotion and general e x p r e s s i o n s  

f o r  t h e i r  energy and momentum. The quas i - pa r t i c l e  energy and the compo- 

nent o f  i t s  momentum which i s  p a r a l l e l  t o  the MQW v e l o c i t y  are not  good 

quantum numbers t o  charac ter ize  i t s  s ta te .  However a l i n e a r  combination 

o f  these quan t i t i es  s t i l l  i s .  

To quantize the bound exc i t a t i ons  we employ again the Bohr- 

-Somrnerfeld ru le .  And t o  f i n d  t h e i r  spectra we use a v a r i a t i o n a l  appro- 

ach, because u n t i l  now on ly  a few exact so lu t ions  o f  the quasi-  p a r t i -  

c les  equation o f  motion are known. The spectrum so obtained i s  then fa-  

ced wi t h  those o f  Woods and and D i e t r i c h  e t  a - ~ . * ~  We advan- 

ce tha t  our resul  t s  are qu i t e  promising. 

The sketch o f  an apparatus t o  look f o r  MQWs i n  Helium I I  i s  

shown i n  chapter V .  



Sect ion V I  i s  l e f t  f o r  conclusions whereas t h r e e  appendices 

complement our ca l cu la t i ons .  

The main ideas o f  our theory o f  s u p e r f l u i d i t y  are a l so  d i s -  

cussed i n  reference 34. 

2. SEMICLASSICAL QUANTIZA.TION OF BOGOLIUBOV'S THEORY 

The matter  o f  t h i s  c:hapter i s  not  new. We present f i r s t  a 

b r i e f  review o f  Bogol i ubov's superf l u i d i  t y  theory2, emphasizi ng, i n  the 

conf i gu ra t i on  space, t ha t  the theory i s  both a specia l  case and 

an approximation f o r  i t .  

The condensate exc i t a t i ons  are  quantized by rneans o f  t h e f i e l d  

t heo re t i c  vers ion  o f  the Bohr-Sonmerfeld quant iza t ion  r u l e .  I n  sec t ion  

IV we sha 

t i c l e s  o f  

procedure 

1 employ such a semiclassical  method t o  t r e a t  the quasi-par-  

the M Q W s ,  because i t i s  more transparent than the cannonical 

That i s  the reason For using t h i s  r u l e  here too. 

The cannonical fo rmula t ion  o f  the macroscopic quantum waves 

problem w i l l  be s tud ied i n  a separate pub l i ca t i on .  

-+ 
Let  us consider the " ~ e  f i e l d  $($) and i t s  rnomentum n(z) = * + 

= i $ (x )  . The microscopic superf l u i d i  t y  theory may be def ined by the 

Hami i tonian2, 35 

f l  = Hkin + Hpot , ( i a )  

being i t s  k i n e t i c  and p o t e n t i a l  par ts  g iven by (m i s  the 4He mass) 

- 1 + * 3 
Hkin - - % I  h$ (2) v2+(T) , ( lb )  

and 

x = f  i&&+*(s?+(3:?(3,*(&3,<Z+?) , 
POt 

( 1 4  

where V($ )  i s  the i n t e r a c t i o n  between any given p a i r  o f  p a r t i c l e ç .  

380 



The equation o f  motion o f  $($) w i l l  be 

a) The role of the A Theory 

When ~ ( 3  = A&($) i t i s  obvious tha t  the model def  ined above 

turns t o  be the ~ 1 4 1 1 4  theory,whose Hami l tonian and equat ion o f  motion 

are  ( take A t o  be p o s i t i v e ) :  

and 

-f 
I n  many cases, however, even when V ( r )  i s  no t  a d e l t a  f u n c t -  

ion, we can use the A I$ l4  theory t o  learn  a l o t  o f  th ings  about the o r i -  

g ina l  model. I f  the p o t e n t i a l  V($)  d isp lays  a c e r t a i n  r e g u l a r i t y 3 6 ,  the 
+ + 

product $*($l;)+(x+r) appearing i n  Eq.(lc) can be expanded i n  $=(r1,r2, 
+ 

r 3 )  around the po in t  x = (xl ,x2,x3) . 

We po in t  ou t  t ha t  an expansion equivalent  t o  t h i s  i s  usua l l y  donein mo-. 

rnenturn s p a ~ e ~ s 3 ~ .  

Plugging t h i s  expanded product i n t o  the expression ofRpot,we 

ob ta in  



where 

n m 
P r = r &  i 2 3 

n! rn! R! 

Whenever V($) has spheri ca l  symmetry - 
t e r a c t i o n  between 4 ~ e  atoms - i e  fo l lows tha t :  

v($) . 

as happens f o r  the i n -  

1) T h z o n l y c o e f f i c i e n t s a  d i f f e r e n t f r o m z e r o  are  those 
nmR 

hav'i ng even i ndi ces n, rn and R .  

2 )  Two c o e f f i c i e n t s  having permuted indices are  equal, i. e., 

a m ~ = a n m ~ x ~ ~  
e tc .  Thus, i n  t h i s  case H can be w r i t t e n  as 

PO t 

Here, X = aooo and g = azo,,. 

Since the i n teg ra l  (i) I&($*($)@(;))~ i s  the f i r s t  term o f  2 
an expansion o f  Hpot, i t  i s  na tura l  t o  expect t ha t  the s o l u t i o n  o f  the 

? , \ ( I 4  theory has, i n  many circunstances, much t o  do w i t h  the model de- 

f ined by V( r )  . A precise s tatement about what c i  rcuns tances are  those 

i s  hard t o  achieve, because they depend s t rong ly  on the shape o f  V ( ? ) .  

There i s  a consensus tha t  they correspond t o  low densi t y  and (or )  t o  a 

weakly i n t e r a c t i n g  bose gas. However, the r e s u l t s  o f  t h i s  paper w i l l  

suggest t h a t  the range of va l  i d i  t y  o f  the ~ 1 4 1 ~  approximation may be 

much more wi de . 

The p o t e n t i a l  between He atoms has a negative t a i  1. ~ o n d o n l ~  

and Lee, Huang and yang13 have shown why an hypothet ic  model, which does 

nof have such a long range a t t r a c t i v e  force ( the ~ 1 4 1 ~  theory, f o r  ins-  

tance) , rnay descr i  be the qual i t a t i v e  features i f  the rea l  f l u i d .  

I n  th rec  dimensions, the theory i s  not renormal i zab le .  

This means tha t  i t  o i i l y  makes sense i f  we work w i t h  acut-off,upon which 

many o f  the proper t ies  o f  the system w i l l  depend: However, i n  t h i s  pa- 

per we sha l l  no t  consider such a c u t - o f f  dependence. For example, the 

change o f  theMQW's energy tha t  is due t o  the quas i- par t ic les  fundamen- 

t a l  s ta te  w i l l  not  be computed here. 



b) Classical Theory 

Before going t o  the  semiclassical  quant iza t ion  o f  the X ( + 1 
t h e o r y ,  i t  i s  important t o  discuss some proper t ies  and resu l t s  o f  i t s  

c l ass i ca l  version. 

Çonsider a system o f  charge 4 def ined i n  a box o f  volume V. 

The fundamental s ta te  o f  such a system has a degeneracy o f  i n -  

f i n i t e  degree. A p a r t i c u l a r  fundamental s t a t e  i s  represented by the  f o l -  

lowing so l i i t i on  o f  Eq. ( 4 ) :  * 

where p i s the cha rge dens i t y  . 

and 8 i s  a rea l  constant i n  the range O < 8 S2.n. Associated wi t h  each va- 

lue  o f  8 ir1 t h i s  range there e x i s t s  a d i f f e r e n t  fundamental s ta te .  O f  

course a l l  them have the same energy 

The so lu t ions  o f  type (8) are usua l ly  c a l l e d  the f l u i d  con- 

densate. 

To simpl i f y  the no ta t i on  i n  many equations tha t  w i l l  f o l  l ow ,  

l e t  us def ine  Q as being the condensate o f  phase zero: 

Phonons are small exc i t a t i ons  o f  the condensate.Tostudy them 

we .represent the f i e l d  i n  the fo l l ow ing  way: 

where e x p ( - i k p t t )  i s  the condensate rnodif ied  by the existence o f  an 

e x c i t a t i o n  ( p l  i s  a constant s l i g h t l y  d i f f e r e n t  from p  = & / V ) ,  and n ,  
the exc i t a t i on ,  i s  orthogonal t o  the condensate wave func t ion .  1.e . :  



We can r e l a t e  p 1  t o  the t o t a l  charge o f  the system 

Plugging g  def ined by liq.(12) i n  the equation o f  motion (41, 

and r e t a i n i n g  on ly  terms up t o  f i r s t  order i n  n, we get  a l i n e a r  equa- 

t i o n  of motion f o r  t h i s  f l u c t u a t i o n  

Note tha t  i t  i s  the same t o  w r i t e  the l a s t  term of the aboveequationas 

Xp' (q*+q) o r  Xp(q*+n), since'p and p '  d i f f e r  on ly  by a term of second 

order i n  n .  

To ob ta in  the Hamiltonian associated w i th . t he  f i e l d  o f  Eq.(12), 

we must i nse r t  t h i s  f i e l d  i n  Eq. (3) .  Taking i n t o  account on ly  terms up 

t o  second order i n  n, and considering the orthogonal i t y  r e l a t i o n  (131, 

i t f o l  lows tha t  

Using now Eq. (14b) t o  e l im ina te  p' i n  terms o f  p ,  we ob ta in  

102 
H g l  = , -  V +H f n l  + o ( T ~ ~ )  . ( 17a) 

Here (X/2) p2V i s the fundamental s t a t e  energy (see E ~ .  ( 1 0 ) )  and Hf T)) i s  

the e x c i t a t i o n  Hamiltonian: 

Combining Eqs. (15) and (17b), we get  the expression fo r  the 

quas i - pa r t i c l e  energy 



Since i s  t ime independent (see Eq. (14a)) , we can s t i  11 

w r i t e  E as 

The momentum tha t  corresponds t o  @ i s  g iven by 

and the t rans la t i ona l  invar iance o f  the condensate wave func t i on  impl ies 

t h a t  

= i j& r,*& . (196) 

I f  $ i s  the wave number, and w the  fo l lowing func t i on  o f  k 

( k = l f f l >  

we can v e r i f y  by d i r e c t  s u b s t i t u t i o n  tha t  

(where A i s  a rea l  constant) i s  a s o l u t i o n  o f  Eq.  (15).  

With the se t  {r$ we can expand any other s o l u t i o n  o f  theclas-  

s i c a l  equation. 

Observe tha t ,  i f  i n  Eq. (21) we change w, w i l l  correspond 

t o  an e x c i t a t i o n  o f  wave number - z. 

C) Quantization and the Quasi-Particles Dispersion Relation 

I n  appendix A, by means o f  the Bohr-Sommerfeld q u a n t i z a t i o n  

ru le ,  we conclude that ,  i f  the amplitude A (see Eq.  (21)) i s  g iven by 



the f i e l d  nj; w i l l  describe the s t a t e  o f  a  s i ng le  quas i - pa r t i c l e .  

Then, using Eq.(22), and plugging r i ~  i n  Eqs . ( l8b) and (19b) 

we compute respect ive ly  the eneryy and the momentum o f  such an elemen- 

t a r y  exci  t a t i on :  

and 

F ina l  l y ,  f rom Eqs. (20) , (23) and (24) we can deduce the we l l  

known d ispers ion  r e l a t i o n  of phorions t h a t  move i n  the Bogol iubov's con- 

densate 

E(p) :: p 11 + 91~'~ 
mhp 

(25) 

The fac t  t ha t  t h i s  r e s u l t  agrees w i t h  the d ispers ion  r e l a t i o n  

deduced through the cannonical quant iza t ion  m e t h ~ d ~ , ~ ~  indicates t h a  t 

our semiclassical scheme works w e l l .  

The func t i on  ~ ( p )  i s  shown i n  f i g u r e  1 .  For small values o f  p ,  

behaves l i k e  a  s t r a i g h t  l i ne ,  

Fig.1 - Dispers ion r e l a t i o n  o f  Bogol iubov's phonons 



where c,  g iven by 

i s  the v e l o c i t y  o f  la rge wave length  phonons on a medium o f  dens i ty  p ,  

which i s a t  absotute zero. Absolute zero because the system considered 

here i s  s o l e l y  the Bogoliubovls condensate p lus  a s ing le  quas i- par t ic le .  

I n  the r e s t  o f  t h i s  paper we sha l l  f requent ly  use Eq.(27) t o  

, e l im ina te  h  i n  terms o f  c. Nevertheless, even when the f l u i d  i s  consi-  

dered a t  a f i n i  t e  temperature we must r e c a l l  t ha t  c re fe rs  t o  the absp- 

l u t e  zero s o m d  ve toc i t y .  

When p i s  very large,  B(P) has the shape o f  a paraboTa: 

3. MACROSCOPIC QUANTUM WAVES 

I n  add i t i on  t o  Bogoliubov's condensate R, the equation o f  mo- 

t i o n  o f  the h 1 $ I 4  theory, 

descr i  bes a l  so a se t  o f  macroscopi c quantum waves (MQWS) , whi ch t rave i  

i n  the f l u i d  a t  subsonic v e l o c i t i e s ,  d i v i d i n g  the condensate i n t o  two 

sectors o f  d i f f e r e n t  phases. These waves a r e  t h e  fundamental ob jec ts  

upon which we intend t o  base a new desc r i p t i on  o f  s u p e r f l u i d i t y .  

I f  x i s  a p a r t i c u l a r  coordinate, and V a rea l  number such tha t  

O <, ( V I  ,< 1, then a macroscopic quantum wave i s  a so lu t  ion of the type 



where 8 i s  an a r b i t r a r y  phase, and y  and 5 are  given by 

v = - ,  

and 

T h i s n e w s o l u t i o n W  i : i a p u l s e t h a t r n o v e s  i n t h e  x -d i rec-  v, 8 
t i on ,  w i t h  v e l o c i t y  cV, i n  a mediurn o f  dens i ty  p. It i s  a coherent s ta-  

t e  o f  the bosonic system. 

When 1 ~ ( > 1 ,  W i s  no longer a s o l u t i o n  o f  Eq. (29). Then, 
v, 8 

s ince c i s  the lowest sound ve loc i t y ,  the MQWs w i l l  be always subsonic. 

To s i m p l i f y  the no ta t i on  we def ine  Wv as being 

= = (V  - i y  tgh y g ) J P  exp(- i  ~ ~ t )  . (31) v v,o 

Sometimes we sha l l  use on ly  W t o  represent a MQW. 

I n  reference (26) we show, i n  a semi-deductive way, how t o  

reach the s o l u t i o n  W by s t a r t i n g  from the equation o f  motion. There, V' 
i t  i s  a l so  shown tha t  theMQWs e x i s t  no t  on ly  i n  the X14I4 theory, bu t  

i n  a la rge c lass  o f  n o n r e l a t i v i s t i c  bosonic models. 

Figure 2 e x h i b i t s  the charge d i s t r i b u t i o n  

I w V l 2 = p  ( I -  y2  1 (32) 
(cosh y d 2  

correspondi ng t o  c e r t a i n  MQWs . Each one o f  these waves i s  a movi ng ra-  

r e f i e d  plane, and the widths o f  the slower ones are  near ly  g iven by A = 

= 2/mc (-1.2 A i f  c re fe rs  t o  the v e l o c i t y  o f  sound i n  Hel ium I I a t  ab- 

so l  u te  zero and normal pressure, and m t o  4 ~ e  mass) . 
Note t h a t  f a r  from the MQW the f l u i d  remains a t  res t .  

A question of semantics: Even being so lu  

sical equation o f  motion o f  a f i e l d  t heo re t i c  model, 

were ca l  l ed  quantwn waves because Eq . (29) i s a nonl 

t i o n s  o f  the c2a.s- 

the funct ions Wv 
inear ~ c h r g d i n ~ e r  



m c ( x - c V t )  

Fig .2  - Charge dens i t y  f o r  th ree d i f f e r e n t  macroscopic quantum waves. 

Equation. I n  other words, from the view po in t  o f  f i r s t  q u a n t  i z a t  i o n  

these waves are quantum objects,  whereas, i n  a second quan t i za t i o n  

scheme, they can be considered t o  be c lass i ca l  ones. 

Before proceed ing i t i s  i n s t r u c t  i ve  t o  poi  n t  ou t  that two among 

the waves (31) were al ready known i n  the l i t e r a t u r e .  One o f  them i s  W 1  
- when V=l ( y = O ) ,  we have 

which means t h a t  W1 i s  simply the fundamental s t a t e  o f  the system. 

The other known s o l u t i o n  i s  Wo (y=l )  

W = -i 6 tgh (mcx) exp ( - i  ~ ~ t )  . 
o 

(34)  

This s t a t i c  MQW shows how the condensate wave func t i on  changes near a 

wa l l  a t  sO 3 7 .  However i t  a l so  can correspond t o  a system wi thout  the  

wa l l ,  where the condensate phase changes from -n/2 t o  +n/2 when we go 

from a half-space t o  the other.  



al Topology 

I f 

an inspect ion o f  the la rge 151 behavior o f  WV gives 

1  im WV = 15 exp i ( & - X p t )  c+-- 
- 
- 

and 

Therefore, a  MQW cuts the condensate i n  two sectors o f  phase the d i f f e -  

rence i n  phase i s  g iven by 26.  This d i f f e rence  i n  phase rernains t ime in -  

dependent even when there e x i s t  quas i- par t ic les  i n  the system, b e i n g i t -  

s e l f  a  charge o f  topological  n a t ~ r e * ~ .  

Figure 3 exh ib i t s  i n  the W-cornplex plane the " t r a j e c t o r i e s  " 

o f  various MQWs when 5 var ies  from -- t o  +a. I n  drawing t h i s  f i g u r e  we 

choose the constant 0 o f  Eq. (30a) t o  be 0 = 6 ,  and the time t o  be t = O .  

F i g . 3  - "T ra jec to r i es "  of var ious macroscopic quantum waves inthew-com- 

p lex  plane when 8=6 and t=O (see Eqs.30). 



I n  subsection C we sha l l  compute the energy o f  a  s ta te  where 

a  MQW e x i s t s .  It i s  la rger  then the energy o f  the condensate 0. Never- 

theless, the decay 

W + n + phonons 

i s  forbidden by topo log ica l  charge conservation. A XQW i s  an s tab le  ob- 

j e c t  because i t s  topology i s  inequivalent  t o  t ha t  of the fundamental 

s ta te .  

b) Mornenturn 

'The momentum o f  a  MQW i s  g iven by 

= -i /& V? w . (37) 

S i  nce W i:j inva r i an t  under t r a n s l a t  ions on the d i  rec t ions  transverse t o  v 
the x - ax is ,  these waves have on ly  l ong i t ud ina l  momentum. 

From now on, we w i l l  pu t  our system w i t h i n  a  pa ra l l e l ep ipedo f  

length L ( i n  the d i r e c t i o n  o f  the MQW1smotion) and transverse sec t ion  

A.  L and A are such tha t  L, h$ >> l/mc, p - l I 3 .  

Pu t t i ng  WV i n  Eq. (37) and i n teg ra t i ng ,  we ob ta in  the l ong i -  

tud i na l momentum 

The momentum i s  opposi te t o  the MQW's v e l o c i t y  because such a  wave cor-  

responds t o  the motion o f  a  pulse which has dens i ty  lower than p ,  and 

so, the mo.tion o f  matter i s  opposi te t o  the  wave motion. 

Now, d i v i d i n g  P by the para l le lep iped transverse sect ion,  we 

get  the mornentum per u n i t  o f  area ca r r i ed  by Wv 

Since i n  our op in ion  the theory has much t o  do w i t h  the 

theory o f  4 ~ e  superf l u i d ,  we may use E q .  (39) t o  estimate the values o f  



P c a r r i e d  by the MQWs t h a t  could e x i s t  i n  t h i s  system. At  1 .OK and nor- 

mal pressure, the 4 ~ e  mass densi t y  i s  0 . I45 g/cm3 38, corresponding t o  

a charge dens i ty  of 

Therefore, when the l i q u i d  s a t i s f i e s  the above condict ions, the maximum 

P i n t e n s i t y  would be 2 . 3 x l 0 - ~  g/cm sec. 

P i s  a very small quant i ty .  That i s  why, we bel ieve,  i n  case 

o f  existence of MQWs, they could not  be observed i n  mechanical exper i -  

ments on l i q u i d  4 ~ e  done u n t i l  now. The shock o f  a t o p o l o g i c a l  wave 

against  a rec ip ien t  wa l l  amounts t o  near ly  the same momentumexchangeas 

tha t  o f  a paper sheet which, having the same transverse dimensions,hits 

the w a l l  w i t h  a v e l o c i t y  o f  10-* cm/sec (w i th  the d i f fe rence t h a t  the 

momenta have oppos i t e  s i  gns) . 

C )  Energy 

To compute the energy ca r r i ed  by the MQWs i s s 1 i g h t 1 y more 

complicated than the ca l cu la t i on  o f  i t s  rnornentum, because i t  i s  neces- 

sary t o  be c a r e f u l l  t o  take away fhe ground s ta te  energy. 

The charge o f  theMQW represented by Wv, and contained w i t h i n  

the volume A L ,  i s  

-+ 
Here s i s  a vector  orthogonal t o  the d i r e c t i o n  o f  the wave motion. 

When t h i s  system o f  charge Q i s  on i t s  own fundamental s ta te  

(o r  when i t  has not  any MQW) i t  i s  described by the wave func t ion  (see 

Eqs. (8) o r  (11)) 



and i t s  eriergy wi 11 be (see Eq. (10)) 

Cornbining Eqs. (41) and (43) i t f o l  lows t h a t  

The energy c a r r i e d  by t h e  MQW i s  t h e  d i f f e r e n c e  between t h e  

energy r e l  a t e d  t o  t h e  wave f u n c t i o n  Wv and t h a t  o f  t h e  fundamental 

s t a t e  

and H{Wv} can be ob ta ined  by i n s e i t i n g  Wv i n t o  Eq .  (3 ) .  T h i s  procedure 

1 eads t o  

E(Y) = L G Z  P i3 A . (46) 

So t h a t ,  t!he e n r r g y  per  un i  t of area c a r r i e d  by the  wave ( E ( Y ) / A )  wi 11 

Fig.4 - Topolog ica l  charçe ( 6 ) ,  momentum and energy per u n i t y  o f a r e a  (P 
and (r) c a r r i e d  by the macroscopic quaritum waves. 





f i g . 5  - (a) sketch o f  aninstantaneous conf igurat ion o f  macroscopic quan- 

tum waves (b) s t ructure  o f  domains o f  a ferromagnetic system. 

Figure 5(a) i s a "photograph" o f  a f l u i d  segment a t  f i n i  t e  tem-  

perature. There we show a t y p i c a l  MQWs conf igura t ion ,  and we can s e e t h e  

blocks o f  phase de l im i ted  by them a t  a f i x e d  i ns tan t  o f  t ime. The angle 

def ined by each arrow and the ho r i zon ta l  l i n e s  gives the phase o f  i t s  

block. 

To implement the s t a t i s t i c a l  mechanics o f  the topo log ica l  wa- 

ves systems ( f o r  s i m p l i c i t y  we are not  consider ing the elementary exc i-  

ta t ions40) ,  i n  the cannonical ensemble f o r  instance, i t i s  necessary t o  

sum over an i n f i n i t e  se t  o f  conf igura t ions .  I n  s p i t e  o f  the waves mo- 

t i on ,  to s m  over the instantaneous configmations i s  erwugh tobuizd up  

the  partition function, s i nce the energy o f  each MQW i s a conserved quan- 

t i t y .  

I n  Figure 5(b) ,  t ha t  represents a cu t  o f  a ferromagnetic ma- 

t e r i a l ,  we show the we l l  known s t ruc tu re  o f  ferromagnetic domains. The 

magnetizatiori  o f  a g iven block po in ts  i n  the d i r e c t i o n  o f  i t s  arrow. 

Jus t  as i n the case o f  topo log ica l  waves, the energy of each 

magnetic blocks con f i gu ra t i on  i s  stored w i t h i n  the boundaries o f  the 

domains. The ferromagnetic system p a r t i t i o n  func t i on  can beobta ined by 

means o f  a sim over a l l  blocks conf igura t ion .  

Figure 5 suggests t h a t  both sums - over MQWs and over rnagnetic 

'conf igurat ions - are operat ions o f  the same m t u r e .  Therefore, q u i t e  

probably, they w i l l  lead ' t o  s i m i l a r  resu l t s .  



This f a c t  expla ins why the f l u i d  should undergo a second order  

phase t r a n s i t i o n ,  s ince t h i s  i s  what happens t o  the magnetic system. 

The 1 i qu id  order paranieter would be given by the s t a t i s t i c a l  
-t 

average o f  the f i e l d  @(x , t )  t ha t  describes the MQWs mot  i o n  

l'he i ndex c stands f o r  conf i gu ra t  ions o f  M&iJs , I' i s the temperature and 

kB the Bol tzmann constant . 

Following s t i l l  more the analogy w i t h  ferromagnetism,weguess 

tha t ,  i f  Tc i s  the f l u i d  c r i t i c a 1  temperature, then 

$(T) = 0, when T > Tc 

and 

$(TI  # 0, when T < Tc . 

I t  i s  even possib le tha t ,  when T < Tc, $(TI could depend on t ime. 

The idea tha t  the condensate wave func t i on  should be the su- 

- per f  l u i d  order pararneter i s  not new". The nove1 t y  we are  proposing i s  

the mechanism tha t  breaks the condensate order,  i.e., the macroscopic 

quantum waves. 

A rougk est imate of the c r i t i c a l !  temperature: the development 

o f  the MQWs s t a t i s t i c a l  i s  a very hard program. I n  what f o l  lows wewi11 

do a crude ca l cu la t í on  o f  the c . r i t i ca1 temperature o f  o u r  systern, t o  

show tha t  i t has the same order o f  magni tude as tha t  o f  the 4 ~ e  ~ - ~ o i n t .  

To t h i s  purpose we reso r t  t o  three s i m p l i f i c a t i o n s :  

( 1 )  The f i r s t  one corisists i n t o  neg lec t ing  the con t r i bu t i on  

o f  elementary exc i t a t i ons .  I n  our s u p e r f l u i d i t y  theory, the A- t rans i -  

t i o n  i s  due t o  the existence o f  MQWs, so tha t ,  t o  d iscard quas i -par t i -  

c les  c e r t a i n l y  w i l l  no t  lead to a severe change i n  the c r i t i c a 1  ternpera- 

t u re  va 1 ue . 



(2:) The second approximation i s  t o  consider an h y p o t h e t  i c a  1 

f l u i d  were on ly  s t a t i c  M?Ws (those f o r  which V=O and y=l)  ex i s t .  Ofcour- 

se t h i s  approximation a l so  does not  change the order ofmagni tude o f t h e  

c r i  t i c a l  temperature. What do we know about the s t a t i c  waves? 'The d i f -  

ference i n  phase between two sectors separated by them i s  2 6(1) = a . 
The energy ptsr uni t o f  area they have i s  

and t h e i r  w id th  A i s  shown i n  f i g u r e  2: 

(3) F i n a l l y ,  we compare the s t a t i c  MQWs f l u i d  w i t h  the  sim- 

p l e  cubic 3-climensional I s i ng  m ~ d e l ~ ~ ,  because f o r  t h i s  model we know an 

approximate r e l a t i o n  i nvo l v ing  o,  A and the c r i t i c a 1  temperature. 

The simple cubic I s i n g  model i s  def ined by the  Hami l tonian 

- J  C SiS 
ij 3 ' 

being (Si = 3. I }  a se t  o f  "spins" on a l a t t i c e  o f  cubic symmetry (each 

s i  t e  has s i x  neigbors), and the sum Zij i s  c a r r i e d  o u t  o v e r  nearest  

neighbors on ly .  The c r i t i c a 1  temperature o f  t h i s  model i s 4 3  

I n f i g u r e  6 i s  shown a segment o f  a boundary surface between 

two blocks o f  opposi te "spins" on the I s i n g  l a t t i c e .  Th is  sur face d i v i -  

des the l a t t i c e  i n t o  two regions of "spins" +1 and - 1 ,  i n  the same way 

tha t  W, d iv ided  the f l u i d  condensate i n t o  sectors o f  wave f u n c t  i o n s  

6 exp(- ihpt)  and -6 e x p ( - i ~ p t )  respect i v e l  y . 
L 

A i s  the distance between two nearest  neighbors o f  the l a t t i -  I 
ce . 

I n  an I s i n g  l a t t i c e  there  e x i s t  th ree types o f  i n te r faces  b e e  

ween blocks o f  "spins" . One o f  them i s  t h a t  o f  f i g u r e  6. I t  i s  such t h a t  

any "spin" belonging t o  the boundary o f  a g iven domain has on l y  one 

neighbor on the o the r  domain, and i t s  w id th  i s  AI. 



. . e  X X X  

. * . X X X  

Fig.6 - Segmentofthe boundary between two spins b locks on an I s i n g  l a t -  

t i c e .  AI i s  the l a t t i c e  spacing - and a l s o  t he  boundary wid th .  

The other two are  diagonal in ter faces.  For them, each "spin" 

on the boundary o f  a b lock has respect ive ly  2 and 3 neighbors i n t h e  op- 

pos i t e  b lock,  whereas t h e i r  widths are  AI/n and A ~ / J T .  

I n  the ca l cu la t i ons  presented i n  the sequence we s h a l l  f o rge t  

the existence o f  the l a s t  two types o f  i n te r face .  The i r  i nc lus ion  a l so  

does not change the order o f  magnitude o f  the number we are looking f o r  

(see comnent af t e r  Eq. (55)) . 
For the in ter face o f  f i g u r e  6, we can r e l a t e  i t s  w id th  AI t o  

the energy per uni  t o f  area cont:ained on i t ( r e l a t i v e  t o  the fundamental 

s t a  te) : 

Thus, f rom Eqs . (51) and (52), we ob ta in  an approximate re la -  

t i o n  i nvo l v ing  the c r i t i c a 1  teinperature and the w id th  and energy per 

u n i t  of area o f  the domains bouiidaries, v a l i d  f o r  the simple cubic l s i n g  

model : 
TI = 2 . 2 6  u1 ~; /k~  . (53) 

Although being not  exac t l y  the same th ing ,  the conf igura t ions  

o f  s t a t i c  topo log ica l  waves have a c e r t a i n  s i m i l a r i t y  t o  those o f  the 

I s i ng model . Then we may assume tha t  an equat ion  analogous t o  (53)  shoul d 

a l so  ho ld  ( i n  a very approximate sense, o f  course) t o  the c r i t i c a 1  tem- 

perature o f  the MQWS system 



Now, using Eqs. (49), (50) and (54), we f i n d  tha t  the f l u i d  

c r i  t i c a l  temperature should be near 

L 

Plugging i n  the above r e l a t i o n  

(40), and remembering t h a t  c i s  the sound 

we get  T :: 2.1K, f o r  l i q u i d  4 ~ e  a t  norma 
C 

I f ,  instead o f  the i n te r face  of 

the values o f  p . g iven by Eq. 
4 

v e l o c i t y  a t  absolute zero 39, 

1 pressure. 

f i g u r e  6, we had considered i n  

our ca l cu le t i ons  one o f  the two diagonal boundaries mentioned above,our 

resu l t s  would be respect ive ly  Tc = fi x 2.1K = 3.OK and Tc = 6 ~ 2 . 1 ~  = 

= 3.6K. 

I t  i s  remarkable t ha t  a l l  these numbers have the order o f  mag- 

n i  tude o f  t:he 1-po in t  temperature, which i s  2.19K. 

I n  the remainder p a r t  o f  t h i s  sec t ion  we sha l l  discuss, i n t h e  

l i g h t  o f  our proposals, how t o  understand a phenomenological theory and 

some experimental resul  t s .  

kfe stress,  however, t ha t  doing th i s ,  we are not t r y i n g  t o  pro- 

ve tha t  t'heMQWs e x i s t ,  but  on ly  showing tha t  t h e i r  existence, if true, 

could be cons is tent  w i t h  the presented p i c tu re .  

e) Tisza's two-fluid model 

To describe some proper t ies  o f  Helium II, spec ia l l y  the ther-  

momechanical and mechanocaloric e f f e ~ t s l * - * ~ ,  ~ i s z a ~ ~ > ~ ~ * ~ ~  postulated 

tha t ,  below the A-point, l i q u i d  Helium i s  made up o f  two components:the 

normal f lu id  and the superfluid.  He supposed a l so  tha t ,  whereas the 

normal f l u i d  should behave l i k e  an ord inary  f l u i d ,  the supe r f l u i d  should 

have two very unusual p roper t ies :  

i )  i t s  entropy would be zero; and 

i i )  i t would f low wi t h  no resistance through channels o f  ex- 

tremely smal l diameters (]O-*, cm). 



Now we w i l l  t r y  t o  understand T i s z a ' s  model i n  t h e  l i g h t  o f  

t h e  theory  proposed here.  Due t o  o u r  s c a r c i t y  o f  knowledge about theMQWs 

s t a t i s t i c a l  mechanics, o u r  argumentat ion i s  i n e v i t a b l y  f u l l  o f  ( reaso-  

nable)  con jec tu res .  

To i d e n t i f y i n  our  theory  t h e  normal f l u i d  and the  s u p e r f l u i d ,  

l e t  us f o l  low ~ a n d a u ~ ,  ~ r a m e r s ~ ~  and Lee, Huang and yang13. Accord ing 

w i t h  these authors the  s u p e r f l u i d  i s  j u s t  the  condensate, whereas the  

normal f l u i d  component i s  made up by i t s  e x c i t a t i o n s  - phonons and bo- 

und e x c i t a t i o n s ,  wich w i l l  be s t u d i e d  i n  t h e  nex t  chapter .  

Note t h a t  t h e  t o p o l o g i c a l  waves, which belong t o  the  conden- 

sate, p r o v i d e  a b e a u t i f u l  and s i inp le e x p l a n a t i o n  about how t h e  super-  

f l u i d  c o u l d  move even when t h e  system i s  con ta ined  i n  a c losed  r e s e r -  

v o i  r. 

I t  i s  p o s s i b l e  t o  ge t  a sense o f  how the  condensate en t ropy  S 

and in te rna1  energy U depend upon the  temperature by e x p l o r i n g  a g a i n t h e  

analogy w i t h  rnagnetic systems. 

Consider a fe r romagnet i c  model o f  nu11 externa1 f i e l d .  I f  i t s  

en t ropy  i s  g iven  by s ~ ( T ) ,  l e t  ulj d e f i n e  what we c a l  1 the  c r i  t i c a l  ran-  

ge47 o f  t h e  model. I t i s  the temperature i n t e r v a l  (T c 1  -A , T c 2  +A ) where 

Tc i s  the  c r i  t i c a l  temperature and A I  and A2 a r e  de f  ined by 

s (T - A  ) = 0.2 sM(m) and S~(T~+A, )  = 0.8 sM(m) 
M c l  

(sM(m) i s  t h e  s a t u r a t e d  en t ropy  o f  i n f  i.ni t e  temperature) . 

I n  magnetic systems, the  t y p i c a l  values o f  A1 and A a r e  such 
2 

t h a t 4 8  

i .e., the e x t e n t  o f  the  c r i t i c a 1  range i s  ve ry  small  when compared w i t h  

Tc '  

S O ,  below the c r i t i c a l  range, which i s  very narrow, the  

magnetic ent ropy i s  n e a r l y  zero; w i t h i n  the  c r i t i c a 1  range i t s e l f  i t  

changes a b r u p t l y ,  and almost reaches the s a t u r a t i o n  va lue j u s t  above 



t ha t  i n te rva l  . I n  summary, the magnetic entropy s~(T) resembles a step 

func t ion .  

Besides tha t ,  the  magnetic i n te rna l  energy a l so  grows sudden- 

l y  arround the c r i t i c a l  po in t - reca l l  the s p e c i f i c  heat d ivergenceatTc.  

Since we be l ieve tha t  the MQWs s t a t i s t i c a l  mechanics looks 

l i k e  the ferromagnetic one, we have al ready elements t o  understand some 

q u a l i t a t i v e  features o f  the condensate thermodynamics below and above 

the A-point . 
From the above considerat ions the fo l l ow ing  p i c t u r e  emerges 

(concerni ng t o  the proper t ies  o f  the M&WS system) : 

a) With the exception o f  a narrow region near the A-point ( t he  

c r i t i c a 1  range), f o r  any other temperature below Tc, the condensate en- 

t ropy and i n te rna l  energy are both very small;  

b) above Tc these quant i t i e s  become much l a rge r  than they were 

i n  the i n t e r v a l  o f  i tem ( a ) ;  

c) a coro1 l a r y  o f  statements (a) and (b) i s  t ha t  the number 

o f  MQWs ( r e c a l l  t ha t  they car ry  the condensate energy) i s  sma 1 1 f o r  

T < Tc - A I ,  and grows sudden and s t rong l y  when the system crosses the 

c r i t i c a 1  range from below. 

Property (a) by i t s e l f  could j u s t i f y  hypothesis ( i )  o fT i sza l s  

theory. Below the c r i t i c a 1  range the major con t r i bu t i on  t o  the s p e c i f i c  

heat and entropy should come from the elementary exc i t a t i ons  ( n o r m a l  

f l u i d ) .  

Note however tha t ,  w i t h i n  the c r i t i c a 1  range, the condensate 

con t r i bu t i on  s t a r t s  growing qu i ck l y  t o  become dominant near Tc. 

To understand Tiszals second hypothesis we f i r s t  r e c a l l  t ha t ,  

a t  absolute zero, a s i ng le  MQW f lows through a c a p i l l a r y  w i thout  change 

o f  ve loc i  t y  (wi thout  resistance) , because a change o f  ve loc i  t y  would v i -  

o l a t e  the conservation o f  topological  charge - o f  course a c a p i l l a r y  i s  

s t i l l  a macroscopic body. 

Therefore the c a p i l l a r y  wa l l s  cannot i n t e r f e r e  i n t o  the MQWs 

motion. Nor can the elementary exc i t a t i ons  do i t .  The only mechanism we 

imagine t o  h inder the MQWS motion i s  the proper i n te rac t i on  betweenthem. 



From proper t ies  (a) and (c) we concl ude tha t  b e l a ,  the c r i t i -  

eu2 range the s i t u a t i o n  must be s i m i l a r  t o  t ha t  o f  absolute zero ( i  .e., 

the condensate waves move wi thout  resistance) , since, i n  t h i s  case, 

there are r e l a t i v e l y  few topological  waves i n  the c a p i l l a r y ,  and, as a 

consequence, the in terac t ions  between them should not  be enough t o  obs- 

t r u c t  t h e i r  motion. Besides tha t ,  t h i s  motion i s  c e r t a i n l y  q u i t e  regu- 

l a r  because the condensate entropy i s smal 1 . 

Nevertheless, above t& cr i t i ca2  range, th ings are supposed 

t o  be severely changed, because there, where the number of MQWs i s  very 

large, thei  r f requent i n t e r a c t  ions and the h igh  condensate chaos ( t o 0  

high entropy) would probably f o r b i d  any k ind  o f  regular  motion. 

The motion o f  the normal f l u i d  component w i t h i n  a narrow chan- 

ne l ,  i s  on the other hand, always viscous, s ince the quas i- par t ic les  in-  

t e r a c t  between themselves and wi t h  the channel wa l l s .  

I t  i s  important t o  s t ress  tha t ,  according w i t h  our p i c t u r e  o f  

s u p e r f l u i d i t y  (and cont rary  t o  what i t normal l y  assumed), above the A -  

-po in t  the condensate i s  not f u l l y  converted i n t o  normal f l u i d .  I t  me- 

r e l y  undergoes a phase t r a n s i t i o n ,  going t o  a non-superf lu id phasewhich 

however i s  not  made up o f  elementary exc i t a t i ons .  I.e., above the A-  

-po in t  we s t i l l  have two f l u i d s ,  bu t  no one o f  them i s  a super f lu id .  

Concerning t o  the Helium I I  f l ow  throw narrow channels, we 

even p o i n t  ou t  t ha t  the s t rong dependence o f  the f l u i d  mean v e l o c i t y  

upon the c a p i l l a r y  diameter may be one more i nd i ca t i on  tha t  macroscopic 

ob jec ts  can be present i n  the supe r f l u i d  dynamics. 

f) Second Sound 

Based upon the two-f l u i d  model , ~ i s z a ~ ~  and ~ a n d a u ~  have i n -  

dependently proposed tha t ,  besides the acoust ic  waves, a d i f f e r e n t  k i nd  

of subsonic waves should a l so  propagate i n  l i q u i d  Helium I I .  L a t t e r  on, 

~i f s h i  tz49 showed tha t  t h i s  new wave, ca l  l ed  second sound, would corres- 

pond t o  temperature o s c i l l a t i o n s .  



We conjecture tha t  our MQWs, being a l so  subsonic, can p lay  an 

important r o l e  i n  the motion o f  second sound. 

The f i r s t  experimental observat ion o f  second soundwascarr ied 

ou t  by ptrshkov50 i n  1946. By means o f  the standing waves technique, he 

measured the second sound v e l o c i t y  between 1.OK and the A-point, w i t h  

h i gh accuracy . 
However the pulse technique develloped by Pellam51 and Osbor- 

neS2 came t o  show tha t  , below 1 .OK, the second sound behavior undergoes 

a severe change. 

Propert ies o f  second sound i n t h i  s temperature region are  ex- 

haust ive ly  discussed by ~ t k i n s l ~ .  We wi 11 present here on ly  two o f  thes 

se propert ies,  which are pe r t i nen t  t o  our subsequent argumentation. 

Usi ng heat pulses o f  20 o r  40 usec, Kramers e t  aZS3 i nves t i  - 
gated the propagation o f  second sound i n  tubes o f  0.40, 0.80 and 0.95 

cm i n  diameter. Below 0 . 7 K  they observed tha t :  

1) The detected s igna l  has a shape r a d i c a l l y  d i f f e r e n t  f r o m  

the o r i g i n a l  one. The received pulse width,  f o r  example, i s  more than 

one thousand times the heat pulse w id th .  This f ac t ,  i n  our oppinion, 

suggests that  the second sound carmers  have a very Zarge spectmmi of 

ve Zocities . 
2) The pulse shape and, i n  p a r t i c u l a r ,  i t s  maximurn v e l o c i t y  

vary considerably when the geometry ( length  and diameter o f  the p r o p a -  

gat  ion tube) i s modif ied18. This observat ion may ev iden t l y  i nd i ca te  t ha t  

the second sound carriers (or a t  Zeast a part of  thern) are rnade up by  

rnacroscopic objects,  whi ch should be very sensi t i v e  t o  macroscopi c chan- 

ges o f  t l ie system. 

Therefore the topological  waves, being macroscopic and having 

a la rge spectrum o f  v e l o c i t i e s ,  a re  a natura l  candidate t o  ca r r y  second 

sound. 

The major problem w i t h  t h i s  conclusion i s  t o  c o n c i l i a t e  i t  

wi t h  the f a c t  t h a t  when T 1 .OK the second sound ve loc i  t y  i s  almost well  

defined. Nevertheless, i t  i s  poss ib le  t ha t  the existence o f  a r e l a t i -  



ve l  y la rge number o f  slow topo log ica l  waves (which occurs a t  h igher tem- 

peratures) can i n h i b i t ,  o r  even fo rb id ,  the motion o f  the rap id  ones. A 

dec is ive  check o f  t h i s  p o s s i b i l i t y  must come from the s o l u t i o n  o f  the 

MQWs s t a t i s t i c a l  mechanics. 

The existence o f  macroscopic quantum waves i n  Helium I I  can, 

i n  p r i n c i p l e ,  be the cause o f  i t s  h igh thermal conduct iv i ty  (which i s  

hundreds times greater  than those o f  metals). What mechanism can ca r r y  

more energy than a coherent macroscopic wave? 

Another i n te res t i ng  p o s s i b i l i t y  we po in t  ou t  i s  t ha t  thecoun- 

t e r f  low phenomenon, which occurs i n  I iqu id  4 ~ e ,  might be due t o  the mo- 

t i o n  o f  topological  waves i n  the condensate - s ince the MQWs momentum 

and v e l o c i t y  are opposite,the motion o f  matter  i s  then opposite t o  the 

motion o f  energy. 

4. EXCITATIONS 

This chapter i s  devoted t o  study the elementary e x c i t a t i o n s o f  

the topo log ica l  waves systems. 

F i r s t  o f  a l l ,  the equation o f  motion and general expressions 

f o r  the energy and momentum o f  these quas i- par t ic les  are deduced. 

Our goal i s  t o  f i n d  t h e i r  spectrum t o  confront  i t  w i t h  l i q u i d  

Hei ium spectrum as presented by Woods and ~ o w l e ~ ~ ~ ' ~ ~  and D i e t r i c h  e t  

aZ. 29. 

AMQW has essen t i a l l y  two k inds o f  exc i t a t i ons :  phonon- like 

exc i t a t i ons  and quas i- par t ic les  bound t o  i t .  The formers have a d isper-  

s ion  r e l a t i o n  i den t i ca l  t o  t ha t  oF Bogoliubovrs phonons. 

The novel ty t ha t  comes w i t h  theMQWs i s  j u s t  the se t  o f  bound 

quas i- par t ic les .  They have a spectrum very s i m i l a r  t o  l i q u i d  Heliumspec- 

trum. 

To quantize these exc i t a t i ons  we employ again the Bohr-Sommer- 

f e l d  quant iza t ion  r u l e .  



\de succeed i n  f i n d i n g  the exact wave funct ions f o r  two c las-  

ses o f  bound exc i t a t i ons :  f o r  those having zero frequency and f o r  the 

quasi -pa r t i c l es  o f  very h  igh frequency bound wi t h i  n the static:MQWs. The, 

other exc i t a t i ons  are t rea ted by means o f  a  va r i a t i ona l  approach where 

the t r i a l  funct ions are designed t o  produce the exact low frequency be- 

hav io r  . 

a) Equation of Motion 

The treatment o f  the MQWs exc i t a t i ons  w i l l  be ca r r i ed  out  i n  

s t r i c t  pa ra l l e l i sm w i t h  what we d i d  i n  subsection I I  0 .  Let us consider 

a  system o f  charge Q, def ined i n  a  box o f  volume h. 

To study the i n f i n i t es i rna l  exc i t a t i ons  o f  a  MQW, we add t o i t s  

wave func t ion  a  small f l uc tua t i on ,  so def in ing  the f i e l d  

where p' i 5  a  constant SI i g h t l y  d i f f e r e n t  from the dens i ty  p=Q/V, and ri 

i s  orthogonai t o  w 
Y 

We i e c a l l  tha t  

and tha t  &&h, where S and z correspond respect ive ly  t o  the va r i a -  

b les transverse and l ong i t ud ina l  t o  the motion o f  the MQW. I n  t h i s  paper, . . 
def i n i t i o n  (58) means so le l y  a  change o f  var iab le ,  no t  a  change o f  re fe-  

rente f rame. 

Considering these fac t s  and using ~ q s . ( 5 6 )  and (571, weobtain 

a  r e l a t i o n  between p and P' 



1 p = p' +-  
Ar, 

If we plug 4 i n t o  Eq. 

t a i n  on l y  terms which are  1 inear 

(29) , use the above equat ion, and re- 

i n  and o f  order zero i n  ( 1 / ~ ) ,  weget 

- 2iVy tgh yc) n* (60) 

3 
where vf i s  the transverse laplacian,  and s=q(c,s,t),  i .e., the p a r t i a 1  

s 
t i m e  d e r i v a t i v e  2 q does not touch the o r i g i n a l  t ime dependence o f  5. t 

Eq. (60) i s  the equation o f  motion o f  the f l u i d  elementary ex- 

c i t a t i o n s  i n  the presence o f  a macroscopic quantum wave. 

Consider the t ransformat ions o f  space invers ion  (~:sc+-z) t ime 

reversal  T and charge conjugat ion C. Eq. (60) i s  no t  i nva r i an t  under se- 

parate app l ica t ions  o f  these t ransformat ion.  I t  i s ,  however, i nva r i an t  

under PT. This occurs because the topo log ica l  wave Wv breaks any one o f  

these symnetries, but i s  s t i l l  i nva r i an t  under the combined CPT. 

(Note t h a t  -5 = P T ~ ) .  

When I< l>> 1, a t  la rge distances from theMQWs plane, ~ q . ( 6 0 )  

becomes equal t o  the equation o f  motion o f  Bogol iubov's phonons, which 

we s tud ied i n  chapter I I .  That i s  why the system considered here alsohas 

phonon- l ike quas i- par t ic les ,  not  bound i n  the MQW, but  which are scat te-  

red by i t .  O f  course, the d ispers ion  r e l a t i o n  o f  these phonons must be 

equal t o  t ha t  o f  the quas i- par t ic les  moving i n  Bogoliubov's condensate. 

Nevertheless, the quas i - pa r t i c l e  spectrum o f  the wave Wv i s  

more r i c h  than tha t  o f  Q, because Eq. (60) e x h i b i t s  s o l u t i o n s  o f  t h e  

bound-state type, which have no counterpart  w i t h i n  Bogoliubov's condensa- 

te .  



I n  order t o  study these new exc i t a t i ons  i t  i s  convenient t o  

represent the f l u c t u a t i o n  ri i n  the fo l l ow ing  manner 

We repeat t ha t  A i s  the transverse sec t ion  o f  the para l le lep iped boxthat  

contains the MQW. The fac tor  was w r i t t e n  i n  Eq. (61) t o  simpl i f y  some 

expression which w i l l  appear l a t e r .  

A f t e r  quant izat ion,  w i l l  describe a quas i- pa r t i c l e  whose 

transverse momentum i s  $. 

Now, plugging qj; i n  Eq.  (60), we get a system o f  coupled equa- 

t i o n  f o r  u(F) and V(S) : 

and 

+ {V 2- y2 + Y - 2iVy tgh YS) U* = O  . 
(cosh Y C ) ~  

To synthesi ze t h i s  çystem, we def ine  the "spinorl '  $ (E) ,  

and the operator 2 ( V, k )  , 



Here, I i s  the  i d e n t i t y  m a t r i x ,  and al, a2 and ag a r e  the  P a u l i  matr ices.  

By t a k i n g  the complex con juga te  o f  Eq. (62b), we can w r i t e  

the  system (62) as 

So, f o r  each va lue  o f  k, we have an e igenva lue  equa t ion  where 

the e igenvalue i s  j u s t  the  f requence w. 

Once we know an e i g e n f u n c t i o n  o f  Eq. (65), we a r e  lead,  through 

Eqs. (63) and ( 6 l ) ,  t o  the  wave f u n c t i o n  o f  an e x c i  t a t i o n  o f  W y  , which 

has t ransverse  wave number x. 
I t  i s  impor tan t  t o  p o i n t  o u t  t h a t  the  s o l u t i o n s  IJJ which have 

phys i c a l  relevante a r e  those correspond i ng t o  non-negatiue va 1 ues o f  a2. 
Otherwise, the  q u a s i - p a r t i c l e  wave f u n c t i o n s  (61) shou ld  correspond t o  

s t a t e s  o f  i n f i n i t e  energy, because the  i n t e g r a t i o n  i n  t h e  t ransverse  co- 

o r d i n a t e s  would d ive rge .  

Before go ing  on t o  s tudy t h e  s o l u t i o n s  o f  Eqs. (60) and (65), 

l e t  us f i r s t  p resen t  the  c o n d i t i o n  of q u a n t i z a t i o n  and genera l  e x p r e s s i -  

ons f o r  the  q u a s i - p a r t i c l e s  energy and momentum. 

b) Quantization, Momentum and Energy 

I n  Appendix A, by u s i n g  t h e  Bohr-Sommerfeld ru le ,weshow what 

i s  the  q u a n t i z a t i o n  c o n d i t i o n  f o r  the  e i g e n s o l u t i o n s  q z  o f  Eq.  (61) .  The 

s i n g l e  q u a s i - p a r t i c l e  s t a t e s  must obey t h e  c o n s t r a i n t s :  



t /dE $ u $ = 1, when w  > O , 
3 

and 

t I&,$ o $  = - 1, when w <  O , 
3 

where the auxi 1 i a r y  "spinor" $ i s  def ined i n  Eq. (63) . 
From Eqs. (65) and (66) we see t h a t  

Concerning t o  the physical  ex,citat ions ( f o r  which k2 i s  rea l  

and non-negative) the operator  C( ~ , k )  i s  hermi t i a n .  Thus the modulus o f  

LL. i s  cons i s ten t l y  the expectat ion value o f  an hermi t ian  operator .  

The transverse momentum associated w i t h  the eigensolution (61) 

i s 

+ i * +  
Ptransverse 

= - - J q z  V; % dzdc . 
rnc 

-t 
Plugging abwe oj; (from Eq. (61)) and i n teg ra t i ng  i n  s we get :  

3 t 
P t  ransverse = 2 idc+ u3+ . 

Then, 

-+ = , when w  > O , 
Ptransverse 

-+ 
= - i(, when w  < O . 

Ptransverse 

To change w  i n t o  -w i s  equivalent  t o  change the ro les  o f  u(5) 

and v(c )  ( u ( < )  ct v ( c ) )  and the s ign  o f  the wave number. This means tha t  

are "spinors" associated w i t h  the sane quas i - pa r t i c l e  - a conclusion we 

could reach on ly  by inspect ing Eq. (61). 



Now, we s h a l l  compute the l ong i t ud ina l  momentum II ca r r i ed  by 

the exci  t a t i ons  % . 

I n  the presence o f  quas i- par t ic les  the l ong i t ud ina l  momentum 

o f  the topo log ica l  wave system w i l l  be 

where P i s  the MQW proper momentum. 

(The t r a n s l a t i o n  mode: s ince the o r i g i n a l  theory i s  i nva r i an t  

under t r a n s l a t i o n  and the MQW Wy i s  not, there e x i s t s  a  specia l  s o l u t i o n  

o f  Eq. (60) , given by 

= ( a  w exp ( ~ x P * )  , 
rans la t i on  E V 

which i s  known 

t o  exc i t a t i ons  

system can be 

as the t rans 

, but  rather,  

t rans la ted as 

l a t i o n  mode. This s o l u t i o n  does notcorrespond 

i t  simply r e f l e c t s  the f a c t  t h a t  the MQWs 

a whole i n  the x- d i rec t i on .  People, who are  

f a m i l i a r  w i t h  semiclassical  methods o f  quant izat ion,  know t h a t  the t rans-  

l a t i o n  mode represents an i n f i n i t e s i m a l  t r a n s l a t i o n  o f  the f l u i d  system). 

To avoid t h i s  t r ans la t i on ,  we must impose tha t  the quas i- par t ic les  wave 

funct ions be orthogonal t o  ntranslation 27932954, i .,. , 

I'* " trans ia t i on  dzdg = O . 
Once (72) i s  required, the i n teg ra l  i n  Eq. (70) decouples i n  

the fo l l ow ing  manner 

P + >. = - i p  fd:dg(v+iy tgh y f )aE(v- iy  tgh y5) - i fd%g "*a o. (73) 
5 

From Eqs. (31) and (371, we 

i n teg ra l s  as being j u s t  the topologica 

- p a r t i c l e  l ong i t ud ina l  momentum should 

recogn i ze the f i r s t  of the above 

wave momentum. Thus, the quasi 

be 



I nse r t i ng  i n  (74) the funct ion  o f  Eq. (61), and i n teg ra t i ng  i n  the 

transverse d i rec t ions,  we ob ta in  the long i tud ina l  momentum o f  these qua- 

s i - p a r t i c l e s  

and f i n a l l y  

I t  i s  important t o  po in t  out  t ha t  the quas i- par t ic les  o f  the 

MQW system have not we l l  def ined long i tud ina l  momenta (J ,  i s  not  an eigen- 

funct ion  o f  i a e ) .  This i s so because the MQW destroys the invar iance 

under t rans la t i on  o f  the condensate. 

The long i tud ina l  momentum uncer ta in ty  should be l a rge r  forqua- 

s i - p a r t i c l e s  bound w i t h i n  the small v e l o c i t y  MQWs, since the MQW width 

diminishes w i t h  V.  An e x c i t a t i o n  bound i n  a region o f  w id th  2/mcymust 

have a momentum uncertainty o f  about mcy/2. 

Thle Hami 1 tonian (3) can a l so  be wr i  t t e n  i n  the form 

We repeat t ha t  we have not  done a change o f  reference frame, but  a sim- 

p l e  change o f  var iab le .  Plugging i n t o  (77) the f i e l d  $ as given by Eq. 

(56) , us i ng Eq. (59b) t o  r e l a t e  p'' and p ,  and keepi ng on l  y terms up t o  

second order i n  q ,  we ob ta in  the Hamiltonian o f  the system M Q W +  exc i ta -  

t i o n :  

where H I W v )  i s  the energy associated w i th  the wave funct ion  W V ,  which 

was already used i n  sect ion 1 1 1  t o  compute the energy ca r r i ed  by the MQW. 

H 1 ( W v , q )  i s  a term l i nea r  i n  r i ,  t ha t  we w i l l  show t o  vanish. And HV { q l  



i s  a Hamiltonian, quadrat ic  i n  n, t h a t  describes the quas i- par t ic les  mo- 

t i o n  i n  the topo log ica l  wave system. I f  g(5)  i s  g iven by 

g(5)  = wv e x p ( i X ~ t )  = ( V - i y  tgh y ~ ) J P  , (79) 

then H1(WV ,r13 and Hvf are wr i  t t e n  as f o l  lows 

and 

HJWV,n) vanishes because we imposed tha t  r, i s  orthogonal t o  the t rans- 

l a t i o n  mode. Since W v  i s  a s o l u t i o n  o f  Eq. (29), i t  f o l  lows tha t  g ( 5 )  

must obey the equation 

Through a subst i  t u t i o n  o f  t h i s  r e l a t i o n  i n t o  Eq.  (80), we get  

I t  i s  c lear ,  then, t ha t  the above i n teg ra l  must vanish, because a g i s  
5 

propor t iona l  t o  the t r a n s l a t i o n  mode (see Eqs. (71) and (79) ) .  Thus, the 

Harni l tonian o f  the MQWs elementary exc i t a t i ons  i s ,  i n  f ac t ,  g iven s o l e l y  

by Hvf nri). Taking i n t o  account the d e f i n i t i o n  o f  g(€,), andcombiningEq. 

(81) w i t h  the equat ion o f  motion (601, we der ive  a very simple expression 

f o r  the energy o f  quas i- par t ic les  moving i n  the MQW W V .  

To ob ta in  the energy o f  the quas i- par t ic les  described by the 

e igenfunct ion  nz  , we plug t h i s  f unc t i on  i n  (841, and in tegra te  over the 

transverse coordinate.  The resul  t i s  



We r e c a l l  t h a t  cV i s  the topo log ica l  wave ve loc i t y ,  R ( v , ~ )  i s  t h e e x c i t a -  

t i o n  l ong i t ud ina l  momentum, and w i s  i t s  frequency. 

F i n a l l y ,  from the quant iza t ion  cond i t i on  (661, and from Eq. 

(85b), we get  

We have al ready pointed o u t  t ha t  the l ong i t ud ina l  momentum o f  

a  MQW exc i  t a t  ions i s  nof  wel 1 def i ned. From the above equat ion we see 

t h a t  ne i t he r  i s  i t s  energy. The good quantum number t o  charac ter ize  i t s  

motion i s  the d i f f e rence  ~-cvk=lwl . I n  the cannonical fo rmula t ion  o f  the 

MQWs p r o b l e m  ( t o  a p p e a r )  we e x p l o r e  t h  i s  f a c t  by working w i t h  the 

operator  R-cVjr instead o f  the Hami 1 tonian.  The var i a t  ional  approach o f  

sub-section 4-d i s  a l so  implemented by minimiz ing E-cVE, not  the energy. 

Lei: us now summarize the r e s u l t s  o f  t h i s  subsection: we have 

shown tha t ,  i f :  Ji i s  the auxi 1 i a r y  '%.pinorl' def ined i n  Eq. (63), thequan- 

t i z a t i o n  o f  the e igenfunct ion  r(z ( w r i t t e n  i n  Eq. (61)) i s  implemented by 

cond i t ions  (66) . A f t e r  quant izat ion,  describes the s ta tes  o f  a  s i ng le  

quas i - pa r t i c l e  moving i n  a  MQW o f  v e l o c i t y  cV. The transverse mornentumof 

such an exci  tã i t ion i s  $, whereas i t s  mean l ong i t ud ina l  momentum andener- 

gy are given respect ive ly  by Eqs. (76) and (86). 

Before concluding we def ine  the mean vaZue o f  the quas i -par t i -  

c l e  t o t a l  momentum, by using the transverse momentum eigenvalue (z) and 

the l ong i t ud ina l  momentum mean vaZue (L(v, k ) )  . 
The t o t a l  momentum mean vaZue w i l l  be 



C) Some Special Excitation 

The complete se t  o f  eigensol u t  ions o f  Eq. (65) i s  s t i  11 unknmn. 

A var iat ional .procedure w i l l  be employed i n  the'next subsection t o  t r e a t  

the bound quas i- par t ic les ,  that ,  f o r  a g iven value o f  k ,  have the lowest 

energy . 
Before t h i s  i s  done i t  i s  convenient t o  study some specia l  so- 

l u t i o n s  o f  (65) whose exact expressions we know. 

I n  appendix B we present f ou r  zero-frequencysoluti~nsof t ha t  

equation55. 

R-= v ( 8 8 4  

and 

The s o l u t i o n  $ , 
2 

i s  -(among those shown i n  Appendix 0) the one which has most physical  re-  

levante. I t  describes a quas i- pa r t i c l e  bound i n  a MQW o f  v e l o c i t y  cV,and 

whose transverse wave number i s  

So lu t  ion  (89) obeys the f o l  lowing strange r e l a t i o n  ( t h i s  f o l -  

lows from the f a c t  t h a t  i t s  frequency i s  zero).: 

I t does not  s a t i s f y  any one o f  the quant iza t ion  condi t i ons  (661, and we 

a re  lead t o  t h i n k  t ha t  even $ has no physical  meaning. Ac tua l ly ,  what 
2 

happens i s  t h a t  t h i s  f unc t i on  describes an e x c i t a t i o n  o f  i n f i n i t e e n e r g y .  

$2 
could s a t i s f y  (66a) i f  we na i ve l y  take the constant A2 i n  Eq. (89) t o  

be i n f  i n i  te.  Plugging Q2 i n  Eqs. (76) and (861, we observe t h a t  the lon- 

g i t u d i n a l  mmentum and the energy o f  t h i s  e x c i t a t i o n  are  a l s o  i n f i n i t e  

quan t i t i es  when A2+ -. However, i n  t h i s  l i m i t ,  the r e l a t i o n s  



are a f i n i  t e  number (CV) . 
( tha t  woo l d  be a singular 

Therefore we can expect that  i n  the 1 i m i  t w-+O 

l i m i  t )  the r e l a t  ion between the mean energy and 

mean momentum o f  quasi-particles bound i n  Wv should be j u s t  cV. This i s ,  

i n  fact,  the resu l t  o f  our var ia t ional  cmputat ion done i n  the next sub- 

section. 

I n  f i gu re  7 we see the curves E(v ,~ )  x p ( ~ , k ) ,  when A. They 

are a11 s t ra igh t  l ines whose slope i s  cV ( y = m .  

In  appendix C we t r ea t  the quasi-particles bound w i th in  the 

s t a t i c  MQWa (V=O) i n  the region o f  large values o f  I w l  . There i t i s  shown 

that,  i n  these circunstances, we have an even and an odd bound exc i t a t i -  

ons. When 00, the re la t ions between thei  r transverse momen t a  and t he 

frequency are respectively 

and 

and a f t e r  quantization t he i r  =spinorsl' are given by 

p/mc 

Fig.7 - Relations between the mean energy and mmentum of  bound quasi- 

-pa r t i c les  i n  the m a l 1  I w l  l i m i t .  



and 

1 
$k = C 0.839 senh S/(cosh (,,) 

1 

'working wi t h  the above equations and wi t h  Eqs. (761, (86) and, 

(87), we conclude tha t  when w i s  a large number the energy - t o t a l  momen- 

tum re la t i ons  f o r  the even and odd quas i -par t ic les  bound i n  the s t a t i c  

topo log ica l  waves are: 

f o r  the even exc i ta t ions ,  and 

f o r  the odd ones. 

For a given value o f  p ,  the even bound mode has less energy 

than the odd one. 

I n  the small w region we have found on ly  one bound e x c i t a t i o n  

o f  wave number z, whereas i n the 1 arge w region, f o r  V=O, we found two. 

Concerning t o  t h i s  po in t ,  two p o s s i b i l i t i e s  may beoccu r r i ng ;  1) when 

w=O there ex i s t s  an ye t  unknown so lu t i on  o f  Eq. (65), which i s  1 inked t o  

the odd so lu t i on  o f  the large w case; o r  2) Maybe the nonphysical "spi- 

nor" q 3  o f  appendix B turns t o  be physicai  i n  a f i n i  t e  value o f  w, and 

goes to the odd mode when w. 

Figure 8 shows a region i n  the (E,p) plane de l imi ted by two 

parabolas. The upper boundary i s  the  asymptotic p a r t  o f  the ~ogo l i ubov ' s  

phonons dispersion r e l a t i o n  (see Eq. (28)), and the lower boundary i s  the 

parabola o f  the  s t a t i c  MQWs even exci  tat ions,  which i s  given by ~q .(95a). 

I n  the next subsection we w i l l  see that ,  when w i s  a large number. the 

energy-momentum re la t i ons  o f  the exc i ta t i ons  which are bound i n  the to-  

po log ica l  wave Wv (V#O,l), having the lowest mean energy compatible w i t h  

a given $, are curves tha t  1 i e  between these two parabolas. 



Fig.8 - Habi t a t  o f  the bound q u a s i - p a r t i c l e s  f o r  l a rge  values o f  w. 

d) Variational Approach 

We reso r t  here t o  a va r ia t i ona l  approach t o  study the quasi- 

-pa r t i c l es  bound i n  a MQW. As we know , i n  the present theory, the good 

quantum numbers t o  speci fy a quas i - p a r t  i c l e  s ta te  are i t s  transverse mo- 

mentum $, and the f requency modulus I w l  . The l a t t e r  i s  given by the d i f -  

ference 

E ( v , ~ )  - c v  a(v,k) (96) 

To implement the va r ia t i ona l  approach we f i r s t  represent each 

e x c i t a t i o n  s ta te  by a t r i a l  "spinor", which depends on two parametersand 

s a t i s f i e s  mani fes t ly  the quant izat ion cond i t ion  (66). A f te r ,  t h i s ,  the 

two parameters are adjusted I n  such a way tha t  I w l  a t t a i n s  i t s  minimum 

value. 

This procedure a l low us t o  handle on ly  those bound quasi-par- 

t i c l e s  which, f o r  a given value o f  R, have the lowest frequency (and, i n  

consequence, the lowes t energy too) . The bound exc i t a t  ions o f  la rger  f re- 

quente mentioned i n  the l a s t  subsection are missed. 

Consider the exci  t a t i ons  o f  a MQW whose ve loc i  t y  i s  cV. Our 

t r i a l  iispinori' f o r  a s t a t e  1%- sha l l  be 



where $ and y are real  numbers which w i l l  be chosen t o  minimize I w l  . ~ h i s  

t r i a l  "spinor" was suggested by the small se t  o f  exact so lu t ions already 

known. The reader can v e r i f y  t ha t  $$ def ined i n  (97) obeys the quantiza- 

t i o n  cond i t ion  (66). Then, using Eq. (65) we obta in  

= me2 {~(k,y,$)cosh y + ~ ( y , $ ) s i n h  y) 

Here A(k,y,+) and B(y,+) are  given by: 

k2 19 8 ~ (k , y ,+ )  = 1 +-  - - y2 - - y2 cos 4 - f l s i n  4 
2m2c2 30 15 6 

and 

B (Y 

From Eqs. (76) and (86) we can compute the mean 

momentum and the mean energy o f  $k: 

a(v,k) = (mey/&- ) s i n  $ cosh y 

and 

E ( v , ~ )  = cV e.(v,k) + ( w  

The mean value o f  the  t o t a l  momentum 

I 
sha l l  be 

(98d) 

long i tud ina l  

Doing a computer ca lcu la t ion ,  we are able t o  determine what i s  

the p a i r  (+,y) t h a t  minimizes the frequency modulus I w l .  Once t h i s  i sdo -  

ne, we i n s e r t  $ and y i n  Eqs. (98), (100) and (101) t o  ob ta in  respect i -  

ve ly  the frequency i t s e l f ,  and the mean values o f  the energy and t o t a l  

momentum-a11 these quan t i t i es  re fe r i ng  t o  a quas i- par t ic le  o f  transverse 

momentum k, which i s  bound i n  a MQW o f  v e l o c i t y  cV. 

I n  what fo l lows we present our resu l t s .  



k /mc  
- 

Fig.9 - Dependence o f  the bound exci tat ions frequence on t h e i r  transver- 

se mcmnta. 

I n  f i gu re  9 we p l o t  w as a funct ion o f  k f o r  y-0.7 and y=0.4 

(y=Jrvz). Both graphs suggest that, as said above, the point  w = O i s  

singular. 

We see that f o r  each MQWthere i s  a lower bound on the trans- 

verse momeritum k. The mi nimum k i s  that  o f  Eq. (90) and corresponds t o  

quasi-particles wi th  i n f i n i t e  energy. 

This f ac t  makes the macroscopic waves not amenable t o  f l uc tu -  

at ions o f  large extent, i.e., the planesof these waves have acer ta in  r i -  

g i d i  t y .  

Figure 10 shws the energy-momentum curves re fe r r ing  t o  f i ve  

d i f f e ren t  values o f  y. When y=O (V=1) the curve is, as expected, the BO- 

gol iubov's phonons dispersion r e l a t i on  (see f ig. 1 and Eq ., (25)) . For 

y=l (V=C) we have a function E(p) that  s tar ts ,  when w 4 ,  i n  the po in t  

(E=O , p=m) and goes to  a high w behavior very simi la r1  y t o  thatof  Eq. 

(95a). 

The three other energy-momentum re la t ions o f  f i gu re  10 a r e a l l  

e1 bow shape:d graphs. They have a parabol i c  upper par t  (correspondent t o  

large values o f  I w l )  and a s t ra igh t  l i n e  l w e r  par t  ( re fe r r ing  to  the 

smal 1 I w l  values) . A1 1 energy-momentum curves, f o r  whi ch y#O, 1, have a 

s imi lar  shape. 



Def in i t ion :  The eZbow-point o f  an energy-momentum curve i s  

t h a t  p o i n t  which, i n  the plane ( ~ / m c ~ ,  p/mc) i s  a t  smal lest  d istancefrom 

the o r i g i n .  

I n  f i g u r e  11 we show i n  d e t a i l  the e lbow- l ike  p a r t  o f  theener- 

gy-momentum curvecorresponding t o  the exc i t a t i ons  bound w i t h i n  W m 2  (V 

=0.5). There, we a l so  i nd i ca te  the values o f  k/mc associated t o  c e r t a i n  

po in t s .  

Since 2 i s  a bidimensional vec tor  the densi ty o f  s ta tes  which 
3 

have transverse momentum square k2 i s  p ropor t iona l  t o  k. Let  N(k.,k.) be 
2 3 

the number o f  states i n  the i n t e r v a l  (k.,k.) . This number i s  p ropor t io-  
2 3 

na 1 t o  (k? - k:) . 
3 

So, the numbers o f  s ta tes  belonging t o  the segments (0.38, 

0.45), (0.45, 0.52) and (0.52, 0.59) ( t h a t  a re  shown i n  f i gu re  11) does 

no t  d i f f e r  too much 

and 

Fig.10 - Energy - momentum curves o f  quas i - pa r t i c l es  bound i n  f i v e  d i f -  

fe ren t  macroscopi c quantum waves . 



Fig.11 - The elbow region o f  the energy - momentum curve corresponding 

to y=0.5. 

N(0.52mc, 0.59mc) = . 144  (102b) 

N(0.45mc, 0.52mc) 

However the segment (0.45, 0.52) - that  contains t i r e  elbow 

p o i n t  - i s  much more short than the two others .  Then we reach the impor- 

t a n t  conclusion t h a t  there is a high coneentration of states in the nei- 

ghborhood o,f an e tbow-point . 
i 

Figure 12 i s  the curve o f  elbow-p0ints.The values of y asso- 

c i a t e d  wi t h  some o f  them a r e  ind icated .  I n  a system where e x i s t s  any k ind  

ELBOW,  POINTÇ $= .6 

Fig.12 - Posi t ion of elbow-points. 



o f  MQWs, c o n t r i b u t i n g  a1 1 them wi  t h  the same proport ion,  w s h a l l  have 

h igh  concentrat ions o f  s ta tes  near t h i s  curve. 

We repeat t h a t  f i gu res  (10) and (11) r e f e r  t o  the mean values 

o f  energy and momentum. The quas i- par t ic les  o f  a g iven topo log ica l  wave 

are, i n  f ac t ,  spread around i t s  energy momentum curve - the ex ten to f such  

a spread depending upon the wave width.  

e) The Spectrum 

Now we present the whole e x c i t a t i o n  spectrum generated by our 

v a r i a t i o n a l  computation, and a q u a Z i t a t i ~ e  conf ronta t ion  o f  our r e s u l t s  

wi t h  the data o f  references ( 8 ) ,  (283 and (29). 

The development of the MQWs s t a t i s t i c a l  m e c h a n i c s  - which 

could provide, f o r  instance, the "numbers" o f  topo log ica l  waves o f  each 

t y p e ~ e x i s t e n t o n a f l u i d r e s e r v o i r a t a g i v e n  temperature-  would be 

an essent ia l  s tep t o  t r y  a prec ise  q u a n t i t a t i v e  comparision o f  the pre- 

sent theory w i t h  experiments. Therefore, the comparision done here must 

remain on a q u a l i t a t i v e  l eve i .  

We sha l l  stcppose tha t  the MQWs a c t u a l l y  e x i s t  i n  l i q u i d  He- 

l ium. Taking t h i s  f a c t  f o r  granted, what should the quas i- pa r t i c l e  spec- 

trum o f  t h i s  system look l i k e ?  

Consider three d i f f e r e n t  temperatures TI > T2 > T g ,  which w i l l  

no t  be spec i f i ed  due t o  our lack  o f  knowledge about theMQWs s t a t i s t i c a l  

mechanics. 

We know tha t  the slow MWQs (y  

area than the rap id  ones (see f i g .  4 (c ) )  

the former should be important a t  r e l a t  

decrease as the temperature diminishes. 

= 1) car ry  much more energy per 

.. So, the s t a t i s t i c a l  weight of 

i v e l y  h igh  temperatures and must 

I f  the f l u i d  i s  a t  a r e l a t i v e l y  h 

i n  p r i n c i p l e ,  contain any k ind  o f  topologica 

our v a r i a t i o n a l  ca l cu la t i on ,  i t s  spectrum w i  

422 

igh temperature (TI ), i t must, 

1 wave, and, as a resul  t o f  

1 1  cover the shaded area o f  



f i g .  13(a). To draw t h i s  f igure ,  we took i n t o  account the quasi- part  i c l e s  

of a11 MQWs . But no t  i t s  energy and momentum uncer ta in t ies .  

Consider now tha t  a t  a lower temperature T 2 ,  a c e r t a i n  p a r t  

o f  the slow topo log ica l  waves i s  s t a t i s t i c a l l y  suppresed (because t h e y  

have too much energy per uni  t o f  area) . I n  t h i s  case the f I u i d  spectrum 

w i l  l look 1 i ke  t h a t  o f  f i g u r e  13(b). There we show on ly  those exc i t a t i ons  

belonging t o  MQWs f o r  which y 0.9. 

As discussed above, t h i s  spectrum has a g rea tconcen t ra t i ono f  

s ta tes  near the elbow-points curve (wi t h  y varying, here, i n  the range 

O S y 5 0.9) . Then, supposing tha t  we e x c i t e  the quas i- par t ic les  o f  our 

Fig.13 - Spectrum of  bound quasi- part ic les,  (a )  for a r e l a t i v e l y  high . 

temperature ( T ~ )  where a11 MQWs contribute; (b) a t  an intermediate tem- 

perature ( T ~ )  where the slower topological waves are  s t a t i s t i c a l l y  su- 

pressed; and (c) the s i  tuat ion a t  a low temperature ( T ~ )  on which only . 
the very rapid waves survive. 



f l u i d  (by us ing  a neu t ron  beam, f o r  instante) a t  T=T2, we c a n  e x p e c t  

t h a t ,  f o r  a g i v e n  momentum, t h e  cross s e c t i o n  o f  s i n g l e  q u a s i - p a r t i c l e s  

p r o d u c t i o n  w i l l  have a peak c l o s e  t o  the  a lbow-points  curve.  T h i s  peak 

would be due nOt to t h e  p r o d u c t i o n  ampl i tude,  bu t  t o  the  f i n a l  s t a t e s  

d e n s i t y  i n  phase space. 

F i n a l l y ,  l e t  T 3  be a v e r y  smal l  temperature, on which p ra-  

t i c a l l y  o n l y  t h e  t o p o l o g i c a l  waves having y á 0.5 (V  b 0.866) can s u r v i -  

ve. I n  

area o f  

s t a t i s t  

h i s  temperature the  f l u i d  spectrum w i l l  be s i m i l a r  t o  t h e  shaded 

f i g u r e  l 3 ( c ) .  

These conc lus ions  were reached w i t h o u t  knowledge o f  t h e  MQWs 

c a l  mechanics, and by means o f  a v a r i a t i o n a l  approach. I n  o u r  

o p i  n ion,  however, a more p r e c i s e  t rea tment  (bo th  quantum and s t a t  i s t i -  

c a l )  should n o t  change t h i s  q u a l i t a t i v e  p i c t u r e  d r a s t i c a l l y .  

We emphazise aga in  t h a t  i n  the  v a r i a t i o n a l  approx imat ion  we 

missed a c l a s s  o f  l a r g e  f requency bound e x c i t a t i o n ,  so t h a t ,  t h e  spectrum 

o f  t h i s  f l u i d  theory  i s  s t i l l  more r i c h  i n  the  l a r g e  energy reg ion .  

We a r e  now i n  a p o s i t i o n  t o  compare o u r  conc lus ion  w i t h  t h e  

l i q u i d  4 ~ e  spectrurn ob ta ined  i n  neu t ron  s c a t t e r i n g  exper iments.  

F i g u r e  14(a) - which g i v e s  the  4 ~ e  spectrum a t  1 . l K  and nor-  

mal pressure - was taken a lmost  1 i t e r a l  1 y f rom f i g u r e  6 o f  re fe rence  (28). 

The d i f f e r e n c e  i s  t h a t  we have n o t  c u t  t h e  spectrum i n  t h e  second peak 

1/2 - h e i g h t  as done there .  The boundaries o f  the  exper imenta l  spectrum 

areaare a c t u a l l y  somewhat i n d e f i n i t e .  Never the less,  f i g u r e s  3 and 5 o f  

re fe rence  (28) (which show some t y p i c a l  energy d i s t r i b u t i o n s  a t  f i xed  va- 

lues  o f  the  momenturn) p r o v i d e  i n f o r m a t i o n  about  t h e i r  p o s i t i o n .  

The s i m i l a r i t y  between f i g u r e s  14(a) and 13(b) i s  v e r y  promi- 

s i n g .  Based upon our  t h e o r e t i c  r e s u l t s  we cou ld  say t h a t ,  i f t heMQWs re-  

a l l y  e x i s t  i n  l i q u i d  Helium, a t  1.1K and normal pressure a c e r t a i n  p a r t  

o f  them ( those having low v e l o c i t i e s :  0.9 2 y <  1) would be thermodyna- 

m i c a l l y  suppressed. 

F igure  14a a l s o  shows t h e  p o s i t i o n s  o f  the  f i r s t  (a'phonon-ro- 

tona ' )  and second peaks o f  t h e  neu t ron  s c a t t e r i n g  cross s e c t i o n .  



F i g . l l t  - (a)  Spectrum o f  l i q u i d  4 ~ e  a t  1 . 1  K ,  from r e f s .  (16)  and (28); 
(b) ttie s i t u a t i o n  a t  2 . 4  K .  Here ,  o n l y  the reg ion around the f i r s t  peak 

was teken from r e f  . (29)  . The r e s t  o f  the graph was i n s p i r e d  from the  

1 . I  K case (see the t e x t ) .  

Note tha t  the elbow-points curve o f  our theory could exp la in  

a t  Zeast a p a r t  o f  the f i r s t  peak. This peak (which i s  r e l a t i v e l y  nar- 

row) should be due t o  the phase space f a c t o r  o f  the product ion cross sec- 

t i on .  

To see whether o r  not  the ~ 1 4 3 1 ~  theory could describe thewho- 

l e  "phonon-roton" peak i t would requi re  a so lu t i on  o f  the s t a t i s t i c a l  me- 

chanics problem. 

I t  i s  possib le t h a t t h e  h igh  energy p a r t  o f  the second peak 

( t h a t  i s  rnuch more broad than the former) be an sca t te r i ng  arnpl i tudepeak 

( ~ e f  5 6 )  (see p re l  iminary d iscussion i n  the next subsection) . 
The cur rent  interppetat&$ i s  t ha t ,  i n  f i g u r e  14a, everyth ing 

out  o f  the f i r s t  peak should be due t o  m u l t i p l e  product ion process. O f  

course we do not  partake o f  t h i s  view po in t .  I t  i s  c e r t a i n  t h a t  m u l t i p l e  

sca t te r i ng  process, spec ia l l y  the double- scat ter ing ones, g i ve  t h e i r  con- 



t r i b u t i o n  t o  the measured cross sect ion.  However, our t heo re t i c  r e s u l t s  

i nd i ca te  t ha t  ( i f  theMQWs e x i s t )  the s i n g l e - p a r t i c l e  product ion i s  an 

important process even f a r  from the f i r s t  peak. 

F igure  14b was not  e n t i r e l y  taken from experiments. There we 

s how what shouZd be the spectrum a t  2.4K and normal pressure. Under 

these thermodynamics condi t ions the ava i l ab le  experimental data i s  t h a t  

o f  reference (29), which refers  only t o  the  neighborhood of  the  "roton" 

peak minimwn. The minimum posi t ion and the gap are  respect ive l  y 1 .915/~  

and 0.302 meV, whereas the f i r s t  peak w id th  near the minimum i s  0.38meV. 

A1 1 dots o f  f i g u r e  14b correspond t o  the f i r s t  peak 1 ine (see 

f i g u r e  7 o f  reference (29)) . I n  t h i s  case the spectrum near l  y touches the 

momentum ax i s  because the gap i s  very small and the peak w id th  i s  q u i t e  

la rge.  

The remainder par ts  o f  t ha t  f i g u r e  (those which are  f a r  f rom 

the "roton" minimuml') does not come from e q e n m e n t .  They were drawn i n  

analogy w i th  the 1 . lK  case. 

What matters however i s  t ha t  (and t h i s  i s a n  experimental f ac t )  

a t  2.4K the spectrum touches, o r  a t  l eas t  almost touches, the momentum 

ax i s .  Therefore the s i t u a t i o n  a t  t h i s  temperature i s  very s i m i l a r  t o  

the theo re t i c  p i c t u r e  shown i n  f i g u r e  13a where, a t  a re la t i ve l yh igh tem-  

perature, any k ind  o f  MQW cont r ibu tes  t o  the  spectrum. 

Measurements o f  neutron sca t te r i ng  i n  l i q u i d  Helium were ne- 

ver made below 1.OK. Thus, there i s  not  experimental data tocompare w i t h  

our f i g u r e  13c which re fe rs  t o  a r e l a t i v e l y  low temperature Tg. 

I n  t h i s  respect, our t heo re t i c  p red i c t i on  i s  t ha t  below 1.1K 

the Helium I I  spectra w i l l  cont inuously change from the p i c t u r e  o f  f i g u -  

r e  14a t o  be, a t  a c e r t a i n  lower temperature T3 , s i m i l a r  t o  f i g u r e  13c. 

When going t o  even 

l u t e  zero, the rap id  MQWs w i l  

and the spectrum would tend to  

(see f i g u r e  1) .  

lower temperatures, approaching the abso- 

1 a l so  lose t h e i r  thermodynamical weight, 

1 be s o l e l y  the s e t  o f  Bogoliubov's phonons 



P 

Fig.15 - Qual i t a t i v e  p r e d i c t i o n  concerning t o  t he  behavior o f  the "pho- 

non- roton peak" (iSt peak) a t  temperatures below 1 . O  K. 

As a consequence our theory a1 so p red i c t s  t ha t  , i f T,<Tb< 1 .l K, 

the f i r s t  peak would change as i s  shown i n  f i g u r e  15: when the tempera- 

t u re  diminishes the "roton minimum" gap should grow, and, a t  a c e r t a i n  

temperature Tb , the minimum disappears. Below Tb the f i r s t  peak would 

tend toward Bogoliubov's d ispers ion  r e l a t i o n .  

We p o i n t  ou t  tha t ,  concerning t o  Landau's parametr izat ion,  the 

existence o f  "rotons" i s  not  re levant  i n  low temperatures. I n  t h i s  re-  

g ion the major con t r  i bu t  ion t o  speci f i c  heat comes f rom "phonons1'57. 

The present experimental s i  t u a t  ionZ9 shows tha t  the "rotonmi - 
nimum" gap grows q u i t e  s lowly when temperature goes from 1.5 t o  1.1 K. 

This f a c t  may lead some readers t o  be scept ica l  about ocir t heo re t i c  pre- 

d i c t i ons .  bk r e c a l l ,  however, t ha t  a l o t  o f  the H e l  iu in I I p r o p e r t i e s  

change suddenly below 1.OK. For example, the second sound ve loc i t y ,  t h a t  

i s  almost constant i n  the i n t e r v a l  (1 .OK, 1.8K) s t a r t s  growing q u i c k l  y 

below 0.7K t o  become very h igh  and not  we l l  defined18. 

f) Proposals for Further Investigations 

Here we want t o  l i s t  a few problems which are s t i l l  under i n -  

v e ~ t i g a t i o r i ~ ~ .  We s h a l l  a l so  present some pre l im inary  r e s u l t s  r e f e r r i n g  

t o  them. Our purpose i s  mainly t o  g i ve  an idea about how c o l o r f u l  the 

theory o f  s u p e r f l u i d i t y  would become i n  case o f  existence o f  macroscopic 

quantum waves . 



E Z a s t i c  n e u t r o n  s c a t t e r i n g :  - Besides e x c i t i n g  t h e  MQWs neu- 

t r o n s  can a l s o  be e l a s t i c a l l y  s c a t t e r e d  by them. To t r e a t  the  e l a s t i c  

s c a t t e r i n g  we must cons ider  the  i n t e r a c t i o n  Hami l ton ian  d e n s i t y  

where N i s  the  neu t ron  sp 

(6 i s  a ve ry  smal l  number 

b u t i o n  o f  the  MQW : 

i n o r ,  B i s  an e f f e c t i v e  4 ~ e  - neu t ron  coupl  i n g  

, 8 5 I O - ~  1 58) and ( w V l 2  i s  the  m a t t e r  d i s t r i -  

Iwv12 = P (  1 - Y * 3 (1 04) 
(cosh YE)' 

The p o t e n t i a l  A/(cosh z ) ~ ,  known as ~ O s c h l - ~ e l l e r  p o t e n t i a l  i s  

so lved  f o r  example i n  re fe rence  (59) . From t h e  r e s u l  t s  o f  t h i s  re fe rence  

we a r e  a b l e  t o  deduce t h e  p r o b a b i l i t y  o f  neu t ron  e l a s t i c  r e f l e c t i o n  by a 

MQW o f  v e l o c i t y  cV. Being p t h e  momentum exchange, t h e  r e f l e c t i o n  proba-  

b i l i t y  g i ves :  

I n  t h e  re fe rence  frame where t h e  MQW i s  a t  r e s t ,  p /2  i s  the  neu t ron  Ion-  

g i t u d i n a l  momentum. 

Since nB/2X i s  a v e r y  smal l  number, t h i s  p r o b a b i l i t y  ,corres-  

ponds t o  a v e r y  narrow peak around p=0. The w i d t h  o f  such a peak i s  

Then, i n  t h e  ( ~ , p )  p lane  t h i s  s ingZe e l a s t i c  s c a t t e r i n g  i s  supposed tocon- 

t r i b u t e  o n l y  f o r  v e r y  smal l  va lues o f  the  momentum, be ing  n o t  r e l e v a n t  i n  

the  r e g i o n  where the  "phonon-roton" peak s t a r t s  t o  be observed ( p  2 O.lmc 

( ~ e f  .28)) . However, i f  t h e  neu t ron  crosses a v e r y  l a r g e  number (1 o4 ) o f  

MQWS, t h e  e f f e c t  o f  m u l t i p t e  e í l a s t i c  s c a t t e r i n g  c o u l d  i n  principie be 

impor tan t .  The q u e s t i o n  would be t o  kaow i t s  s i g n i f i c a n c e  r e l a t i v e  t o  the  

background. 

I n e Z a s t i c  n e u t r o n  s e a t t e r i n g :  u s i n g  t h e  q u a s i - p a r t i c l e s  wave 

f u n c t i o n  o f  o u r  v a r i a t i o n a l  method, and c o n s i d e r i n g  t h e  neu t ron  c u r r e n t a s  



t a c lass i ca l  ob jec t  - i.e., tak ing  N N t o  be 6(2-&) - we studied the pro-  

duc t ion  o f  bciund quas i- par t ic les  i n  the l i m i t  o f  la rge I w ]  values. 

Ciur p re l im inary  conclusion i s  t ha t  the high energy part o f t h e  

second peak could be understood as a peak i n  the product ion amplitude. No- 

te, i n  t h i s  respect, t h a t  the second peak ~ i d t h ~ s * ~  (> me) i s  near ly  the 

momentum uncer ta in ty  o f  an ob jec t  bound on a t y p i c a l  MQW. 

Concerning the bound exc i t a t i ons  which, f o r  a g iven value o f  

k2,  have more energy than those considered i n  t h i s  paper, we should say 

tha t  t h e i r  possib 

f a c t  t ha t  any var 

ground s t a t e ,  but  

:3 f l e  - 

e r o l e  i s  s t i i l  unclear.  This d i f f i c u l t y  comes from the 

a t i o n a l  computation provides a good desc r i p t i on  o f  the 

not  o f  the f i r s t  exc i t ed  s ta te .  

4 ~ e  mixtures: - Wi th in  the s p i r i t  o f  the approximations 

considered i11 t h i s  paper, Hel ium-3 should i n t e r a c t  w i t h  Hel ium-4 w i t h  the  

same e f f e c t i v e  coupl ing constant o f  the 4 ~ e  s e l f  i n te rac t i on .  I f  $ 3  i s  

the 3 ~ e  f ie ld ,  the approximated i n te rac t i on  Hami l t o n i a n  i n v o l v i  n g  b o t h  

these p a r t i c l e s  would be 

whereas 

should describe the i n t e r a c t i o n  of 3 ~ e  atoms w i t h  a topo log ica l  wave. 

Employ ing  again the resul  t s  o f  reference (59) i t i s very easy 

t o  see tha t  there e x i s t  bound states o f  3 ~ e  atoms wi t h i n  the MQWs. 

Consider an 3 ~ e  - 4 ~ e  mix ture .  I n  the case where the r e l a t i v e  

dens i ty  o f  3 ~ e  i s  s m a Z l ,  by neg lec t ing  the 3 ~ e  s e l f  i n t e r a c t i o n  and by 

consider ing Paul i  exclusion p r i n c i p l e ,  we conclude tha t  the fundamental 

s ta te  o f  the mixed system has a non vanishing "number" o f  M Q W s .  I .e., the 

presence o f  3 ~ e  atoms would favor  the format ion o f  M Q W s .  

A brief note about Landau's pararnetSzatim: - Without a rea- 

sonable knowledge o f  the MQWs s t a t i s t i c a l  mechanics, t o  attempt t o  deduce 

Landau's phenomenologicai parametr izat ion2'3 would be a v e l l e i t y .  We want 



however t o  w r i t e  a few words i n  t h i s  respect .  I n  our theory the f l u i d s p e -  

c i f i c  heat should have th ree types o f  cont r ibu t ions :  

where C , Cb and C are  due respect ive ly  t o  phonons 
ph MQW - 

t a t i ons  and t o  the MQWs.  

, t o  bound exc i -  

Actual l y  Cb and C are not  independent t h  
MQW 

wever, assume Eq. (107) t o  hold.  

iings40. Let  us, ho- 

When the temperature i s  small the MQWs and, as a consequence, 

t h e i r  bound exc i t a t i ons  are very few i n  number. Therefore, i n  t h i s  low 

temperature region, C would be the  leading term i n  Eq. (107) and the  
ph 

s p e c i f i c  heat would a l so  f o l l o w  the y3 law, i n  agreement w i t h  Landauis pa- 

rametr izat ionS7. 

A t  the c r i t i c a 1  po in t ,  the analogy w i t h  magnetic system sug- 

gests t h a t  C i s  the divergent  p a r t  o f  Eq. (107) (see chapter 3) . For 
MQW 

temperatures which are  not  too c lose the c r i t i c a 1  po in t ,  CMQW i s ,  as a l -  

ready discussed, probably not  re levant .  

Before consider ing what could occur i n  the reg ion o f  interme- 

d i a t e  temperatures we p o i n t  ou t  t h a t  the h igh  concentrat ion o f  s ta tes  i n  

the elbow - po in ts  curve plays probably an important r o l e  i n  the f l u i ' d  

s t a t i s t i c a  

ing o f  the 

spectrum a 

mechanics, as i t  d i d  i n  the discussion about neutron sca t te r -  

preceding subsection. 

Inspect ing f i g u r e  13b, which represents the quasi - p a r t i c l e s  

an intermediate temperature, we see tha t  the major cont r ibu-  

t i o n s  t o  C should come from the area around the p o i n t  (~=0 .55mc~ ;  p =1 .2 
b 

me) - exc i t a t i ons  on the cone near the o r i g i n  are  bound on very wide MQWs 

and have not  weight i n  phase space due t o  t h e i r  small transverse mo- 

menta. Therefore, i f  A = 0.55 me2, we could expect t h a t  a very crude ap- 

pro&ation t o  Cb would g i ve  Cb = D e x p ( - ~ / k g ) ,  where t h e  c o n s t a n t  D 

should come f rom an i n teg ra t i on  on the area around the p o i n t  (0.55 mc2 ; 

1.2 me). D should depend upon the temperature and upon the ( ye t  unknown) 

r e l a t  i ve  "numbers" o f  MQWs o f  each type. 



Thus, it is possibZe t ha t ,  even i n  the region o f  intermediate 

temperatures, the present theory can lead t o  a parametr izat ion fo r thespe-  

c i f i c  heat s i m i l a r  t o  t ha t  o f  Landau. 

We r e c a l l  t ha t  measurements o f  the ro ton curve second der iva-  

t i v e  ( 1 / 2 ~ )  y ives, depending on the nature o f  the exper iment rea l  ized, ve- 
O 

r y  d i f f e r e n t  r e ~ u l t s ~ ~ ~ ~ ~ .  For example, a t  1.2 K and normal pressure, the 

va 1 ue Fi=O. 160111 comes f rom neutron sca t te r  i ngZ9, whereas densi t y  measure- 

ments g ives60 = 0.5m. This discrepancy ind ica tes  tha t  Landau's parabola 

may r e a l l y  b r  an e f f e c t i v e  ("mean") parametr izat ion of a more r i c h  spectrum 

spread over nn area. 

5. SKETCH OF AN APPARATUS TO OBSERVE THE MACROSCOPIC 
QUANTUM WAVES 

Here we w i l l  present the sketch (a simple sketch, no t  a de- 

t a i  l e d  design) o f  an apparatus t o  look f o r  macroscopic quantum waves i n  

Helium I I. I t  i s  shown i n  f i g u r e  l 6 ( a ) ,  and consists o f  e s s e n t  i a 1  1 y 

three par ts :  (1) a tube o f  near ly  1 .O cm i n  diameter t ha t  contains the 

f l u i d ;  (2) a source o f  x- ray w i t h  niean wave length o f  a few acgstrams. 

The x- ray beam must be very narrow (-1 cm) and almost wi thout  spread; 

and (3) a sheet o f  emulsion sensi t i v e  t o  t h i s  type o f  x-ray which canmo- 

ve between two r o l  l e r s  a t  an speed o f  about 5,O m/sec61. 

The x- ray beam enters i n t o  the f l u i d  forming a small angle 

(-10 degrees) w i  t h  the tube. 

A t  l eas t  two types o f  experiments can be done wi t h  t h i s  appa- 

ratus . 

1 ) Search for a sing Ze macroscopic quantm wave : t h  i s i s a 

very compler. experiment . The slow MQWs are character 

ge i n  the condensate densi ty ,  whereas the rap id  ones 

x-ray beam should be mostly r e f  lec ted by the former. 

res62 (-0 .1 - O.5K) these slow topo log ica l  waves are 

zed by a s t rong chan- 

are not .  Hence, our 

At low temperatu- 

supposed t o  be very 

f a r  one froni another. Consider a p a r t i c u l a r  wave which a t  times tl and 

t2 i s  i n  the pos i t ions  shown i n  f i g u r e  16(a). I t  r e f l e c t s  a p a r t  o f  the 

inc.ident b e m  t o  the emulsion detector .  Since the emulsion i s  moving,the 



i i g . 1 6  - ( ò )  E x p r r i i i i e n t ù l  appara tu5  t o  observe  :.&vis (see the t e x t ) ;  ( b )  

t h e  i i iarks on a  segnient of e m u l s i o n  t h a t  should cor respond  t o  t h r e e  d i f -  

f e r e n t  MQWs. 

r e f l e c t e d  bearn w i l l  rnark i t  a long a s loped s t r a i g h t  l i n e ,  as show in  f i -  

gure 16(b) - t h e r e  we drew the  s i g n a l s  o f  t h r e e  d i f f e r e n t  waves. I f  the  

background i s  n o t  too  perverse, we can hope t o  see these s i g n a l s .  Due t o  

the  severe r e s t r i c t i o n s  upon the  i r i c i d e n t  beam (narrowness and c o l l i m a -  

t i o n )  i t s  power i s  c e r t a i n l y  so m a l 1  t h a t ,  t o  look  f o r  the  emulsion 

marks, i t  should be necessary t o  r e s o r t  t o  microscopy techniques.  

2 )  Scat ter ing  b y  second sowzd; our  theory  suggests t h a t  the  

MQ& p l a y  an impor tan t  r o l e  i n  t h e  mot ion  o f  second sound. Then ,exc i t i ng  

on t h e  tube a second sound pu lse  ( t h a t  would correspond t o  a group o f  

M Q & ,  the  r e f l e c t e d  beam i n t e n s i  t y  wi  11 increase when t h e  p u l s e  crosses 

the  x- ray  range. T h i s  phenomenon should produce an s loped band i n  the  

ernulsion f i l rn ,  more e a s i l y  observablethan the s t r a i g h t  l i n e s  o f  t h e  s i n -  

g l e  t o p o l o g i c a l  waves. 

I t  i s  rnuch more easy t o  c a r r y  o u t  t h i s  second experiment than 

t h e  former one, because here the  ternperature rnay be h i g h e r  (-1.0 - 2.OK, 

n o t  needing magnetic c o o l i n g ) ,  and the x- ray  beam may be n o t  so narrow. 



çrle showed tha t  the o l d  Bogol iubov's superf l u i d i  t y  theory 

exh ib i t s  some macroscopic quantum waves which were so f a r  unknown. 

T'he spectrum o f  quas i- par t ic les  bound i n  these waves i s  very 

s i m i l a r  t o  the l i q u i d  Helium spectrum observed i n  neutron sca t te r i ng .  

Besides tha t ,  by p a r t i t i o n i n g  the condensate i n  blocks o fpha-  

se, the states o f  m u l t i  - MQWs provide a possible explanat ion t o  the X- 

t r a n s i t i o n .  

I f  experiments come t o  conf i rm the existence o f  topo log ica l  

waves i n  l i q u i d  Helium, the matter  presented here should be the s t a r t i n g  

po in t  o f  a microscopic desc r i p t i on  o f  s u p e r f l u i d i t y .  

The MQWs are, i n  essence, one-d imens ional  ob jec ts  (though 

t h e i r  exc i t e t i ons  are  n o t ) .  We hope tha t  the modern techniques t o  study 

one-dimensional so l i t ons  i n  non r e l a t i v i s t i c  ~ n o d e l s ~ ~  should bevery use- 

f u l  t o  develop a more precise treatment o f  them. 

F i n a l l y  we po in t  ou t  how simple the basic ideas o f  our scheme 

are. According t o  the s t ra tegy  o f  simpl i c i  t y  we have a c e r t a i n  chance t o  

be r i g h t .  
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APPENDIX A - The Bohr-Sommerfeld Quantization Rule 

The extension o f  the Bohr-Sommerfeld quant iza t ion  r u l e  t o  

a non r e l a t i v i s t i c  f i e l d  t heo re t i c  model r e a d ~ ~ O - ~ ~ :  i f  4 i s a  per io-  

d i c  s o l u t i o n  of the c lass i ca l  equations o f  motion, and i f  ii i s  i t s  

cannonical momentum, i t  fo l l ows  t h a t  

where r i s  the  per iod  o f  + and n i s  a pos 

F i r s t  o f  a l l  we s h a l l  use t h i s  

l iubov 's  phonons. To t h i s  purpose l e t  us 

t i v e  in teger .  

r u l e  t o  quantize the Bogo- 

ook f o r  the Lagrang i an which 

i s  cons is ten t  w i t h  the equation o f  motion (15) and w i t h  the Hami l t o -  

n ian H{n} (see ~ ~ . ( l 7 b ) ) .  Th is  Lagrangian must be 

Therefore the momenturn o f  ri i s  iri*, so t h a t  the Bohr- 

-Sommerfeld quant iza t ion  o f  the e x c i t a t i o n  f i e l d  i s  g iven by the ex- 

press ion: 

I n  ( ~ 3 ) ,  s i s  a pe r i od i c  s o l u t i o n  o f  ~ q . ( 1 5 ) .  

Being w=2n/~ > 0, the s u b s t i t u t i o n  o f  the e igenso lu t ion  n+ 
k 

(see ~ q . ( 2 1 ) )  i n  (A31 gives 

For a g 

To descr ibe a s ing  

iven n we have the s t a t e  o f  n i d e n t i c a l  exc 

l e  quas i- pa r t i c l e  we must take n= l ,  o r  

A2 = 1/2w . 
The r o l e  o f  Eq.(A3) i s  s i m i l a r  t o  t h a t  o f  the normal izat-  

ion  cond ic t ion  o f  o rd inary  quantum mechanics, i n  the sense t h a t  i t  

f i x e s  the modulus o f  the amplitude A. Note t h a t  the condensate wave 

func t i on  R was not  quantized because t h i s  system contains an i n f i n i -  



t e  number o f  p a r t i c l e s .  Th is  i s  equ iva lent  t o  the Bogoliubov's pro- 

cedure o f  making ao r = a: 2 .  

I n  the presence o f  a MQW the quas i- par t ic les  Hamiltonian 

Hv{rl} (see Eq. (81)) i s  not  a good quan t i t y  t o  charac ter ize  t h e i r  

s tates.  Nor the l ong i t ud ina l  momentum i s .  However we can formulate 

the quas i- par t ic les  dynamics by using the "transformed Hamiltonian" 

The Lagrangian compatible w i t h  R h }  and w i t h  the equat ion 

o f  m t i o n  (60) i s  

Taking the fundamental coordinates to be s and E ( E has 

not  dimension o f  length!) , we conclude t h a t  the momentum of  11 i s  

iQ*/rnc. Thus, t o  the f l u c t u a t i o n  ri, the Bohr-Sormerfeld r u l e  impl ies 

t ha t  : 

To quant ize the exc i t a t i ons  o f  Eq. (61) i t  i s  necessary 

t o  t r e a t  separatel y the cases w>o a n d ~ 0  (see, however, the comnent 

a f  t e r  Eqs. (69)) . 
Consider f i r s t  t h a t  w=2r/.r> 0. Plugging n+ , given by Eq. 

k 
(61) ,  ir1 ( ~ 7 )  and i n teg ra t i ng  over transverse cmrd ina tes  and over 

time, we: ob ta in :  

or ,  using Eq. (63). 

t JdE Ji o,$ = n . 
When w=-.2+/~<0, i t  can e a s i l y  be v e r i f i e d  t h a t  

t IdEq o,$ = - n . 



Then,for states o f  a  s i ng le  quas i -par t ic les  we have 

i- ra<$ u3$ = 1, when w>O , ( ~ l  Oa) 

t. /a<$ a3Ji = - 1, when w < O  (AI 0b) 

As disr.ussed i n  subsection 4-6,any spinor o f  negat ive (ii 

corresponds i n  f a c t  t o  another one o f  p o s i t i v e  w - both them descr i -  

b ing  the same quas i -par t ic le .  

The topo log ica l  wave i s  a  moving ob jec t ,  so tha t  t h e f l u i d  

system i s  not  s t r i c t l y  pe r i od i c .  To the reader who wonders t h a t t h i s  

f a c t  could f o r b i d  the use o f  the Bohr-Sommerfeld r u l e  we say t h a t :  

before formulat ing the model, we can go t o  the reference frame where 

the MQIJ i s  a t  r e s t .  There, the p e r i o d i c i t y  i s  mani fest  and wemay use 

the ru le ,  coming back t o  the f l u i d  system l a t e r  on. The r e s u l t  of 

such a  round t r i p  operat ion i s  the same as t h a t  presented above. 

APPENDIX B - Zero-Frequency Solutions 

Here we l i s t  f ou r  zero-frequency so lu t ions  o f  E ~ .  ( 65 ) ,  whose 

exact expressions we know. One of them corresponds t o  quas i- par t ic les  

bound w i t h i n  the MQWs. Two others are re la ted  t o  symmetries o f  t h e ~ l d > l ~  

theory - the t r a n s l a t i o n  and gauge modes. And the l a s t  s o l u t i o n  has no 

phys i c a l  relevance. 

Le t  us f i r s t  de f ine  the numbers 

R = - ,  ( A I  l a )  

and 

Any one of those so lu t ions  i s  associated t o  a  un iqueva lueof  

the transverse momentum square (k2) . 



They can be w r i t t e n  as 

Where Am i s  a real constant. 

To the t r a n s l a t i o n  mode, which had been considered i n  sub- 

sec t ion  4-8, we have 

and 

The gauge mode, t h a t  i s  a consequence o f  the gauge invar ian-  

ce o f  the mode], i s  

The s o l u t i o n  which has physical  importance i s  g iven by 

I t s  transverse momentum square i s  

F i n a l l y  we present a s o l u t i o n  w i thout  physical  meaning 

r 3 ( d  = A 3  [ & Z - i f i & Z t g h y ~ )  (A1 6a) 
( coshy~ )  

For r3 the value o f  the wave number square i s  negative 



That i s  why i t  lacks any physical  s ign i f i cance.  

APPENDIX C - The Large Frequency Behavior of Ouasi-Particles 
Bound in the Static MQW 

For the s t a t i c  MQWs the operator  i s  

1 C(o,k) = ( -  - a2 - 2 k2 + 1 +-)I 1 
+ ( - 1) ul. 

E ( c 0 s h 5 ) ~  2m2c2 (coshg) 

(A1 7) 
Thus, when V=O, Eq. (65) can be put  i n  the form 

where 

and 

We are  now consider ing t h a t  w  i s  a f i x e d  parameter and that 

-k2/2m i s the e i  genva 1 ue. 

To solve the eigenvalue equation ( ~ 1 8 )  i n  the la rge w  li- 
* 

m i t ,  we can t r e a t  ÔI as a pe r tu rba t i on  t o  O o ( w ) .  

I t i s  very easy ' to  ob ta in  the bound-state so lu t i ons  o f  the 

zero order equat ion 

We w i l l  present here these so lu t ions ,  showing t h a t  the c o r r e c t i o n s t o  

k2/2m2c2, which comes the pe r tu rbe t i on  ÔI , can be neglected when o 

i s  la rge.  



The operator 

1 - - 32 - + 1 ,  
* 5 ( c o s h ~ ) ~  

has two d i sc re te  eigenvaluesS9: 

B, = - 0.2192 , 

which corresponds t o  the even fundamental s ta te ;  and 

6, = 0.8423 , 

tha t  i s  

i nte rva 

associated w i t h  an odd exc i ted s ta te .  

Beside tha t  i t  has a continuous se t  of eigenvalues i n  the 

I 

S i n c e  a i s  a d i a g o n a l  m a t r i x ,  t h e  e i g e n s o l u t i -  
3 

ons o f  tiq . ( ~ 2 0 )  must be o f  one among two types : "up" o r  "down", g i -  

ven respect ive ly  by 

where s ( 5 )  and r (5) are such tha t  
B B 

Considering the spectrum o f  operator ( ~ 2 1 )  and the above 
1 . 4 -  

equation, we conclude that ,  when w i s  p o s i t i v e  (negative),$ ($ ) w i l l  
J. 1. 

be re la ted t o  a physical e x c i t a t i o n  q, and $ ($ ) t o  an unphysical 

one, because k2 must always be pos i t i ve .  



Without loss o f  gene ra l i t y ,  l e t  us take w t o  be pos i t i ve .  

I n  order zero i n  Ô the transverse momentum squares of the I 
even and odd bound-state quas i- par t ic les  are, f o r  a  g i venva lueo f  w, 

respect ive l  y 

I n  f i r s t  order o f  pe r tu rba t i on  theory the cor re t ions  t o  

kG/2m2c2 and k:/2m2c2 van i sh , because 

+ 
since the operator 6 couples a  s ta tes  $' on l y  t o  states $ . I 

Being $' the e igenso lu t ion  o f  ( ~ 2 0 )  whose eignevalue i s  
60 

( ~ 2 6 a ) ,  the second order cor re t ions  t o  t h i  s  eigenvalue wi 11 be 

This i n teg ra t i on  runs over the continuum i n t e r v a l  (A23).  

The odd d i sc re te  s t a t e  $' does not  con t r i bu te  i n  ( ~ 2 8 )  

because $' has even par i t y  . 61 

60 

The reader should convince himself that, s incethere  i s  no 

d i r e c t  coupl ing between two "up" states,  the h igher order co r re t  ions 

t o  (A26a) are a l so  always o f  order 0( l /w) : 



By means o f  an analogous procedure, we deduce t h a t  t h e  

even d i s c r e t  eigenvalue i s  

The e i  gensol u t  ions o f  ( ~ 2 0 )  , correspondent t o  the e i genva- 

1 ues (A29a) and (A29b) , are respect i v e l  yS9 

and 

= 

where a = (m - 1)/2 and 

t i z a t i o n  candi t ions (66) . 

s i  nhc/(cosh (A) (A30b) 

Ao and AI  must be determined by the quan- 
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