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Stme examples have been given i n  the 1 i te ra tu re  o f  ambiguous 

gauge f ie ld i j ,  i .e. those not  having a unique po ten t i a l  (up t o  a gauge 

transformation). We examine an example given by Deser and Wilczek and 

f ind  the condi t i o n  ( for  any gauge group) t ha t  the group element genera- 

t i n g  the po ten t i a l s  must s a t i s f y  i n  order f o r  the po ten t i a l s  no t  t o  be 

re la ted by any gauge transformation. I n  three dimensions ( f o r  SU,) the- 

r e  are other fami 1 ies o f  ambiguous f i e lds  character ized by a rb i  t r a r y  uni t 
+ +  + 

vector  f i e l d s  n(n) (n2=l) .  The example given by Wu and Yang belongs t o  a 
+ + -+ 

p a r t i c u l a r  fami ly  w i t h  z = n . r / r .  We a lso  f i n d  the sources o f  these f i -  

e!ds and some i nteres t ing  r e l a t  ions between them. 

Alguns exemplos de campos de medida ambiguos, i s t o  é, que não 

possuem um potencia l  Üni co (a menos de transformações de medida), apare- 

ceram na l i t e r a t u r a .  Examinamos aqui um exemplo devido a Deser e Wilczek 

e achamos a condição (para qualquer grupo de medida) que o elemento do 

grupo que gera os potenc ia is  deve sa t i s faze r  af im de que os potenc ia is  

não sejam relacionados por nenhuma transformação de medida. Em t r ês  d i -  

mensões (para Su2) há outras famí l ias  de campos ambiguos caracterizados 
-+ 3 

por campos de vetores u n i t á r i o s  n(n)(n2=1) a r b i t r á r i o s ,  O exemplo de Wu 
3 + + +  

e Yang pertence a uma famí l i a  p a r t i c u l a r  com n = n.r/r. Determinamos tam- 

bém as fontes desses campos e algumas relações interessantes ent re  e las.  



1. INTRODUCTION 

T.S. Wu and C.N. yangl have poi<nted out ,  by const ruc t ing  aspe- 

c i f i c  example, t ha t  i n  non-abelian gauge theor ies the f i e l d  tensor 
5 v  

does not  determine the po ten t i a l  A v ,  not even l o c a l l y  and notevenup t o  

a gauge. I n  t h e i r  example one o f  the po ten t i a l s  corresponds t o  a magne- 

t i c  monopole i n  three dimensions, the other being propor t iona l  t o  a pure 

gauge. One may then ask i f  t h e i r  r e s u l t  r e f l e c t s  on ly  a pathological  s i -  

t ua t i on  o r  there are other cases as w e l l .  However, new examples havebeen 

given by S .  Deser and F. W i  lczek2 and a lso  a necessary condi t i o n  f o r  the 

existence o f  t h i s  phenomenon has been given i n  terms o f  the f i e l ds2s3v4 .  

We examine here the f i r s t  two exarnples o f  reference2 and show 

tha t  they are re la ted  by a gauge transforrnation, being there fore  equiva- 

i 1 i ty"  condi t ion ,  on the group element 

responding po ten t i a l s  being re la ted  by 

l en t .  Further we f i n d  an "integrab 

generating the f i e l d s ,  f o r  the cor 

a gauge transformation. 

For three dimensions and the group SU2, we show tha t  the exam- 

p l e  given i n  referencel  i s  a p a r t i c u l a r  case w i t h i n  a whole f a m i  l y  o f  

f ie lds ,  each c lass o f  the fami l y  being character ized by a u n i t  vector  

f i e l d  ;(a (G2=1) ; Wu and Yangls example belongs t o  the c lass characte- 

r  i zed by the cho ice  ;($) = (;;/r) . 
Recently ~ a 1 ~ e 1 - n ~  discussed the construct ion o f  a l l  f i n i  t e  ac- 

t i o n  "arnbiguous" f i e l d s  i n  the a x i a l  gauge. The examples we examine here 

do not belong t o  t h i s  c lass as they are  "quasi-pure gauges"6 w i th  cons- 

t an t  fac tors .  

The f a c t  t ha t  one and the same f i e l d  F may correspond tophy- 
FIV 

s i c a l l y  inequivalent  d i s t r i b u t i o n s  o f  sources means tha t  F although a 
FIv' 

gauge covar iant  quant i ty ,  does not  c a r r y a l l  the informat ion required t o  

describe the physical  s i t u a t i o n .  

I n  sect ion  2 we present the main theorems leading t o  the above 

mentioned resu l t s .  I n  sec t ion  3, we discuss some proper t ies  o f  the sour- 

ces tha t  g ive r i s e  t o  the same f i e l d .  I n  sec t ion  4 we show the gauge i n -  

dependente o f  the po ten t i a l s  which correspond t o  the same f i e l d .  I n  sec- 



t i o n  5 we t r e a t  the spec i f i c  case o f  three dimensions. F i n a l l y  i n  sect ion 

6 we g ive  a  four dimensional example. 

2. RELEVANT THEOREM 

Let us ca l  1 

Xk 
being the generators o f  the corresponding L i e  group. 

Let  (g and y be two vacuum po ten t i a l s ,  i.e.: 
1-i Fi 

then: 

Theorem 1. The po ten t i a l s 2  

= + aYFi = a + 1 - Y ;  
Av Av 

( a  = a r b i t r a r y  constant) g ive exact ly  the same f i e l d  . 

P r c o f :  -- 

* ( a )  = a A ( a )  ( a )  ( a )  ( a ) ]  
Fiv Fi v  a v  A,i + [A, . Av 

= a ( a  4 - av+z)  + ( 1- a )  (allyV - avyP + a 2 D y , + v  v v  

+ ( l - a i 2  [ Y ~ , Y ~ ] +  a ( ] - a )  (r$, , Y ~ ]  + [ Y ~ ,  $ v ] ) .  

El iminat ing  the cu r l s  by using ( 2 )  and (3)  we obtain:  



As (5) i s  i nva r i an t  under the interchange a 2 ( I -a)  , the theorem i s  pro- 

ved . 
Coro l la ry  1. By tak ing  y E O i n  theorem 1, we see tha t  a lso 

2 

1i 

(a) 
A,., = a $ l  

and = (I-a)(u, 
Ii 

g ive  exact ly  the same f i e l d  

F )  = - a - )  úu,(J = ~ ( l - d ( a , . , ( ~  - a 4 
Fiv v )i 

Theorem 2. 

Theorem 1 i s  i nva r i an t  under any yauge transformation. 

Proof. Under a gauge t ransformat ion U: 

A; = 
A,, u + 6' aL u 

Subs t i t u t i ng  i n  (4) we get :  

and, from (5) 

Coro l la ry  2. I t  i s  always poss ib le  t o  f i n d  a gauge transforma- 

t i o n  which br ings Theorem 1 i n t o  the form of Coro l la ry  1. 

Proo?. Y being a vacuum po ten t i a l  i t  has the form: - Fi 
Y = V-] a,., V , f o r  some V . ,., 

By pe r fo rn i  ng the i nverse gauge transformat ion r1 
* y!J is 

ta
- 

ken to  zero, which together w i t h  theorem 2 completes the proof .  



I n  t h i s  gauge, the p o t e n t i a l  A(") takes the  form (6) and the 
Fi 

vacuum p o t e n t i a l  de r i ves  from a c e r t a i n  group element U. 

= ú1 u 
> v  

(a) 
Av = a r= u> Fi 

(where U = aFi U) , Fi 

C o r o l l a r y  3.  I n  the gauge i n  which the  p o t e n t i a l  i s  g i ven  by 

O ) ,  the  f i e l d  F ( ~ )  common t o  bo th  A ( ~ )  and A ( ' - ~ )  , takes t h e  form: 
Fiv 1iv 1i 

For the  p r o o f  i t  i s  o n l y  necessary t o  use the  p r o p e r t y :  

+ u - 1 u = o  
U , F i  rFi  

( 1 2 )  

equa t i ori (7) . 
F'otent ia ls  o f  the  form (10) a r e  c a l  l e d  "quasi-pure gauges" by 

~ a m b u ~ .  

3. SOURCES 

I t  i s  convenient  and i n t e r e s t i n g  t o  f i n d  t h e  sources o f t h e p o -  

t e n t i a l s  A
ia) and as they g i v e  r i s e  t o  the  same f i e l d  F ( a )  - - 
11 Fi !J v - F ( ' - ~ ) .  I \ ccord ing  t o  the genera l  d e f i n i t i o n :  

Fiv 

i t  i s  easy t o  see t h a t  the c u r r e n t  d i s t r i b u t i o n s  corresponding t o  A(  a )  
Fi 

and i n  gauge ( ]O) ,  s a t i s f y  t h e  r e l a t i o n s  
Fi 



Equat ion (15) can a l s o  be w r i t t e n  as: 

(1 /2 )  + = 8a ( 1 -a) jv 

From which i t  f o l l o w s  t h a t ,  when j ( l h )  = 0: 
v 

Th is  means t h a t ,  i n  some cases, (see below f o r  an example) two 

equal and opposi t e  sources can g i v e  r i s e  t o  the  same f i e l d .  Eqs. (14) and 
(a) (15) may, o f  course, be used t o  f i n d  the  exp l  i c i t  form o f  j . 

The c u r r e n t  (17) has t h e  uncommon p r o p e r t y  ( f o r  non- abel ian 

f i e i d s j  o f  b r i n y  conserved (av  = O) f o r  any va lue o f  a. T h i r  comes 

about s imp ly  because when a p a r t i c u l a r  c u r r e n t  j(aO) i s  zero, (14) and 
V 

the s i n g l e  commutator: 

(15) show t h a t  the  double-commutator i s  propor  

( 

I n  t h a t  cases, f rom (13) we g e t :  

T h i s  "maxwellian" form f o r  the  c u r r e n t  imp 

i o n a l  t o  t h e  d ivergenceof  

(a) i - % ) ,  F . 
ao u uv 

l i e s ,  o f  course, a = O. v u 

4. GAUGE INDEPENDENCE OF A ("I AND A ( ' -a )  

Up t o  t h i s  p o i n t  we have g iven  some general theorems on d i f f e -  

r e n t  p o t e n t i a l s  g i v i n g  the  same f i e l d s .  One can now r i s e  a n a t u r a l  ques- 

t l o n :  Could i t  be t h a t  these p o t e n t i a l s  a r e  n o t  e s s e n t i a l l y  d i f f e r e n t , b u t  

i n  f a c t  one o f  them i s  t h e  gauge t rans fo rm o f  the  o ther?  

I n  o r d e r  t o  answer thTs q u e s t i o n  l e t  us take  aga in  



where 4 i ç  vacuum po ten t i a l .  
1i 

Suppose now tha t  A ( ~ )  and A are re la ted  by a gauge trans- 

formation, i.e.: 

where V depends on a. 

As the  correspooding f i e l d s  are equal, i t  fo l lows tha t :  

using (7) i n  (19) we get: 

Pu t t i ng  

With (21 

n =  O i n  (181, we 

4 = v-1 
Fi o 

) and (121, equati 

learn tha t  

a V (where v0 E v(o) 
1i o '  

on (20) f o r  a=O can be w r i  t t e n  as: 

which i s  a necessary condi t i o n  f o r  the po ten t i a l s  t o  be connected by a 

gauge transformation. 

We w i l l  now show t h a t  there e x i s t  vacuum po ten t i a l s  which do 

not f u l f i l l  (22). We sha l l  p a r t i c u l a r i z e  w i t h  the group S U ( ~ ) ,  f o r  which 

the general form o f  V0 i s :  

V, = eifa = .os f  + i a  sen f  , (f = f ( f N  

.+ -h -4 
where a = o-n,  Inl = 1 .  

From (23) we have: 



f rom wh i ch we deduce: 

Eq.  (26) shows t h a t  the  cond i t i o n  (22) i s  o n l y  s a t i s f i e d  i f  (33) f u l f i l l s :  

+ + 
I n  t h r e e  dimensions, w i t h  the  p a r t i c u l a r  cho ice  n = r/r , o E ar ,we can 

w r i  t e  (27) i n  t h e  form: 

But 

S u b s t i t u t i n g  (29) i n  (28), m u l t i p l y i n g  by P ( d o t  ~ r o d u c t ) ,  and 

r e c a l l i n g  t h e  l i n e a r  independence o f  t h e  P a u l i  ma 

$ h ? f = O  

so t h a t  the o n l y  s c l u t i o n  o f  (28) i s  f = constant  

r i c e s ,  we a r r i v e  a t :  

We see t h a t  when 
'+V 

( c f  eq. (21)) de r i ves  f rom a V. o f  the  form (23) i n which f  i s  n o t  cons- 

t a n t ,  then condi t i o n  (22) can n o t  be f u l f  i 1  l e d  and the p o t e n t i a l s  
AU 

and Ao-@) can n o t  be connected by any gauge t rans fo rmat ion :  i t may be 
Fi 

mentioned t h a t  when .f = cons tan t ,  t h e  gauge t rans fo rmat ion  r e l a t i n g  A 
(c0 
!J 

and A ( 1 - 4  is v = e 'v'r ; t g  v = (1-2a) t g  f. 
U 

5. THE CASE OF THREE DIMENSIONS 

We have j u s t  seen t h a t  i n  th ree  dimensions (and Su(2)) any po- 
ifo 

t e n t i a l  f a )  o f  t h e  form (10) w h i c h  der i ves  f rom a group element U = e  

w i t h  a non-constant f  cannot be connected by a gauge t r a n s f o r m a t i o n  w i t h  

t h e  p o t e n t i a l  ~ ( l - ~ )  which g ives  the  same f i e l d  b u t  d i f f e r e n t  current.Ho- 



wever, when f i r  constant, the theorem f a i  1s and ceases t o  be physi- 
(1 -a) c a l l y d i f f e r e n t f r o m A  . 

We sha l l  consider now the case f = II/2 f o r  which (23) gives V,, 

= i a ,  transformi ng 

A(*) = a o ~f o (30) 

i n t o  A ( 1 -a) 

We sha l l ,  i n  t h i s  case, construct  another po ten t i a l  (not  equi- 

va len t  t o  (30)) which gives the same f i e l d ,  

= a( ] -a )  Tf o A $ o  = 3 ( 1 -a) 
(31) 

[Zf  i s  the dual o f  F.. 
Z J  

For t ha t  purpose we sha l l  f i r s t  prove the fo l l ow ing  lemma: 

Lemma - 
+ 

R = T f o  A v o u  

i s  an ordinary vector  ( f  ree f r cn  Paul i matrices) having zero divergence. 

Proof. ( r e c a l l  o = o .  n.) 
'L Z 

K. = E (6 +i€ o ) o  
'L i j k  a ,  j nb, k ab abc c 

The6ab t e r m ~ ! o e s n o t c o n t r i b u t e  ( a s n  a n a, i = o ) , w e a r e  l e f t w i t h  

K . = ~ E  
'L i j k  na,,j "b,k "abc nd(60d + i 'cde 'e) (33) 

This time the term i n  does not  cont r ibu te  (as E abc 'cde = 'ad 'be - 
- 6ae tibd). Therefore, no o mat r ix  survives i n  (33) and the f i r s t  pa r to f  

our l e m a  i s  proved. 

The divergence o f  (33) i s: 



where 

= E  n . n  n 
fabc ijk a , j  b, k c,< (34) 

i s  a  complete ly  ant isymmetr ic tensor  o f  the t h i r d  rank t o t a l l y  or thogonal  
+ 

t o  n(na fabc = O )  . The tensor  (34) belongs then t o  a two-dimensional sub 
+ 

-space (or thogonal  t o  n). But we know t h a t  a  complete ly  ant isymmetr ic  

tensor  cannot e x i s t  when the  rank i s  g r e a t e r  than the number o f  dimensi- 

ons. So Sabe i s  i d e n t i c a l l y  ze ro  and t h e  l e m a  i s  proved. 

As an imnediate consequence we have 

+ -+ 
? a A $ o = i o V A a  

3 3 
f o r  some vec to r  f i e l d  a ( r ) .  

We a re  now i n  p o s i t i o n  t o  prove t h e  f o l l o w i n g .  

Theorem 3 

The p o t e n t i a l s  z ( ~ )  (2(1-a))  (g iven by (30)) and 

(z s a t i s f y i n g  (35) ) ,  g i v e  e x a c t l y  the  same f i e l d  (31) 

+ 
-(a)  Proo f .  L e t  us compute the  f i e l d  due t o  A 

On the o t h e r  hand, n o t i  ng t h a t  

3 + 
{o ,  v a ) = v a 2 = 0 ,  



Wlien we add (37) and (39) we f i n d :  

which co inc ides  wi t h  (31) and proves the  theorem. 

I t  i s  n o t  d i f f i c u l t  t o  compute the  c u r r e n t s  corresponding t o  

( 3 6 ) .  We o n l y  g i v e  the f i n a l  answer: 

= o  ;(a)o, no poss i  b l e  gauge t rans-  I t  i s  easy t o  see t h a t ,  w h i l e  j 

format ion r e l a t i n g  (30) and (36) can e x i s t ;  f o r  such a t r a n s f o r m a t i o n  
3 

would comnute wi t h  o (as B i s  i n v a r i a n t )  , b u t  then i s  would a l ç o  c o m u t e  

w i t h  l e a v i n g  i t  i n v a r i a n t ,  c o n t r a d i c t i n g  (40) - (41) .  

-+ -+ 3 
Wl,en$=V A a i s  cu r less ,  ;(a) = 0 ,  w h i l e  

The example o f  re ference (1) belongs t o  t h i s  c l a s s  w i t h  $ = $ / p 3 .  Note 

a l s o  t h a t  (:36) i s  n o t  an "almost pure g a ~ g e " ~ .  

6. EXAMPLE IN FOUR DIMENSIONS. 

L e t  us take  the  f o l l o w i n g  group element: 

+ -+ u = 1x1- x + i 0 .  X = (xy xy)1/2 

From i t  we deduce the  p o t e n t i a l :  



1 
where o = -- 

1 i - 25i4 ( o u v =  - o 1. ij cijk ak and o - - vu 

The f i e l d  corresponding t o  (43) i s :  

and the c u r r e n t  : 

We see t h a t  O and eq. (17) i s  i n  f o r c e .  Then, two equal u 
and oppos i te  c u r r e n t s  g i v e  r a i s e  t o  the  same f i e l d  ( w i t h o u t  be ing phys i-  

c a l  l y  e q u i v a l e n t ) .  

I n  t h i s  case i t  i s  p o s s i b l e  t o  s h o w d i r e c t l y  t h a t a g a u g e t r a n s -  

fo rmat ion  r e l a t i n g  A(a) and A cannot e x i s t .  l n  f a c t ,  such a t rans-  

fo rmat ion  V should commute w i t h  (eq.(44)) and anticommute w i t h  j (a) 
'Jv U 

(eq. ( 4 5 ) ) .  The l a s t  c o n d i t i o n  i s  eas i  l y  shown t o  imply the  anticommuta- 

t i v i t y  o f  V w i t h  a11 t h r e e  P a u l i  mat r i ces .  

We a r e  indebted t o  P r o f .  J .A. Mignaco f o r  ca l  1 i n g  our  a t t e n t i o n  

t o  references (2) and ( 5 ) .  
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