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We present  a d iscuss ion  o f  the  C l u s t e r  - B e t h e - L a t t i c e  method 

f o r  a p lanar  an t i fe r romagnet  f o r  which t h e  h a m i l t o n i a n  parameters a r e  

known and the  one-magnon d e n s i t y  o f  s t a t e s  may be computed e x a c t l y .  We 

study a1 1 the  square c l u s t e r s  o f  1 t o  121 atoms, b o t h  connected t o  and 

i s o l a t e d  f rom the  Bethe l a t t i c e s .  We show t h a t ,  even f o r  the l a r g e s t  

c l u s t e r  t rea ted ,  the  approx imat ion i s  s t i l l  f a r  f rom the  exact  r e s u l t .  

We d iscuss the  l i n i i t a t i o n s  o f  the  method. 

Apresentamos uma d iscussão do método "Cluster-Bethe- L a t t i c e "  

para um an t i fe r romagneto  p lanar ,  para o qual os parâmetros do hami 1 t o -  

n iano são conhecidos e a densidade de estados de um-magnon pode s e r  c a l -  

cu lada exatamente. Estudamos todos os núcleos c e n t r a i s  quadrados conten- 

do de 1 atl5 121 átomos, t a n t o  l igados quanto iso lados das redes de Be- 

the.  Mostramos que, mesmo para o núc leo c e n t r a l  de 121 átomos, a apro-  

ximação a inda se encontra longe do r e s u l t a d o  exato.  As l i m i t a ç o e s  domé- 

todo são d i s c u t  i das. 
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1. INTRODUCTION 

The Cluster-Bethe-Latt ice (CBL) method has been ex tens ive ly  

used recent ly  t o  study arnorphous semiconductorsl>2, metal 1 i c  b inary a l -  

impuri t y  centers i n  i on i c  c rys ta ls5,  phonons6 and magnons 7 ' 8  

i n  disordered structures,  and a l so  charge t rans fer  e f f e c t s  i n  d isorder-  

ed binary subs t i t u t i ona l  a l l oys
g

.  The ob jeç t i ve  o f  the present work i s  

t o  study the problem o f  convergence o f  the CBL method i n  a simple, ye t  

qu i t e  r e a l i s t i c  system. Although we consider an app l i ca t i on  t o  magnetic 

systems, the conclusions whi ch we reach are qu i t e  general . 
The basic idea o f  the CBL method i s  t o  i s o l a t e  i n  a physical  

system a f i n i t e  c l u s t e r  o f  atoms and a t tach t o  the "dangling" bonds o f  

t h i s  c l u s t e r  an i n f i n i t e  Cayley t ree,  o r  Bethe l a t t i c e ,  o f  the same co- 

ordi-nat ion number as the envisaged c rys ta l  s t ruc ture .  The Cayley t ree  

i s  a s t ruc tu re  i n  which, each atom has the same o f  nearest n e i g h b o r s ,  

but  there are no closed r ings  o f  bonds, i .e., between any two atoms i n  

the l a t t i c e  there i s  one and on ly  one connecting path. It i s  thus, as 

f a r  as the c l u s t e r  boundary condi t ions are concerned, a quasione-dimen- 

s iona l  approximation. We can see irnmediately from t h i s  descr ip t ion  t h a t  

the method i s  appropr iate f o r  the discussion o f  local  propert ies,  a l -  

though u n l i k e  f i n i t e  c lus ters ,  the boundary condi t ions g i ve  the system 

some o f  the proper t ies  o f  an i n f  i n i t e  s t ruc ture .  For instance, the one- 

- p a r t i c l e  Green's func t ion  has always a branch cu t  i nd i ca t i ng  the ex is-  

tente o f  a continuum o f  exc i t a t i ons .  The approach t o  the rea l  physical  

system fo l lows from taking c lus te rs  o f  a progressively la rger  s ize.  Ho- 

wever, i n  the usual three dimensional c l us te rs  which have been i nves t i -  

gated the number o f  atoms N i n  the c l u s t e r  var ies very r a p i d l y  w i th  
C 

c l u s t e r  radius Rc(Nc a R:), so tha t  we are l im i ted ,  f o r  cornputational 

reasons, t o  c l us te rs  o f  ra ther  small dimensions. We have thus decided 

t o  look a t  planar bi-dimensional systems, such as the a n t i f e r r o m a g n e t  

Rb2NiF,+, f o r  which we can take c lus te rs  o f  f a i r l y  large r a d i i  and ye t  

keep the number N w i t h i n  a manageable i n te rva l  . 
C 

i n  Section 2(a) we review b r i e f  l y  the system we want t o  i nves t i -  

gate and se t  up the hamiltonian. I n  Section 2(b) we construct  the CBL 

equations. The resu l t s  f o r  the loca l  densi ty o f  one-magnon states are 



presented and discussed i n  Section 3. F ina l  l y ,  i n  Section 4 we present 

our conclusions. 

2. THE HAIMILTONIAN AND THE CBL EQUATIONS 

(a) The Hann'ttonian 

The t rans i  t i o n  metal t e t r a f  l uo r i de  RbpNiF4 i s  member of a l a r -  

ge fami ly  o f  compounds - A2TF4,  where A i s  an a l k a l i  and 2' a t r a n s i t i o n  

metal - which have the tetragonal  iayered s t rcu ture .  I n  Rb,NiFs, the Ni 

atoms are placed on square l a t t i c e s ,  w i t h  l a t t i c e  parameter 4 .087 A, 

stacked up w i t h  an i n te r l aye r  d istance o f  13.67.A. The exchange  cons- 

tan ts  f o r  the coupl ing o f  spins w i t h i n  the same layer  are about s i x  o r -  

ders o f  magnitude la rger  than those f o r  the coupl ing between d i f f e ren t  

l aye rs lO .  Hence we may th ink  o f  t h i s  system as a quasi b i - d i m e n s i o n a l  

one. The sp in  Hamiltonian may be wr i t t en :  

I n  (2.1), rn labels the p r i m i t i v e  c e l l s  o f  the magnetic s t ruc-  

t u re  - we are deal ing w i t h  an anti ferromagnet w i th  two ions per p r im i -  

t i v e  magnetic c e l l  -; a = 51 lqbe ls  the magnetic sub la t t i ces ;  J(m,rn+A) 

i s  the exchange constant f o r  the coupl ing o f  nearest neighbors spins only; 

and H i s  the anisotropy f i e l d .  The values o f  the parameters wh ichenter  
A 

the hami l tonian (2.1) f o r  Rb NiF4 are q u i t e  well-known. I t i s  found tha t  
2 

J = 4.15 MeV f o r  nearest neighbors and J=O otherwise, S=l and 2riOHA = 

= 0.28 MeV li. Since the anisotropy energy i s  so small we take, i n  the 

numerical ca lcu la t ions  discussed below, HA = 0. 

(b) The CBIL Equations 

The CBL method as appl ied t o  magnetic,systems has been d i s -  

cussed i n  d e t a i l  elsewhere7. For t h i s  reason, we on ly  summarize t h o s e  

r e s u l t s  which are important f o r  t r e a t i n g  an anti ferromagnet. 

The one-magnon Green's f unc t i on  i s  def ined by: 



and i t s  equation o f  motion a t  T=0, assuming the Néel s ta te  as theground 

s ta te ,  i s :  

- aB 6 + L ~(ma,m+~a) (;mçA,n(~) { w-E ( a )  1 G" (w) = g aB 
rnn (2.3) 

A 

where the sumnation over h runs over p r i m i t i v e  c e l l s  o f t h e  magnetic l a t -  

t i c e  and not  over atoms. I n  (2.3), i = -a and: 

(]+a) 
255 f o r  nearest neighbors 

~(ma,m+~a)  = (2.5) 

otherwise . 

To i l l u s t r a t e  the app l i ca t i on  o f  the method, we consider the 

c lus te r  formed by a s ing le  sp in  attached t o  f ou r  Bethe l a t t i c e s .  I f  the 

cent ra l  atom has sp in  up (a = + ) we obtain:  

f o r  n 2 0, where W = 235. 

These equations are s i m i l a r  t o  the ones obtained by Yndurain 

and Joannopoulos f o r  heteropolar ~ o r n ~ o u n d s ~ ~ ,  except t ha t  the s ign  o f  

the over lap i n teg ra l  a l te rnates  from one equation t o  the next i n  the h i -  

erarchy above. An equivalent  set  o f  equations i s  obtained f o r  the case 

o f  a cent ra l  sp in  down atom. The s o l u t i o n  o f  (2.6) requires the i n t r o -  

duct ion o f  two t rans fer  funct ions,  def ined by: 



which are  formal ly  re la ted  by: 

(W + E) $-+ = - (W - E) $+- (2 .a) 

The f i n a l  r e s u l t  f o r  the density o f  states 1s: 

+ p(w) = -7-1 Im i G* (w+iO ) + GÓÓ (w+io7) 1 = 
O O 

4 w 2 - 4 w 2  = -- i 1 ,  for 2 W ~ ( w ( p 4 W .  
nlwl 16W2 - w2 

This i s  p l o t t e d  i n  Figure 1 .  

F ig .1  - The exact (dashed 1 ine) and CBL (full 1 ine) densit ies of  one- 

magnon states for  the antlferromagnet Rb2NiF4. The c luster  size i s  (a) 

N = 1; (b) Ne = 9; (c) C = 25; (d) Nc = 49; (e) Nc = 81; and (f) Nc 
= 121. 



3. RESULTS 

The exac t  l o c a l  d e n s i t y  o f  one-magnon s t a t e s  i s  e a s i l y  compu- 

t e d  f o r  t h e  hamil  t o n i a n  discussed i n  Sect ion 2 ( a ) .  The c a l c u l a t i o n  pro-  

ceeds a long standard l i n e s .  I t  i s  e a s i l y  shown t h a t  f o r  a  square l a t t i -  

ce the  magnon d i s p e r s i o n  r e l a t i o n  i s  g iven  by13: 

where : 

+ qxa q a  
y (q )  = COS (-1 cos (1) 

J2 fi 

I n  (3.21, - a i s  the  conven t iona l  l a t t i c e  parameter o f  t h e  squa- 

r e  l a t t i c e .  The d e n s i t y  o f  s t a t e s  i s  g i v e n  by: 

where N i s  the number o f  magnetic p r i m i t i v e  c e l l s .  Equat ion (3.2) may be 

r e w r i t t e n :  

where 

Th is  y i e l d s  an e l l i p t i c  i n t e g r a l :  

where ~ ( q )  i s  the  complete e l l i p t i c  f u n c t i o n  o f  second k i n d .  
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The sum ru le :  

i s  e a s i l y  checked. 

The a n a l y t i c  expression f o r  p ( w )  i s  p l o t t e d  i n  Figure 1, 

where i t  i!; compared t o  the approximate CBL resu l t s .  

(b) CBL Derisity of States 

I n  t h i s  Section we cons 

contain ing 1, 9, 25, 49, 81 and 121 

both f o r  i so la ted c lus te rs  and f o r  

i de r  s i x  d i f f e r e n t  square c lus te rs  

atoms. The ca l cu la t i on  i s  perforrned 

c lus te rs  connected t o  Bethe l a t t i c e s  

i n  the usual way. I n  the former case, the boundary condi t ions c o n s i s t i n  

s e t t i n g  the t rans fer  funct ions connecting the c1 us ter  t o  the Bethe l a t -  

t i c e  equal t o  zero. Hence we leave the diagonal mat r ix  elements o f  the 

hami l tonian unchanged even f o r  the boundary atoms. These boundary con- 

d i t i o n s  are not  physical  fo r  a magnetic system, but  they a l low f o r  an 

imnediate analysis o f  the e f f e c t  o f  the Bethe l a t t i c e s  upon the f i n i t e  

c lus ters .  

I n  Table 1 we present the resu l t s  f o r  the spectrurn o f  exc i -  

ta t ions ,  i .e . ,  p o s i t i o n  and residues o f  the poles o f  Tr 'rG0,,, f o r t h e i s o -  

la ted  c lus ters .  The fo l lowing po in ts  are worth remarking: ( i )  the r e s i -  

dues are siaiple ra t i ona l  numbers; ( i i )  as expected, the number o f  poles 

increases and they spread out  i n  energy as C increases; (i i i )  the ma- 

ximum e x c i t a t i o n  energy i s  an accumulation p o i n t  o f  the spectrumasN-m, 
C 

i n  accordance w i t h  the divergence which i s  found i s  the exact r e s u l t  a t  

the same energy. 

111 Figure 1 we show the resu l  t s  f o r  the densi t y  o f  s ta tes  

w i t h  attachetl Bethe l a t t i c e s .  Also shown f o r  cmpar ison i s  the exact re- 

s u l t .  There are  two important features o f  the CBL method which show up 

qu i t e  c l e a r l y  i n  t h i s  Figure. F i r s t ,  the well-known problem of the re-  

duced band-width. For the p a r t i c u l a r  s i t u a t i o n  studied here the CBCband 



TABLE 1 

Table 1 - Pos i t i on  and residues o f  the poles o f  Goo f o r  the var ious 

i so la ted  c lus ters .  At  the top o f  each column i s  given the number Nc o f  

atoms o f  the c lus te r .  For each entry,  the top number i s  the p o s i t i o n  o f  

the pole ( i n  MeV) and the bottom number i s  the respect ive residue. For 

boundary condi t ions,  see t e x t .  



-width i s  only h a l f  o f  the exact one . Second, the appearance o f  d e l t a  

func t ion  s i n g u l a r i t i e s  outs ide  the continuum and the o s c i l l a t i o n s  o f t h e  

continuum densi ty as the c l u s t e r  s i ze  increases. The existence o f  a 

branch c u t  i n  the Green's f unc t i on  i s  a consequenceofthe thermodynamic 

l i m i t .  The f a c t  t ha t  M e  ob ta in  the wrong branch c u t  - wrong band-width - 
i s  j u s t  anwther i nd i ca t i on  o f  the problems connected w i t h  t h i s  l i m i t  i n  

the CBL approximation14. By a r t i f i c i a l l y  increasing the over lap ma t r i x  

elements i11 the Bethe l a t t i c e  i t  í s  poss ib le  t o  reproduce the co r rec t  

band edges f o r  e lec t ron i c  systems. The a r t i f i c i a l i t y  o f  such a procedu- 

r e  i s  evident, however, when dea l ing  w i t h  magnetic systems. Increasing 

the exchange constant i n  the Bethe l a t t i c e  changes both the band edges 

and the center of the band, so tha t  agreement w i t h  the exact r e s u l t  i s  

no t  improvad. This i s  a serious l i m i t a t i o n  o f  the method tha t  must be 

kept  i n  mirid. The loca l ized states which appear below the edge o f  the 

continuum are given i n  Table 2. As expected, we can es tab l i sh  a corres- 

pondence between the poles of TP Goo f o r  the i so la ted  c l u s t e r  and the 

poles o f  f o r  the c l u s t e r  connected t o  the Bethe l a t t i c e s .  The 

o v e r a l l  ef f 'ect  o f  the continiium i s  t o  push down i n  energy the y l e s  o f  

the i so la ted  c lus te r .  Del ta func t ion  s ingu la r i  t i e s  i n  the densi t y  o f  

s ta tes  o f  the c lus te r  p lus Bethe l a t t i c e s  show up on l y  when the i so la -  

ted c lus te r  s i ze  i s  la rge enough f o r  poles t o  appear near t o o r  belowthe 

TABLE 2 

Table 2 - Pos i t i on  and residues of the poles o f  Tr GO0 f o r  the  c lus te rs  

connected t o  the Bethe l a t t i c e s .  At  the top o f  each column i s  g iven the 

number N o f  atoms i n  the c lus te r .  For each entry,  the top number i s  the 
C 

p o s i t i o n  o f  the pole ( i n  MeV) and the bottom number i s  the respect ivere-  

sidue. 



lower continuum band edge. The o s c i l l a t i o n s  i n  the densi ty o f  states 

shown i n  Figure 1 are a l so  connected t o  the poles o f  Z'P G f o r t h e  iso-  o o 
la ted  c l u s t e r .  I t  i s  noteworthy that ,  even f o r  the la rgest  c l us te r  stu-  

died, they s t i l l  have appreciably amplitude. 

4. CONCLUSIONS 

The resu l t s  presented above ind ica te  t ha t  the convergence o f  

the CBL approxirnation t o  the exact resu l t ,  i n t h e  case o f  an ordered so- 

l i d ,  as a f unc t i on  o f  c l us te r  s i ze  i s  q u i t e  slow. This i s  not su rp r i -  

sing, since we are, f o r  instance, t r y i n g  t o  generate pa r t  o f  the branch 

c u t  o f  the Greenls func t ion  from a ser ies o f  i so la ted s i n g u l a r i t i e s  (po- 

l es ) .  I t  i s  i n te res t i ng  t o  speculate t o  what ex tent  the approximation 

i d  adequate f o r  disordered sol ids,  i.e., a l l oys  and amorphouscornpounds, 

f o r  which long range order i s  absent. Since thede ta i l ed  s t ruc tu re  o f t h e  

densi ty o f  states depends upon the c lus te r  s ize  strongly,  i t  i s  c l ea r  

t ha t  not  much importance can be attached t o  it, a t l e a s t  before thec lus-  

t e r  s i ze  increases appreciably. 

I n  i so t rop i c  magnetic systems, l i k e  the one discussedin t h i s  

paper, the presence o f  a gap i n  the spectrum o f  one-magnon exc i t a t i ons  

i s  a c lea r  i nd i ca t  ion  o f  the shortcorni ngs o f  the approximation. l t means 

t h a t  no e x c i t a t i o n  can propagate throughout the whole Bethe l a t t i c e  w i t h  

energy less than a c e r t a i n  minimum, whereas i t  i s  known tha t  the spec- 

trum must extend down t o  zero. Hence, although the method may be useful 

as a f i r s t  approach t o  many problems for  which no be t te r  solut ions are 

genera l ly  known, conclusions drawn from i t  must be handled w i th  proper 

caut ion.  
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