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The components o f  the  v i s c o s i t y  tensor i n  the  a x i a l  phase of 

super f lu id .  3 ~ e  a re  studied i n  the general ized paramagnon model . I t i s  

found that ,  wh i l e  the components o f  the v i s c o s i t y  tensor decrease l i k e  

B/T f o r  T T which i s  cons is ten t  w i t h  o ther  pred ic t ions .  At  low tem- 
C 

peratures, however, we f i n d  a temperature dependence which contains one 

power o f  T more than previous estimates. 

O modelo general izado de pararnagnons f o i  ut i l izado para se es- 

tudarem as componentes do tensor de viscosidade do 3 ~ e  super f lu ido  na 

fase a x i a l ,  prevendo-se os seguintes resul tados:  para T 2 T as compo- 
C 

nentes do tensor de viscosidade decrescem como Z/T, o que é consistente 

com out ras  previsões; a baixa temperatura, entretanto,  estas possuem um 

f a t o r  ex t ra ,  dependente da temperatura. 

1. INTRODUCTION 

Our purpose i n  t h i s  paper i s  t o  inves t iga te  the behaviour o f  

the v iscos i  ty tensor i n  the a x i a l  phase o f  supe r f l u i d  3 ~ e ,  i n  the gene- 

r a l  ized paramagnon model ls2. We f o l  low here a model deviced by A.Hough- 

ton and K.  Naki3, g iven by the authors the name of "Spi n F luc tuat ion  Do- 

minance Model". The idea behind t h i s  v a r i a t i o n  o f  the paramagnon model 

( i n  which i t  i s  assumed tha t  the sca t te r i ng  o f  the 3 ~ e - ~  quas ipa r t i c l es  

i s  dominateti by sp in  f l uc tua t i ons  exchange4) i s  t o  leave the pa r t i a1  

wave scat te i - ing amplitudes associated w i t h  the sp in f l uc tua t i ons  as f r e e  

parameters. These f ree parameters' can be i d e n t i f  ied wi t h  the empi r i ca1  

* Work supported i n  p a r t  by CNPq. 



amplitudes o f  the normal s ta te .  This isdone i n  order t o  avoid the over- 

es t imat ion  o f  the e f f e c t  o f  forward sca t te r i ng  i n  the paramagnon model. 

I n  sec t ion  2 we o u t l i n e  the method o f  c a l c u l a t i o n  of a  t rans-  

p o r t  c o e f f i c i e n t  i n  3 ~ e  i n  the general ized paramagnon model. I n  sec t ion  

3 the b u i l d i n g  blocks of the theciry; the quas ipar t ic les  propagator, i.s 

presented and the sp in  f l u c t u a t i o n  propagator i s  ca lcu la ted.  I n  sec t ion  

4 and 5 the quas ipa r t i c l e  re laxa t i on  time and the re laxa t i on  r a t e o f  ex- 

terna1 pe r tu rba t i on  are der ived from the model. F i n a l l y  i n  sec t ion  6 we 

ca l c i i l a te  the components o f  the v i s c o s i t y  tensor a t  low (T < <  T ~ )  and  

h igh  (T T  ) temperatures. 
C 

2. THE METHOD 

The coef f  i c i e n t s  o f  thi? v i scos i  t y  tensor q. .are g iven i n  terms 
'L3 

o f  the retarded product o f  the s t ress  tensor T.. 
23 

For an an i so t rop i c  l i q u i d  i s  a  f o u r t h  rank tensor, but  due t o  the cy- 

l i n d r i c a l  symmetry o f  the A phase, i t  has on l y  f i v e  

nents5. We can a l so  w r i t e  Eq.1 as 

. . 1 nZ3= l i m  w i m  xT 
{ j ,  '{i ( wis) 

*o 

independent compo - 

(2) 

Here ri! = pipjp3, pi i s  the ith component o f  the momentum, p3  i s  a  Pau- 

l i  ma t r i x  operat ing i n  pa r t i c l e- ho le  space. 
%,-r 

i s  a  retarded suscept i -  

b i l i t y ,  and i s  obtained by a n a l y t i t  cont inuat íon o f  the corresponding 

Matsubara propagators6. We can w r i t e  f o r  the imaginary p a r t  o f  the sus- 

c e p t i b i l  i t y  

and 



+ + 
Here z- =: z- i6, z = z+i6, where 6 i s  an i n f i n i  tesimal, G ( p )  i s  thema- 

Z 

t r i x  Grebn's func t ion  descr ib ing the propagation o f  3 ~ e - ~  quas ipa r t i c l es  

and 5 i s  the renormalized external  ver tex .  

The most important p a r t  o f  the problem i s  thedeterminat ion o f  

the s e l f  energy and the ver tex  func t i on  c o r r e s p o n d i n g ,  t o  the s t r e s s  

tensor operator .  The Dyson equation f o r  them are  shown g raph i ca l l y  i n  

Fig.1 and 2 respect ive ly .  We sha l l  on ly  need t o  consider the l i f e t i m e s  

associated wi t h  the s e l f  energy and renormal ized ver tex  which c a n  be 

handled r i go rous l y  i n  the general ized paramagnon model. The rea l  p a r t  o f  

the s e l f  energy and ver tex  cor rec t ions  can be absorbed i n t o  the quasi- 

p a r t i c l e  rnass and energy gap. 
K 

F ig .1  - Dyson equat ion f o r  the s i n g l e  p a r t i c l e  Green's f unc t i on  i n  the 

spir i  f l u c t u a t i o n  model. 4 P-K 

N N 

N 

Fig .2  - Dyson equat ion f o r  t he  ex te rna l  ve r tex  V i n  t he  s p i n  f l u c t u a t i o n  

mode I .  



3. THE SPIN FLUCTUATION PROPHGATOR 

It i s  assumed tha t  the ground s t a t e  o f  supe r f l u i d  3 ~ e  i n  the 

A phase i s  described by an order parameter wi t h  i t s  1 vector  (and con- 

sequentl y  3 vector)  along the y ax i s4 .  .Whenever i t i s  convenient t h e d i -  

rec t ions  X ,  y and z w i l l  be denoted 1, 2 and 3 respect ive ly ,  w i t h o u t  

f u r the r  explanat ion.  To estimate the e f f e c t  o f  sca t te r i ng  due t o  sp in  

f l uc tua t i ons  we ca l cu la te  the sp in  f l u c t u a t i o n  propagator. To tha t  e f -  

f ec t  we introduce the bare Green's f unc t i on  f o r  the quas ipa r t i c l e :  

Here 

A i s  the order  parameter, m* i s  the e f f e c t i v e  mass o f  the quas ipa r t i -  

cles, fii are u n i t  momentum vectors, p. are Pau l i  matr ices operat ing i n  
Z 

pa r t i c l e- ho le  space and v i s  the Fermi energy. The s p i n  f l u c t u a t i o n  pro- 

pagator i s  then oiven by 

FI 
~ e r e ~ :  N*(o) = ~ ( 0 )  (1  + $, N(0) i s  the f ree  p a r t i c l e  dens i ty  o f  s ta tes  

a t  the Fermi leve l ,  and Fi and Zi are  "Landau ~ a r a m e t e r s " ~ .  

I n  3 ~ e - A  we must d i s t i ngu i sh  two s u s c e p t i b i l i t i e s ,  one which 
+- 

describes response perpendicular t o  R and the o ther  descr ib ing response 

aiong 1. 



A f t e r  ana ly t i c  cont inuat ion we obtain,  f o r  example: 

' I  W + 2' z '  
l m  x O ( ~ , n  = 5 h' (tanh --T- - tanh x 1 2 

(8) 

- ~ ' t - 1 ~ ~  I. G ~ ~ ( P ' , Z ~ )  p3  I. GO~(&~,Z~+U)I , 

where the label  R on the Greenls func t i on  means retmded. To be ab le  t o  

go on w i t h  t:he ca lcu la t ions we assume p >>V,$ >> (A,T), then wecan per- 

form the enerrgy i n teg ra l s  and the i n teg ra l s  over po lar  angle andwe f i n d  

2 '  + W 
da '[tanh 7 - tanh 2 ) 2T 

Here, 8 ( x )  i s  the step funct ion  and '< > means average over the azimu- 

tha l  angle, @', o f  P' i n  the plane perpendicular t o  %. The previous as- 

sumption on the magnitude o f  % impl ies tha t  on ly  ;' p e r p e n d i c ~ l a r  t o  % 
A 

cont r ibu te  t o  the in tegra ls  o f  x and x . Further E(f-2') sfi( l-sin2(k,!L) 
4 I II 

cos2@) 'I2 where ( k , ~ )  i s  the angle between and x .  F ina l  l y ,  f o r  rea- 

sons which w i l l  become obvious i n  the next section, we introduce 

Im X+ = (21m x + I m  x ) / 3  = 
I I1 

(10) 

and 

I T  
l m  x- = (21m xl - lmx = - f 1 ( 4  , 

li 2vFk 
(1 1) 



where 

. m  

+ e ( w  - ~ Ã ( R ' ) )  dz '  tanh - 
2T 

At low temperatures, T << Te, w e  f i nd  

(13) 

where K,,(z) i s  the rnodified Bessel function, whi le f o r  high, T T c , t e m -  

pera tures 

Here ~ ( 3 )  i s  the Riemann zeta function.  

We may now proceed t o  construct the Dyson equations for the 

s ingle  p a r t i c l e  Green's function and externa1 ver t ices .  



4. THE SINGLE PARTICLE PROPAGATOR 

The s ing le  p a r t i c l e  propagator renormalized by sp in  f l u c t u a t -  

ion  exchange can be w r i t t e n  (and i t  i s  d iagramat ica l ly  shown i n  F i g . l ) :  

where the s e l f  energy 

t h e  a.'s are the sp in  operators o f  the fou r  dimension spinor represen- 
2 

t a t i o n  a1 =: ~ 3 0 1 ,  a2 = 02 and a3 = p3U3, ai's a re  the Pau l i  matr ices i n  

sp in  space. Evaluat ing the sum over the sp in  components we f i n d  

where 

(17) 

Carrying ou t  the a n a l y t i c  cont inuat ion  and de f i n ing  

I m  ?(P,z) = - i ( r 1  - (p& + p2P3)r2)  

we f i n d  



and 

I n  de r i v ing  the l a s t  two equations i t  has been assumed, as w i l l  be as- 

sumed throughout t h i s  work, that  the inverse sca t te r i ng  l i f e t i m e  i s l e s s  

than (n(T) ,T) . I n  1 i qu id  3 ~ e  t h i s  cond i t ion  i s  s a t i s f i e d  except i n  the 

v i c i n i  t y  o f  the t r a n s i t i o n  temperature ( 1  - T/Tc) ; 1om2 where the qua- 

s i p a r t i c l e  spectrum becomes gapless. To leading order i n  k / b  the k de- 

pendente on the order parameter appearing i n  Eqs. 19 and 20 can be ne- 

g lected.  Then the i n teg ra l  over the po lar  angles o f  can be car r ied  out  
3 + 

by wr i  t i n g  1x1 = 2 pF s i n  Ok/2 where Bk i s  the angle between p and p-i;. 

We f i n d :  

Here Ao and A ,  are the c o e f f i c i e n t s  o f  the s-wave and p-wave scat ter ing  

amplitudes, associated w i t h  paramagnon exchange, i n  the no rma l  s ta te .  

For example, i n  the paramagnon inodel 

+ 
I n  t h i s  case 'o means average over the azimuthal angle o f  k i n  , the 

-+ 
plane perpendicular t o  p .  Again we w i l l  need both the low and h igh tem- 

perature expansion o f  the diagonal ( r i )  and of diagonal (r21 sel f  ener- 

g ies.  Using the resu l t s  o f  the previous sect ion f o r  the sp in  f l uc tua t -  

ion  propagator, we f ind a t  low temperatures 



where 

The angular average ind ica ted i n  Eqs. 23 and 24 can be w r i t t e n  

A 
i f  we r e c a l l  t ha t  cose' 2 sin(k,%)cos+', where 4 '  i s  the azimuthal angle 

A 
o f  6' i n  the plané perpendicular t o  % and (k,R) i s  the angle between the 

R and kS vectors, we see imnediatel y 

x i s  the azimuthal angle between and the p ro jec t i on  of  i n  the plane 
+ 

perpendicular t o  ;, and 0 i s  the angle between p and the gap axis;  the- 

re fo re  

For low tiirnperatures Ã/T >> 1, the  angular average i s  now easi l y  evalu- 

ated and we f ind 

On the other hand, f o r  T Te 



S0(z )  and S i ( z )  a r e  e a s i l y  e x t r a c t e d  f rom Eqs. 21 and 22, b y  e n t e r i n g  

t h e  form o f  fo(d shown i11 Eq.14. A f t e r  a  s t r a i g h t f o r w a r d  b u t  leng thy  

c a l c u l a t i o n  we f i n d  

where 

Here $ ( z )  and $ ' ( z )  a r e  t h e  digamina f u n c t i o n  

t i v e l y  and C i s  t h e  E u l e r  cons tan t .  

(1 + iz)] (31) 

and i t s  d e r i v a t i v e  respec- 

5. THE VERTEX FUNCTION 

Here we consider  t h e  v e r t e x  assoc ia ted  w i t h  t h e  s t r e s s  tensor  

o p e r a t o r .  The diagrams which c o n t r i b u t e  t o  the  v e r t e x  equa t ion  areshown 

i n  Fig.2. The Azlamazov L a r k i n  diagrams o f  Fig.2b) and c)  do n o t  c o n t r i -  

b u t e  t o  t h e  v e r t e x  equa t ion  and a r e  n o t  considered here.  The equa t ion  

f o r  t h e  v e r t e x  f u n c t i o n  i s  s imply  w r i t t e n  as: 

The m a t r i x  i($) can be w r i t t e n  as 

v(;) = v@ p3 . 



I n  general there w i l l  be o f f  diagonal con t r i bu t i ons  t o  the ver tex  func- 

t i o n  a r i s i n g  from the coupl ing o f  the s t ress  tensor operator t o  f l u c t u -  

a t i ons  o f  the order parameter. These terms can however be shown t o  be 

o f  order r/A << 1 when compared t o  the dominant term i n  the hidrodyna- 

rnic l i m i t .  M u l t i p l y i n g  Eq. 32 by p3 and tak ing  the t race we f i nd 

Here both the frequency o and the order parameter d conta in  the widths 
n 

due t o  quesiparticle-quasiparticle sca t te r i ng  ca lcu la ted i n  theprevious 

sect ion.  A f t e r  a n a l y t i c  cont inuat ion  we f i n d  

2 '- z I (z++W) +$.-a2$', 
x (co th  3 - tanh $1 d$ 

2 T dZ-(pf)dz + I,(P') -+ V@) > 
(35) 

The i n teg ra l s  over energy and po lar  angle are c a r r i e d  out  as i n  the cor-  

responding ca lcu la t ions  o f  the se l f  energy and we f i n d  

Z '-2 

25 
vQ + z' + - z )  X (coth - - tanh ) - 

2T r ( z f )  

He r e  

r (z)  = 2 ( r I ( z )  - - '('1 r , í n , ~ )  
z 

i s  the inverse o f  the quas ipa r t i c l e  l i f e t i m e  i n  supe r f l u i d  3 ~ e - ~  



At low temperatures we can e a s i l y  v e r i f y  t h a t  the ver tex  cor-  

r e c t i o n  vanishes. Using the r e s u l t s  o f  the previous sec t ion  we f i n d  a t  

low temperatures 

An t i c i pa t i ng  tha t  s ino 2 T t h i s  equation impl ies a re laxa t i on  time pro- 

po r t i ona l  t o  2r3 ra ther  than T4, found by analysis o f  the c o l l i s i o n i n -  

t eg ra l  i n  weak coupl ing theory7. 

At  h igh  temperatures the ver tex  equation reduces t o  

where 

U (2) i s  g iven i n  Eq. 30.' The inverse l i f e t i m e  i s  g iven by 
o 

and So i s  defined i n  Eq.28. Keeping on ly  leading terms i n  A we f i n d  f o r  

the ver tex  func t i on  

vn - =  45 Z (3(Ao - A ~ )  [(ITT) + z2] + a A2a2Az coth  - I - ' .  (41) 
r (2) 2T 

6. THE VISCOSIN TENSOR 

We saw i n  Cection 2 t h a t  the components o f  the v i s c o s i t y  ten- 

sor are  propor t iona l  t o  the imaginary p a r t  o f  a general ized suscept ib i -  

l i t y .  Reca l l ing  Eq.4 we see t h a t  we can w r i t e  

- + 
@ T . .  (Z  ,Z +w) = p 4  /&Tr@$,p3 GZ-(P)vZ + P G +  ( 3 1 .  

1-3 ( 2 ~ ) ~  
,Z +W 3 Z +W 



Evaluat ing the t race and performing the energy i n teg ra l s  we f i n d  

At  low temperature we have seen t h a t  the ver tex  co r rec t i on  vanishes; as 

sech2z/2T i s  an exponential 1 y decreas i ng func t  ion, r ( z )  can be replaced 

by i t s  value a t  the gap edge 

The remaining i n teg ra l  can be evaluated i n  a s t ra igh t fo rward  manner and 

we f i n d  f o r  the v i s c o s i t y  tensor 

al  = A l / A o ,  a ,  = A 2 / A ,  and n o  i s  the normal s t a t e  v i s c o s i t y 4  a t t h e t r a n -  

s i t i o n  ternperature. 

At  h igh  temperature (T TC) we f ind  



which gives 

N e a r T  qdecreases l i n e a r l y w i t h A / ~ T w h i c h  i s  cons is ten t  w i t h  other 
C' 

ca l cu la t i ons 8.  However a t  low temperatures qw on l  y diverges as T-' r a -  

ther  than T - ~  as estimated prev ious ly .  The o r i g i n  o f  t h i s  d i s c r e p a n c y  

can be found i n  the temperature dependence o f  the e f f e c t i v e  quas ipa r t i -  

c l e  re laxa t i on  time ca lcu la ted i n  Sect ion 4. Since no rneasurements o f  the 

v iscos;  t y  tensor are, t o  our knowlsdge, reported i n  the 1 i t e r a t u r e  i t  te- 

comes d i f f i c u l t  t o  assess the  r e l a t i v e  mer i t s  o f  the d i f f e r e n t  theories. 

We hope tha t  the e x i s t i n g  ca lcu la t ions  w i l l  s t imu la te  experimental rese- 

arch i n  t h i s  area. 

The author i s  indebted t o  D r .  A. Houghton f o r  c a l l i n g  her a t -  

t en t i on  t o  the problem anti f o r  many i n t e r e s t i n g  discussions. 
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