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This paper reports the nuclear dens i t ies ,  r a d i i ,  m u l t i p o l e  

moments, form- factors and t r a n s i  t i o n  probabi 1 i t ies obtained f o r  the A=4n 

type o f  nuc le i  i n  the s-d she l l ,  us ing the Hartree-Fock wave func t ions  

ca lcu la ted i n  Ref . ( l )  w i t h  the Skyrme force.  Experimental dataand theo- 

re t i caJ  vaiues der ived by o thers  are  shown f o r  comparison. 

Este t raba lho apresenta as densidades, os ra ios ,  os momentos 

de mul t ipo lo ,  os fa tores  de forma e as probabil idades de t ransição nu- 

cleares obt idos para núcleos da camada s-d, do t i p o  A = 4n. usando as 

funções de onda de Hartree-Fock calculadas na ~ e f  . ( l )  com a fo rça  de 

Skyrme. Os resul  tados são comparados com medidas experimentais e com 

valores teeór icos derivados por ou t ros  autores. 

1. INTRODUCTION 

I n  our previous ~ a ~ e r '  we appl ied  the Hartree-Fock (HF) ap- 

proximation w i th  the Skyrme force  t o  the A=4n type o f  nuc le i  i n  the s-d 
s h e l l .  We used the Pe ie r l s  and Yoccoz p ro jec t i on  method t o  obta in  wave 

funct ions of good angular momentum, energy l eve l s  and t r a n s i t i o n  proba- 

b i  1 i t i e s  cri t h i n  the ground s t a t e  band .The resul  t s  were be t te r  than those 

obtained cri th more soph is t ica ted two-body in terac t ions .  We had t o  assu- 

me the 016 t o  be an i n e r t  core and the basis o f  independent p a r t i c l e  wave 
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func t ions  was t runcated t o  the s-d subspace. Time reversal  and charge 

symmetry were a l s o  assurned. 

The two-body p a r t  o f  the skyrme2 i n te rac t i on  i s  w r i t t e n  i n  

conf i gu ra t  ion space as 

-it u 
where k and are  r e l a t i v e  mornentum operators;  P i s  the spin-exchange 

3 3 
operator, 01 and u2 are  Paul i sp in  matr ices.  The three body term o f  the 

Skyrrne fo rce  i s  a l so  o f  zero-range 

and, f o r  HF ca l cu la t i ons  o f  even-even nuc le i ,  t h i s  f o rce  i s  equ iva ler?  
e7 

t o  a  two-body dens i ty  dependent i n t e r a c t i o n  

I n  ~ e f .  (1) we discuss how we performed the f i t t i n g  tonuc lear  

proper t ies ,  t h a t  lead us t o  the fo l l ow ing  values f o r  the  parameters: 

What we found was cornpared t o  the avai  l a b l e  experimental da- 

t a  and t o  some theo re t i ca l  r e s u l t s  der ived by others.  

D. vauther in3  used two sets o f  parameters determined by Br ink  

and himsel f  (VB-i and VB- l l )  Por the Skyrme force .  A modif ied ve rs iono f  



Negelets e f f e c t i v e  i n te rac t i on  was used by Zofka and ~ i ~ k a ~  (ZR) . Mosz- 

kowski5 i3150 studied some s-d she l l  nuc le i  w i t h  h i s  Modi f ied Del ta In-  

te rac t i o i i  (MDI) . We quote some o f  t h e i  r resul  t s  . 

2. MULTIPOLE EXPANSION OF THE NUCLEAR DENSITY 

The dens i ty  o f  states d i s t r i b u t i o n s  o f  a nucleus w i t h  A nu- 

cleons i s  g iven by 

the summation being over the occupied states described by the Hartree- 

Fock s i n g l e  p a r t i c l e  wave func t ions  The above expression can be 

developecl t o  the f i n a l  form 

where the mu l t i po la r  

The f i r s t  

expansion c o e f f i c i e n t  i s  

c o n t r i b u t i o n  comes from the i n e r t  core and the  se- 

cond i s  from the valence nucleons, namely 

and 



Besides the Clebsch-Gordan and Racah coe f f  i c i en ts ,  the R ( r )  are rad i -  
nR HF i s  the HF dens i ty  o f  s ta tes ;  a stands f o r  the a1 wave funct ions,  paai 

se t  of harmonic o s c i l l a t o r  quantum numbers n, R, j, m. I n  the S-d shel l ,  

the con t r i bu t i ng  L values are L = O (mnopo le) ,  L = 2 (quadrupole) and 

L = 4 (hexadecapole) . 
As we neglect  the Coulomb i n t e r a c t i o n  and N = Z ,  the dens i t yo f  

-+ 3 
protons w i l l  be pP(r) = f  p ( a ,  where the t o t a l  dens i ty  P(P) i s  g iven 

by (5). Correct ions due t o  the center  o f  mass motion and t o  the f i n i  t e  

s  i ze  o f  proton6 were taken i n t o  account, such tha t  one obtains the nu- 

c lea r  charge densi ty d i s t r i b u t i o n  pC(;), which can be a l so  w r i t t e n  as a  

mu l t i po le  expansion. The new c o e f f i c i e n t  p;(r) i s  a  f unc t i on  o f  the  o l d  

one g iven by expressions (61, (7) and (8). 

With h a r m n i c  o s c i l l a t o r  wave funct ions,  the  nuclear s t a t e  

can be w r i t t e n  as a  product of the center  o f  mass w.f.tiines an i n t r i n s e c  

wave func t ions .  The spurious s ta tes  a re  e l im inated by keeping the cen- 

t e r  o f  mass wave func t i on  i n  i t s  ground s ta te .  The f i n a l  expression o f  

pC(;), contain ing both correct ions,  i s  the sane as given by ~ e ~ e l e ~  

where 

b = h.0. c o n s t a n t  

The charge dens i ty  d i s t r i b u t i o n  c o e f f i c i e n t s  f o r  L = 0, 2, 4 
a re  shown i n  Figs. la,  l b  f o r  N ~ ~ O ,  ~ g ~ ~ ,  S i 2 8  and S 3 2 .  Comparison w i t h  

the  experimental data w i l l  be made through the e lec t ron  sca t te r i ng  form 

fac to rs  as the experimental dens i t i es  are  der ived from them. 



Fig.la - Expansion coeff icients for the ~e~~ and M~~~ nuclear charge 

density distributions. 

Fi~t.Ib - Expansion coefficients for the s i z 8  and s3' nuclear charge 

density distributions. 

3. RADII 

The nuclear mass and charge d i s t r i b u t i o n s  expressions are  

and 

respect 

express 

i v e l y .  o0(r) i s  g iven by ( 6 )  fo r  L = 0, and @'(r) i s  the L = O 
o 

ion fo r  the charge d i s t r i b u t i o n ,  tak ing  i n t o  account the correc-  



t i o n s  due t o  the center o f  mass motion and t o  the  f i n i t e  s i ze  o f  pro- 

ton  . 

I n  Table 1 we compare the experimental values o f  the  nuclear 

charge r.m.s. radius f o r  N ~ ~ O ,  M ~ ~ ~ ,  s i 2 * ,  s~~ and w i t h  the ones 

obtained by var ious authors. 

The mass radius, not  inc lud ing the cor rec t ions , isa lso  shown; 

one sees tha t  the net  e f f e c t  o f  the f i n i t e  s i z e  o f  proton and the cen- 

t e r  o f  mass motion cor rec t ions  increase the  rad ius  value. 

The expression depend on the harmonic o s c i l l a t o r  constant b .  

We used the Blomqvist-Mo1 i n a r i 7  formula t o  ca l cu la te  the value o f  b f o r  

each nucleus. What we found i s  i n  very good agreement w i t h  the data,in- 

d i c a t i n g  tha t  t h e i r  formula works q u i t e  we l l  f o r  l i g h t  nuc le i .  

Table 1 - Nuclear charge rad i  i ( i n  fm) determined by var ious authors. 

I n  the l a s t  column we have the mass radius,  w i thout  the cor rec t ions  

due t o  the center  o f  mass motion and t o  the f i n i t e  s i ze  o f  proton. 

r Exp . VB-I VB-II M D I - I  ZR This Work 
C r 

C r~ 

Ar3= 3 .30  3 . 4 2  3 . 4 0  3 . 4 6  3 .35  3 . 2 8  

(a) Ref . 8 ,  (b )  Ref . 9 .  

4. INTRINSEC MULTIPOLE MOMENTS 

The nuclear charge i n t r i n s e c  quadrupole and hexadecapole mo- 

ments are  def ined by the expectat ion values 



and 

where Imo:> i s  the Hartree-Fock ground s ta te ,  the operators having the  

wel 1 -known forms 

and 

Assuming tha t  the  proton and neutron wave func t i on  areequal, 

p lus  the f a c t  t h a t  N=Z, we can w r i t e  

The nuclear charge d i s t r i b u t i o n  dens i t i es  a re  the  ones i n -  

c lud ing thfe cor rec t ions  mentioned before. The proton and neutron e f fec-  

t i v e  charge cor rec t ions ,  a and 042, were taken as 0.5.  One sees t h a t  
P &:(e) measures the quadrupole (hexadecapole) deforrnat ion  o f  the nuclear 

charge d i s t r i b u t i o n .  Depending o f  the s ign  of Q: being p o s i t i v e  o r  nega- 

t i ve ,  the deformation w i l l  be p r o l a t e  or  oblate,  respect ive ly .  

The quadrupole moments are  i n  Table I I ;  the  best comparison 

w i t h  the  experimental data was reached by Vautherin, w i t h  the  VB-l l  se t  

o f  parameters, a l so  by Zofka and Ripka and t h i s  work. Our values o f  the 

hexadecapole moments i n  Table I I I  are  too low by a f a c t o r  of two compa- 

red t o  the experimental ones. 



Table I I - Electric quadrupole moments (in fm2) calculated by various 

authors. In the case of s~~ and ~ r ~ ~ ,  experiment does not provide their 

signs. 

Q~ 
o Exp . VB- l VB- l l MDI-I ZR This Work 

~ ~ 3 6  54+6(') -36 -48 -50 -52.0 -48.4 

(a) Ref.10, (b) Ref. 4. 

Table I I I - Electric hexadecapole moments (in fm2) calculated by various 
authors. 

f Exp . 
o 

(a) Theor . 

(a) Ref . 10. 

5. ELECTRON-NUCLEUS SCATTERING FORM FACTORS 

In the Born approximation, the elastic and inelastic form 

i a c t o r s  are given by the following expressions: 



and 

The momenturn t rans fe r  i s  h k ;  the  ta rge t  nucl eus has Z p r l  

ground s ta te  sp in  i s  zero and J i s  the  angular momentum of  

c i t e d  s ta te ;  these exc i t ed  s ta tes  are pro jec ted from the HF 

ion, the C 's b e i n g  t h e i r  n o r m a l  i z a t i o n  c o n s t a n t  . 
J 

o t o n s ,  the 

i t s  f i n a l  ex- 

wave func t-  

Fig .2a-  E l a s t i c  s c a t t e r i n g  fo rm f a c t o r s  f o r  ~ e ' '  and s i z 8 .  The p o i n t s  

represent  exper imenta l  va lues .  

F i g . 2 b  - E l a s t i c  s c a t t e r i n g  form f a c t o r s  f o r  M~~~ and s3 ' .  The p o i n t s  

represent  exper imenta l  va lues .  



We show t h e  e l a s t i c  form f a c t o r s  i n  F i g s .  2a, 2b. 

The exper imenta l  p o i n t s  f o r  and s~~ a r e  from 

R e f .  ( 9 ) ;  f o r  ~e~~ they a r e  f rom ~ e f  . ( l l ) .  The curves reproduce q u i t e  

w e l l  t h e  exper imenta l  p o i n t s  b e f o r e  t h e  d i f f r a c t i o n  minimum. Th is  re-  

g i o n  o f  low momentum t r a n s f e r  corresponds t o  t h e  n u c l e a r  surface, which 

i s ,  t h e r e f o r e ,  w e l l  descr ibed by o u r  wave f u n c t i o n s ,  j u s t i f y i n g  thegood 

va lues ob ta ined  f o r  t h e  nuc lear  charge r a d i i .  A f t e r  t h e  f i r s t  minimum, 

t h e  curves have a peak l o c a l i z e d  below t h e  exper imenta l  p o i n t s ,  except 

f o r  ~ e ~ !  Ripka found s i m i l a r  r e s u l t s ,  which may n o t  be due t o  t h e  Born 

Approximation, as Ford, B ra ley  and  ar-~ouv'~ a l s o  ob ta ined  t h i s  beha- 

v i o u i  employing a b e t t e r  approx imat ion.  T h i s  r e g i o n  corresponds t o  h i g h  

nuc lear  d e n s i t i e s  and the  d isc repanc ies  a r e  a t t r i b u t e d  t o  t h e  f a c t  t h a t  

the  Hartree-Fock wave f u n c t i o n s  do n o t  c o n t a i n  s h o r t  range c o r r e l a t i o n s .  

I t has been v e r i  f ied13 t h a t ,  when Jas t row c o r r e l a t i o n s  a r e  in t roduced  i n  

t h e  nuc lear  wave f u n c t i o n s ,  the  fo rm f a c t o r  second peak v a l u e  increases. 

The form f a c t o r s  corresponding t o  the  i n e l a s t i c  s c a t t e r i n g ,  
+ + 

w i t h  a O -+ 2 nuc lear  t r a n s i t i o n ,  a r e  shown i n  F i g s .  3a, 3b. 

The exper imenta l  p o i n t s  were taken f rom t h e  same r e f e r e n -  

ces as i n  t h e  e l a s t i c  case. Th is  form f a c t o r  depends on t h e  charge qua- 

d rupo le  d e n s i t y  shown i n  F igs .  l a ,  l b .  Some au thors12  suggest t h a t  one 

should inc rease  t h e  number o f  t h e  s h e l l  model b a s i s  s t a t e s  i n  o rder  t o  

improve t h e  r e s u l t s .  I n  our  case, i t  seems t h a t  o n l y  t h e  1s-Od s t a t e s  

were enough t o  account f o r  S i z 8 .  The o t h e r  n u c l e i  may have a b i g g e r  qua- 

d r u p o l a r  deformat ion,  thus r e q u i r i n g  more s i n g l e  p a r t i c l e  s t a t e s .  

I n  F i g u r e  4, we show t h e  0" -+ 4+ t r a n s i t i o n  form f a c t o r s  

o n l y  f o r  ~e~~ and s i z 8 ,  which a r e  n o t  i n  good agreement w i t h  t h e  expe- 

r i m e n t a l  p o i n t s .  There a r e  no da ta  a v a i l a b l e  f o r  t h e  o t h e r  n u c l e i  we 

s t u d i e d .  



Fig.3a - O' -t 2+ inelastic scattering form factors for ~ e "  and ~9~'. 

Experimental values are shown for comparison. 



Fig .3b  - 0' + 2' i n e l a s t i c  s c a t t e r i n g  form f a c t o r s  f o r  s i z R  and s~~ 
Exper imenta l  va lues  a r e  a l s o  shown. 



F i q . 4  - 0' + 4' i n e l a s t i c  s c a t t e r i n g  form f a c t o r s  fo r  ~ e "  and s i z 8  
wi t h  exper imenta l  va lues .  

6. TRANSIITION PROBABILITIES 

I n  the l i m i t  o f  zero momentum t ransfer ,  t h e f o r m f a c t o r  f o r  

the 0' - t i k  leve1 e x c i t a t i o n  i s  usuallyl' re la ted t o  the corresponding 

reduced e l e c t r i c  t r a n s i t i o n  p r o b a b i l i t y  by 

which, i n  i:he case o f  J=2,  reduces t o  



I n  s p i t e  o f  i t s  s i m p l i c i t y  the above expression i s  incom- 

p l e t e  when we a r e  deal ing w i t h  pro jec ted s ta tes .  The co r rec t  value must 

be obta ined f rom the d e f i n i  t'ion14 

where the  f i n a l  and i n i t i a l  s ta tes  have we l l  def ined angular momentum, 

pro jec ted from the HF ground s t a t e  wave func t ion ;  0; i s  the  e l e c t r i c  

quadrupole one-body operator .  The ma t r i x  element becomes an expression 

which i s  evaluated a f t e r  i nse r t i ng  a complete se t  o f  states,  namely,the 

HF ground-state, the  lp-lh states,  the 2p-2h states,  e t c .  The p a r t i c l e  

-hole exc i t a t i ons  invo lv ing  two o r  more p a r t i c l e s  do no t  c o n t r i b u t e .  

With the l p - l h  terrns, the r e s u l t s  were shown i n  ~ è f . ( l ) .  Without the 

lp-lh terms, i.e., keeping on ly  the H-F ground s t a t e  i n  thecomplete set, 

i t can be shown tha t  the expression (21) w i  1 1  reduce t o  (20) . I n  Table 

IV we show the resu l t s  from each formula and the experimenta? values. 

Table I V  - The B ( E ~ ;  0" -i 2+) reduced t r a n s i  t i o n  probabi l  i t i e s  i n  uni t s  

o f  e2frn4. Our r e s u l t s  frorn expressions (20) and (21) are i n  the second 

and t h i  r d  1 ines, respect ive ly .  The values o f  Ripka are  from Ref. ( 1  1). 

I n  the l a s t  l i n e  we have the r e s u l t s  o f  Ford, Braley and Bar-Touv,Ref. 

(12). 

~ q . ( 2 1 )  313. 453. 566. 311. 

Eq.(20) 167. 243. 331. 131. 

Ripka 247. 470. 520. 

FBB 204. 374. 376. 325. 

(a)  Ref.10, (b) Ref.15, (c) Ref.16. 



For S i 2 '  t l ie  best  t heo re t i ca l  value occurs when the  expression (20) i s  

used. Th is  i s  cons is ten t  w i t h  the  exce l l en t  f i t t i n g  obtained f o r  the  

0' -+ 2' sca t te r i ng  form f a c t o r  shown i n  Figs.  3a, 3b. 

7. CONCLUSIONS 

The r e s u l t s  presented here are  q u i t e  s a t i s f a c t o r y  i n  s p i t e  

o f  the approximations we had t o  make concerning the  i n e r t  core, as d i s -  

cussed i n  Ref. ( I ) ,  p lus  the f a c t  t h a t  the c a l c u l a t i o n  was res t r i c ted  t o  

the  s-d she l l  s ta tes .  

The nuclear rad i  i were i n  good agreement wi t h  the exper i-  

mental values. The harmonic o s c i l l a t o r  parameter b was no t  adjusted t o  

reproduce the best  radius.  The value o f  b was f i x e d  f o r  each n u c l e u s ,  

g i v e n  by  t h e  f o r m u l a  o f  Blomqvist and Mo l i na r i ,  which works w e l l  f o r  

l i g h t  nuc le i .  

The best  values f o r  the  quadrupole moments were ob ta ined in  

the case o f  s i 2 '  and s3*,  the o ther  nuc le i  presented a 10-20% dev ia t i on  

from experiment..With the usual nucleon e f f e c t i v e  charge we could not  

reproduce the hexadecapole moments; t h i s  could be a t t r i b u t e d  to thesmal l  

subspace we worked wi th .  

The e l a s t i c  form f a c t o r  has been we l l  reproduced up t o  the  

f i r s t  minimum, suggesting tha t ,  i n  the  HF.approximation, the  nuclear 

long range co r re la t i ons  are  c o r r e c t l y  described by the  Skyrme in terac-  

t i o n .  Except f o r  Si2', we f a i l e d  t o  reproduce the  i n e l a s t i c  form fac-  
+ + 

to rs  f o r  the O + 2 t r a n s i t i o n ,  what i s  cons is ten t  w i t h  the quadrupole 

moments resu l  t s .  

A more complete study o f  nuclear p rope r t i es  i n  the HF ap- 

proximation, w i t h  the  Skyrme force,  should be performed i n  a l a rge r  ba- 

s i s  o f  s i ng le  p a r t i c l e  states,  w i thout  the i n e r t  core hypothesis, bu t  

inc lud ing shor t  range co r re la t i ons .  

We thank Dr.J.R. Moreira o f  the' I n s t i t u t o  de F í s i c a  da USP 

f o r  many f r u i t f u l  discussions. 
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