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Using techniques developed by Greenspoon and Pathr ia  and by 

Chaba and Pathr ia,  a r igorous asymptotic analysis o f  the onset o f  Bose- 

-E ins te in  condensation i n  a f i n i t e  one-dimtnsional system a t  constant 

pressure, under D i r i c h l e t  boundary condi t ions and mixed boundary condi- 

t ions ,  i s  ce r r i ed  out .  The r o l e  o f  the f i n i t e  s i t e  cor rec t ions  a r i s i n g  

from a modi f i ca t ion  of the densi ty of states o f  the system, as we l l  as 

from the di, jcreteness o f  the s ing le- pa r t i c l e  energy leve ls  i s  discussed. 

The heat capaci ty C passes through a srnooth maximum and the volume be- 
P 

comes subextens ive  a t  the c r i  t i c a l  temperature Tc. Somewhat below C("), 
the v01 u m eo f  the system, together wi t h  C becomeso ( N " ~ )  . We a l so  

P' 
discuss the behaviour of the system when i t i s cooled a t  constant volu-  

me below T and compare the resul  t s  o f  the present study wi t h  those o f  
C 

the two-dimensi onal and the three-dimens ional  systems . 
Usando técnicas desenvolvidas por Greenspoon e Pathr ia  e por 

Chaba e Pathr ia,  é levada a e f e i t o  uma r igorosa anál i se ass in tó t i ca  da 

ocorrência da condensação de Bose-Einstein em um sistema f i n i t o  un i -d i -  

mensional à pressão constante, sob condições de contorno de D i r i c h l e t  e 

condições de contorno mistas. E d iscu t i do  o papel das correções de d i -  

mensões f i n i t a s  que surgem por causa da modificação da densidade de es- 

tados do sistema e por serem discretos os n íve is  de energia da par t ícu-  

l a  l i v r e .  A capacidade c a l o r í f i c a  C passa atravês de um máximo suave e 
P 

o volume torna-se subextensivo á temperatura c r í t i c a  T . Um pouco abai- 
C 

xo de Te(-), O volume do sistema, jun to  com C torna-se o ( N " ~ ) .  NÕS 
P' 

também discutimos o comportamento do sistema quando o mesmo é esf r iado 
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a volume constante abaixo de C e comparamos os resultados do presente 

estudo com os dos sistemas bi-dimensional e t r i- dimensional .  

1. INTRODUCTION 

I n  a recent paper, Imry, Bergman and ~ u n t h e r l ' ~  considered 

the problem o f  Bose-Einstein condensation (B.E.c.) i n  a two-dimensional 

system a t  constant pressure and being subjected t o  D i r i c h l e t  b o u n d a r y  

condi t i ons  ($, = O) . They a l so  gave some resul  t s  f o r  the one -dimensio- 

na1 system2, f o r  temperatures greater  than the c r i  t i c a l  temperature~Am) 

Using techniques develop by Greenspoon and Pathr ias and by Chaba and 

pathr ia4,  the l a t t e r  ca r r i ed  out  a r igorous, asymptotic analysis o f  the 

onset o f  B.E.C. i n  a f i n i  t e  two-dimensiona15 system a t  constant pressu- 

re  and l a t e r  extended i t  t o a  three-dimensiona16 system, as we l l .  A l -  

though ideal  Bose systems o f  one and two dimensions7 do not  undergo B. 

E . C .  a t  f i n i t e  temperatures i f  the system i s  cooled a t  constant p a r t i -  

c l e  densi t y  which i s  f i n i t e 8  throughout the system, Imry e t  a Z l p 2  and 

Chaba and pathr ia5  showed tha t  i f  the two-dimen5ional system i s  cooled 

a t  constant pressure instead, a phase t r a n s i t i o n  character ized by a ma- 

croscopic condensation o f  p a r t i c l e s  i n  the lowest s i ng le- pa r t i c l e  s ta te  

does take place a t  a f i n i  t e  temperature. This i s  understandable be- 

cause i n  t h i s  case, the volume o f  the system becomes subextensive, so 

tha t ,  i n  the thermodynamic l i m i t ,  the p a r t i c l e  densi ty nolonger remains 

f i n i  te.  

We have taken up a r igorous study o f  the B.E.C. i n  a one- 

-dimensional system a t  constant pressure, us ing the techniques3"+ re- 

fe r red  t o  above, so as t o  be able t o  compare the r e s u l t s  w i t h  those o f  

the two-dimensional and three-dimensional systems and study the e f f e c t s  

o f  d imensional i ty .  The study has been ca r r i ed  out  i n  the cases when the 

system i s  subjected t o  two d i f f e r e n t  sets of boundary condi t ions:  ( i ) 
D i r i c h l e t  boundary condi t ions (D.B.c.), a t  both ends ($s=O);  ( i i )  Mixed 

boundary cand i t i0 .n~ (M.B.C.), t ha t  i s  D i r i c h l e t  boundary condit' ion a t  



one end and Neumann boundary cond i t ion  (a~i,/an=O) a t  theother :  i n  both 

these case.5, the condensate can a l so  make a con t r i bu t i on  

towards the t o t a l  pressure o f  the system and thus he lp  i n  k e e p i n g  i t 

f ixed a t  a g iven value o f  P even when the temperature o f  the system i s  

less t h a n t h e c r i t i c a l  temperatureTC. I t  fo l lows f romEqs. (1.1) and 

(1.2) t ha t  f o r  No t o  be a s i g n i f i c a n t  f r a c t i o n  o f  N and Po t o  be a s ig -  

n i f i c a n t  f i -ac t ion  o f  P, the volume o f  the system must be subextensive: 

I n  t h i s  paper, we wish t o  repor t  the resu l  t s  o f  a r igorous, 

asymptotic analysis o f  the aforementioned problem. F i n i t e  s i z e  correc-  

t ions ,  appearing i n  the expression f o r  the t o t a l  number o f  p a r t i c l e s  N 

can be regerded as a r i s i n g  p a r t l y  from ( i )  a mod i f i ca t i on  o f  the densi- 

t y  o f  states o f  the system (which, i f  it ex i s t s ,  i s  more s i g n i f i c a n t  i n  

the case o f  h igher momentum statesg)  and p a r t l y  from ( i i )  the d iscre te-  

ness o f  the s ing le .pa r t i c l e  energy l eve l s  (which i s  more s i g n i f i c a n t  i n  

the' case of lower momentum s ta tes) .  These cor rec t ions  c r u c i a l l y  depend 

on the bouridary condi t ions t o  which the sys tem i s  subjected. We discuss 

the probleni using D.B.C. i n  sec t ion  2 and M.B.C. i n  sec t ion  3. I n  both 

cases C passes through a smooth maximum and the volume becomes s ubex -  
P 

tensive a t  T = T  (which i s  d i f f e r e n t  i n  the two cases). Also the con- 
C 

densate pressure Po does not p lay  an important r o l e  a t  Te. Somewhat be- 

low T ~ ( - )  , the v01 ume o f  the system f u r t h e r  reduces and becomes o ( N ~ / ~ )  . 
At t h i  s s tage C too becornes 0(N1/3) and the r o l e  o f  Po becomes domi nant . 

P 

As mentioned before, as T+Tc from above, the volume o f  the 

system VC becomes subextensi ve; c f .  Eqs. (2.23) and (3.14a). l f the sys- 

tem 

t ion  

resu 

so a 

s now cooled below Te a t  constant volume V=Ve, the condensatefrac- 

becomes macroscopic on ly  when T+O, i n  the thermodynamic 1 imi t .Th is  

t d i f f e r s  from tha t  i n  the two-dimensiona15 case, where i t becomes 

a f i n  i t e  temperature. 



2. DIRICHLET BOUNDARY CONDiTIONS 

We consider  a one-dimensional system o f  n o n- i n t e r a c t i n g  bo- 

sons s u b j e c t  t o  D i r i c h l e t  boundary c o n d i t i o n s  w i t h  mean occupa t ion  num- 

bers  <nc> f o r  t h e  s i n g l e - p a r t i c l e  s t a t e s  The t o t a l  number o f  p a r t i -  

c l e s  N ( throughout  t h i s  paper, we s h a l l  assume N t o  be l a r g e  b u t  f i n i t e )  

and the  t o t a l  pressure P o f  the  system a r e  then g i v e n  by 

and 

where 

ri being the chemical p o t e n t i a l  o f  t h e  system; the  d e r i v a t i v e s  ( a ~ { / a V )  

appear ing i n  Eq. (2.2) a r e  determined by the  energy spectrum o f  the  s i n -  

g l e - p a r t i c l e  s t a t e s .  For a one-dirnensional system o f  l e n g t h  L (and vo- 

lume V = L  a l s o ) ,  the energy spectrum under D.B.C. i s  g i v e n  by 

I t f o l  lows t h a t  (as,/av) = - (2Ei/V) and hence 

U being the t o t a l  energy o f  the  system. 

Using the techniques developed i n  re ferences,  3, 4, and 5, 
Eq . (2.1 ) becomes 



where X (= h/(2mnk~) l l 2 )  i s  the mean thermal wavelength o f  the p a r t i -  

c les  (which i s  assumed t o  be much smaller than L ) ,  g,(6) are the fami-, 

l i a r  Bose-Einstein func t ions lO,  whi l e  the thermogeometric parameter y 

i s  g iven by 

I n  (2.5), the f i r s t  term represents the bulk behaviour o f  the system, 

the second term ar ises  from the modi f i ca t ion  of the densi ty o f s t a t e s  o f  

the system owing t o  i t s  f i n i t e  s i ze  (and depends c r u c i a l l y  on the choi- 

ce o f  the boundary condi t ions) wh i le  the l a s t  t e r m a r i s e s  e x p l i c i t l y  

from the discreteness o f  the s ing le- pa r t i c l e  states.  

I n  the region o f  i r i te res t  (a << I ) ,  we may w r i t e  

Such an approximation i s  not  permissib le f o r  a f unc t i on  o f  the parame- 

t e r  y because the l a t t e r  var ies d r a s t i c a l  l y  over the t r a n s i t i o n  region. 

We, therefore,  r e t a i n  the r e l a t i o n  

and wr i  t e  

Subs t i t u t i ng  (2.7) and (2.9) i n  (2.51, we f i n a l l y  ob ta in  

where 

x = L/A . 

Note that:c i s  a m e a s u r e o f  thevotwne o f  the system. For y 2 <  0, the 

Eq. (2.10) takes the form 



where y r 2  = - y2  and i s  posi t i v e .  I n  the expressions f o r  N i n  Eqs. (2. 

10) and (2.10a), the second term i s  due t o  the modif i c a t i o n  o f  the den- 

s i t y  o f  states (and depends c r u c i a l l y  on the choice o f  the boundarycon- 

d i  t i o n ~ ~ ' ' ~ )  whereas the f i rs't term includes the e f f e c t  o f  discreteness 

o f  states i n  add i t i on  t o  the bu lk  term; see Eq. (2.9). At  t h i s  p o i n t  we 

wish t o  emphasize tha t  our f i n a l  expression f o r  N passes smoothly from 

the region w i t h  y2 O t o  the region w i t h  y2 c O.  This i s  important be- 

cause, under D.B.C., one must u l t i m a t e l y  deal w i t h  the region o f  nega- 

t i v e  y2  - i n  pa r t i cu la r ,  w i t h  the l i m i t i n g  s i t u a t i o n  y2 = - n2. I n  t h i s  

connect ion, we observe t h a t  the zero-temperature 1 i m i  t o f  the. chemi ca l  

po ten t i a l  o f  the system i s  g iven by E ~ ,  which isequal  too(l)=h2/8ntC2; 

accordingly, the l i m i t i n g  value o f  a i s  -h2/(8m~2kT) = - n ( ~ /  L ) 2 / 4  and, 

by Eq. (2.61, the corresponding value o f  y 2  i s  -r2. The relevance o f  

t h i s  l i m i t  i s  h igh l i gh ted  by the f a c t  t ha t  the ground - s t a t e  occupation 

number No i s  given by 

We no t i ce  from Eqs. (2.5) - (2.10a), t h a t  f o r  y2 >> 1, the bu l k  term i s  

the most important, the next  i n  importance i s  the term due t o  the modi- 

f i c a t i o n  o f  the dens i ty  of states and the term due t o  the discreteness 

o f  s ta tes  i s  neg l i g i b ie .  For y 2  > O and o f  O( l ) ,  a11 the three termsare 

comparable. For y2 O bu t  not  c lose t o  - n2, the term due t o  the modi- 

f i c a t i o n  o f  the dens i ty  of s ta tes  i s  comparable w i t h  t hesumof the  other 

= -n2, t h i s  term becomes n e g l i g i b l e  a s  compared t o  two but, f o r  y2 

others. 

Fo 1 lowing a s i m i l a r  procedure, Eq. (2.2) becomes 

P = g  A [S(1/2) - Y  x Y], 

Using Eq. (2.101, t h i s  takes the form 
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The pressi ire Po exerted by the condensatecan be ex t rac ted from the l a s t  

term by l e t t i n g  y2 +-r2; we obtain,  as expected, 

2.2. Heat Capacity, Critical Behaviour and Discussion 

For studying the heat capaci ty and the c r i t i c a 1  behaviour o f  

the system, we must f i r s t  of a11 determine the manner i n  which the pa- 

rameters z and y2 vary as the system i s  cooled a t  constant N and P. From 

Eq. (2.10), we ob ta in  

where 

Eq. (2.14) now gives 

The constancy o f  P, therefore,  impl ies t ha t  

where use lias been made of Eq. (2.16). Now the heat capaci ty a tconstant  

pressure C i s  g iven by 
13 



We f i n d  t h a t  C considered as a f u n c t i o n  o f  temperature passes througha 
P 

smooth maximum. We c a l  1 the  temperature (depending on N) " corresponding 

t o  t h i s  maximum as the c r i t i c a 1  temperature Tc. P u t t i n g  the d e r i v a t i v e  

o f  C w i t h  respect  t o  y equal t o  zero, we o b t a i n  the  f o l l o w i n g v a l u e  o f  
P 

y(= ye) corresponding t o  the c r i t i c a 1  temperatute: 

and the corresponding x (=  x ) i s  ob ta ined  f rom (2.17) and (2.22) as 
C 

For the  amount o f  condensate a t  T = T e ,  we have, from Eqs. (2.121, (2. 

22) and (2.231, 

and f o r  C a t  T = Te, we have, f rom Eqs. (2.17), (2.21) and (2.22) 
P 



I n the thermodynamic 1 imi t, C -+ 9/8a . 13(3/2)12 and Te -i Te(-) . Thi  s 
P 

i s  no t  i n  agreement w i t h  the r esu l t s12  o f  Imry e t  aZ. (see Eq. (25) o f  

reference i!, where C /I'/ diverges as T -, TC(m)+). NOW Eq. (2.14) can be 
P 

w r i  t t e n  as 

and f rom t h i s ,  we ge t  the f o l l o w i n g  expression f o r  T 
C '  

where 

i s  the value o f  T i n  the thermodynamic l i m i t .  We n o t i c e  f rom (2.23) t h a t  
C 

the voílwne o f  the system has become subextensive and the  p a r t i c l e  densi -  

t y  n diverges,  i n  the thermodynamic l imi t, i n  agreement wi t h  Imry e t  aZ2 

and f rom Eq.  (2.241, i t f o l  lows t h a t  the condensate i s  no t  macroscopicat  

T = T 
C' 

l t  may be i n t e r e s t i n g  t o  study the  values o f  y2,  Wo and x a t  

c e r t a i n  spec ia l  temperatures, i n  a d d i t i o n  t o  the temperature T a t  which 
C 

the  values of these q u a n t i t i e s  have a l ready  been g iven.  We s h a l l  consi -  

der the  temperatures ( i )  T ~ ( N )  corresponding t o  y2 = O and ( i i )  ~ ( m ) .  

( i )  T = To. 

P u t t i n g  y2 = O i n Eq. (2.10) , we ge t  so = ( 3  12 ) 'I2 and then 

i t  r e a d i l y  f o l l ows  from Eq. (2.26) t h a t  



Put t ing  y2 = O and the value o f  xo i n  Eq.  (2.121, we obta in  (No),=6N/r2, 

t ha t  is ,  a t  temperature TO(N) which i s  less than T and g r e a t e r  than 
C 

T (m), the condensate i s  macroscopic. 
C 

Pu t t i ng  T = C(W) i n  Eq. (2.261, we get  y2N = - 2rx2 and then 

so lv ing  t h i s  w i t h  Eq. (2.10a), we get  y2 = - (r2/4) and x = ((nN/8) 'I2. 

Us i ng these val  ues i n Eq. (2.12), we get  N (T=T~(-)) = (2N/3) . 
For t e m p e r a t u r e s  below S ( a )  (but  not  very c lose t o  i t ) ,  

C 
y2 < - (n2/4) and from Eq. (2.261, i t  fo l lows tha t  x = o(N ' /~) .  Further,  

as i n  t h i s  range No = O(N), i t ' f o l l o w s  from Eq.  (2.12) t h a t  y2 = - r2 + 
+ 0(N-'I3) . Then, i n  Eq. (2.26) , the second term which i s  due t o  the mo- 

d i f i c a t i o n  o f  the densi ty o f  states becomes neg l i g i b le  and one read i i y  

obtains the dependence o f  x on T, 

and 

and as T +- O, V +- V. = (h2@/4mp) 'I3 which i s  p rec ise ly  the volume requi-  

red, i n  t h i s  l i m i t ,  t o  maintain the system a t  constant pressure; see Eq.  

(2.15). To ca l cu la te  y2 i n  t h i s  region o f  temperature, we put  y2= - r2 + 
+ E(T) , (E(T) = o(N-~ '~) )  i n  Eq. (2.10) and ob ta in  

and f rom (2.12) 

which can be w r i t t e n  as 



N being the number o f  p a r t i c l e s  i n  the exc i ted states and i s  given by 
e 

so tha t  i n  the thermodynamic l i m i  t N /N -i O and NO/N -+ 1 a t  temperatures 
e 

below C(-) but  not  very c lose t o  i t .  Further, p u t t i n g  y 2  = - r2 and 

using Eq. (2.29) f o r  x i n  Eq. (2.21), C is ,  then, given by 
P 

so tha t  i n  t:his region, C has a l so  become subextensive. For comparison, 
P 

we tabulate below the values of y2, e and No a t  the special  temperatures: 

From the comments a f t e r  Eq. (2.12) and the discussion o f  the 

l a s t  paragraphs, i t  fo l lows tha t  i n  the c r i t i c a 1  region, the e f f e c t s  due 

t o  the modi f ica t ion  o f  the densi ty o f  states and the discretenessof sta-  

tes are o f  comparable importance and they together determine the precise 

nature o f  the physical  behaviour o f  the system i n  t h i s  region. Further, 

f o r  T ' B  (-1 (but  no t  very c lose t o  i t ) ,  the e f f e c t  due to  the modi f i -  
C 

cat ion o f  the densi t y  o f  states becomes negl i g i b l e  and the Eqs. (2.29) - 
(2.34) are va l  i d  i n  t h i s  range. Also i n  t h i s  range, the condensate pres- 

sure Po plays a dominant ro le .  I t  can be c a s i l y  shown t h a t  the tempera- 

t u re  T i ,  where the macroscopic condensation s ta r t s ,  i s  $1 i g h t l y  g r e a t e r  

than To and i s  given by 

- 
Temp . Lf2 I x No 



I t  i s  p o s s i b l e  t o  s tudy,  numer ica l l y ,  the dependence o f y 2 , N o / ~  

and C /Nk on t h e  temperature f o r  g i ven  values o f  N. From Eqs .(2.10) and 
P 

(2.26), we can f i n d  the  dependerice o f  r and y2 on T / T ~ ( ~  f o r  a g i v e n  

va lue  o f  N and then us ing  Eqs. (2.12) and (2.21) , ' t h e  values o f  NO/N and 

C LVk f o r  d i f f e r e n t  temperatures can be found ou t .  
P 

I n  Fig.1, we have p l o t t e d  the  thermogeometric parameter y2 vs .  

(T/T~(-)) f o r  th ree  d i f f e r e n t  values o f  N. We f i n d  t h a t  as the  tempera- 

Fig.1 - Thermogeometric parameter y2 as a funct ion o f  scaled ternperatu- 

r e  T/T~(-) , under Di r i c h l e t  boundary condi t ions (D.B ;C .) . Curves, 1, 2 

and 3 correspond t o  N = 10 3, 104 and 1 0 6  respect ively.  Dotted 1 ine de- 

p i c t s  the corresponding bulk behaviour. 
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t u re  ~ ~ ( - 1  i s  approached from above, y2 f a l l s  from la rge values t o  the 

value - n2/4. As the temperature f u r t h e r  f a l l s  from C(..) t o  v e r y  lo'w 

temperaturss tending t o  zero, y2 f a l  1s f rom - r 2 / 4  t o  - r2. For f i n i  t e  

N ,  the curves are smooth. As N increases, the f a l l  i n  the value o f y 2  be- 

comes more rapid.  I n  the case o f  thermogeometric l i m i t ,  the f a l l  would 

be abrupt. This shows the e f f e c t  o f  the s i ze  being f i n i t e .  

Fig. 2 shows g r a p h s  between condensate f rac t i on  NO/N and 

T/T (a) fo r  three d i f f e ren t  values o f  N. again we no t i ce  t h a t  t h e  con- 
C 

densate grows smoothly f o r  f i n i t e  N, the growth being la rge i n  the neigh- 

bourhood oF %(-) . As N i ncreases, the growth. becomes more rap id  and f i- 

n a l l y ,  i n  the thermodynamic l i m i t ,  the condensate w i l l  b u i l d  up abrupt ly  

a t  C(-). Further,  f o r  any N a t  T = C(-), NO/N = 2/3 and as T+O,NO +N. 

I n  Fig.3, we have shown the v a r i a t i o n  o f  C / ~ k  withT/TC(-) f o r  
P 

three d i f f e ren t  values o f  N. The curves pass through smooth maxima. The 

Fig.2 - Temperature dependence o f  the condensate f rac t ion  no/#, under 

D.B.C.. Curves 1, 2 and 3 correspond t o  N =  103, 104 and 106 respecti- 

vely.  The bulk behaviour i s  shown by the dotted curve. 



temperature corresponding t o  these maxima, Te ,  decreases as N increases 

and approaches T ~ ( - )  f o r  N -+ a. The va i  ue o f  C /Nk a t  Tc increases wi t h  
9 P 

increasing N and approaches B;; c2(3/2) - 2.44 f o r  N -i -. For h igh tem- 

peratures T >> T (-1, i t  should tend t o  the c lass i ca l  value 1.5 but our 
C 

expressions are not  v a l i d  a t  these temperatures. As the temperature f a l l s  

below ~ ~ ( 4 ,  C qu i ck l y  f a l l s  t o  subextensive values o(N'"). The f a l  l 
P 

becomes more rap id  as N increases and would be abrupt i n . t hecaseo f the r -  

modynamic l i m i t .  Further, f o r  any N, as T + O ,  C -i O .  
P 

At  t h i s  point ,  i t  may be worthwhile t o  compare these r e s u l t s  

wi t h  those f o r  the corresponding two-dimensional and three- d i mens i ona 1 

problems. Though most o f  the features i n  the present case are  s i m i l a r  t o  

the ones i n  the pievious cases, the resu l t s  are d i f f e r e n t  i n  the region 

c lose t o  the c r i t i c a i  temperature. The problem i n  two dimensions was so l-  

ved i n  such a way t h a t  there were t o  regions having d i f f e r e n t  s o l  u t  i o n s  



fo r  x, y2, N0/N and C /Nk and the awkward fea ture  o f  the resul tswas tha t  
P 

these regioi is somewhat overlapped. I n  the case o f  the problem i n  three 

dimensions i i lso,  t h i s  awkward fea ture  ex i s ted  bu t  assuming thecon t i nu i t y  

o f  C t h i s  fea ture  was removed (a s i m i l a r  procedure could f o r  a d o p t e d  
P' 

f o r  the two-dimensional case as we l l )  bu t  then x, y2, NO/N and the slope 

o f  C becam! discontinuous a t  Te.  I n  the present case, we f i n d  tha t  x, 
P 

y2 and NO/N a1 1 vary smoothly, even a t  the c r i  t i c a l  temperature and C 
P 

passes through a smooth maximum and no d i scon t i nu i t i es  such as those i n  

the other cases appear. 

2.3. Cooling the Systemat Constant Vdume L 
C 

I n  the problem o f  two dimensions, we not iced tha twhenthe sys- 

tem i s  cooled a t  constant pressure P t o  temperature T from above, the 
C 

volume becomes somewhat subextensive and the amount o f  condensate i n  the 

s ing le- pa r t i c l e  ground s ta te  E does not  becom macroscopic a t  Te. I f  now 
O 

we c001 the system a t  constant volume, the macroscopic occupation o f  the  

ground s ta te  does take place a t  f i n i  t e  temperatures. Let  us now see what 

happens i n  the case o f  the one-dimensional system, when t reated i n  the 

same way. 

We have seen tha t  when t h i s  system i s  cooled a t  constant pres- 

sure P t o  the temperature Tc from above, theavalue o f  L  becomes subext- 

ens ive, 

= X x = hC.~(f12/3) . L + L c  c? c 

At t h i s  stage, the amount o f  condensate i n  the single-part ic legroundsta-  

t e  r. i r  o ( N ~ ' ~ )  which i s  no t  macroscopic. Now l e t  u r  c001 the system a t  

constant volume L  Under t h i s  const ra in t ,  we would have c' 

With the help of Eq. (2.36), Eq. (2.10) can be w r i t t e n  as 



and Eq.  (2.12)  can be w r i t t e n  as 

We rewri t e  t h i s  equat ion'wi  t h  the help o f  Eq. (2.23) as 

For (No/#) t o  be o f  0(1) and f o r  very large N, y must be o f  0(N1I6) and 

then Eq. (2.37) gives the corresponding temperature 

which goes t o  zero f o r  N+m. Thus macroscopic condensation i n  the ground 

s ta te  E w i l l  take place on ly  a t  T -+ O i n  the thermodynamic l i m i t a n d  not  
o 

a t  f i n i t e  temperatures un l i ke  the case o f  the two-dimensionalsystem. 

3. MIXED BOUNDARY CONDITIONS 

3.1. Formulation 

We again consider a onerdimensional system o f  non- interact ing 

bosons but  subject  t o  mixed boundary condi t ions (M.B.c . )  i .e. qs = O a t  

one end and a$,/an = O a t  the other.  Let <n . > be the mean occupat ion nun- 
Z 

ber f o r  the s ing le- pa r t i c l e  states E<. The Eqs. (2.1) and (2.2) f o r  the 

t o t a l  number o f  p a r t i c l e s  and the t o t a l  pressure P o f  the system are va- 

l i d  i n  t h i s  case also.  The energy spectrum i n  t h i s  case i s  g iven by 

( instead o f  Eq. (2 .3) ) .  We f u r t h e r  no t ice  tha t  Eq. (2.4) i s  a lso  v a l i d  

i n  the present case. Usi ng techniques4 re fe r red  t o  e a r l  i e r ,  we get f rom 

Eq. (2.1) 



and not ing  tha t  

t h i s  can be wr i  t t e n  as 

where A, y, gn(6 )  occuring here were def ined i n  s e c t i o n  2. I n  Eq. (3.21, 

the f i r s t  t e m  represents the bu lk  behaviour o f  the system whi le  the se- 

cond term ar lses  e x p l i c i  t l y  from the discreteness o f  the s ing le- pa r t i c l e  

states.  As there i s  no mod i f i ca t i on  i n  the densi ty o f  states,  no term 

a r i s i n g  from t h i s  e f f e c t  occurs i n  Eq. (3.2) .. 
I n  the region o f  i n te res t  (a << I ) ,  the above equation w i th  thz  

he lp  o f  Eq. (2.7) becomes 

N = 27r x2 (tanh y/y) (3.4) 

where again :: = (L/A) i s  the measure o f  the votzune o f  the system. For 

y2 < O, the iiq. (3.4) takes the form 

N = 27r x 2  ( tan  yt /y ' )  (3 .44 

where y f 2  = - y2 and i s  pos i t i ve .  We see from Eqs. (3.4) and (3.4a) t ha t  

our f i n a l  expression f o r  N, i n  t h i s  case also, passes smoothly from the 

region w i t h  y2 > O the region w i t h  y2 < O.  This i s  q u i t e  s a t i s f y i n g  be- 

cause, one must u l t i m a t e l y  deal w i t h  the region o f  negative y2, i n  par-  

t i c u l a r ,  w i t h  the l i m i t i n g  s i t u a t i o n  y 2  = - 7r2/4. Here the zer.0-tempera- 

t u re  l i m i t  o f  chemical po ten t i a l  o f  the system i s  g iven by E ~ ,  which, 

i n  t h i s  case, i s  equal t o  ~ ( 0 )  = h 2 / ( 3 2 d 2 ) ;  accordingly, the l i m i t i n g  

value o f  a i s  -h2 / (3M2kT)  = - I T ( x / L ) ~ / ~ ~  and, by Eq. (2.6), the corres- 

ponding value o f  y 2  = - 7r2/4. The relevance o f  t h i s  l í m i t  i s  agaín high- 

l i g h t e d  by the f a c t  t ha t  the ground-state occupation number No i s  g iven 

by 



No = 
1 I 4n 2 2  

a + t 3 ~ ~  
e - Q + $EO y2 + (n2/4) 

We not ice  from Eq.  ( 3 . 3 1 ,  t ha t  f o r  y2 >> 1, the term due t o  

(3.5) 

the d iscre-  

teness o f  states i s  n e g l i g i b l e  whereas f o r  smaller values o f  y 2  ( i n c l u -  

ding negative ones), i t  i s  q u i t e  important. 

FOI lowi ng a simi l a r  procedure, Eq. (2.2) now becomes 

p = - .  kT k ( 3 1 2 )  - tanh y . 
A -  I 

Using Eq.  (3.4), t h i s  takes the form 

I n  t h i s  case, the pressure P o  

t rac ted from the l a s t  term by 

ted, 

exerted by the condensate can a l so  be ex- 

l e t t i n g  y2 + - n2/4, we obtain,  as expec- 

E 

2 No* $ . (3.8) 

3.2. Heat capaciíy, Critical Behaviwr and Diussion 

For studying the heat capaci ty and the c r i t i c a 1  behaviour, we 

again ca l cu la te  (ay2/ax)N and ( a x / a ~ ) ~ , ~ .  From Eq. ( 3 . 4 ) ,  we obtain,  

where 

Using Eqs. (3.7) and (3.91, we get 



Eq. (2.20) f o r  the heat capacity C i s  v a l i d  i n  t h i s  case also.  Using 
P 

Eqs. (3.7), (3.10) and (3.11), we obta in  

We f i n d  thet  C passes through a smooth rnaximum a t  an N-dependent tempe- 
P 

ra ture  Te, the c r i t i c a l  temperature. Pu t t i ng  the de r i va t i ve  o f  C w i th  
P 

respect t o  y equal t o  zero, we f ind  tha t  the va l  ue o f  y(= y ) correspon- 
C 

ding t o  T s a t i s f i e s  the fo l lowing equation approximately, 
C 

We note the t  yc i s  o f  O( ln N). f o r  a given value o f  N, we can f i n d  Yc 
numerical ly from Eq. (3.13). I n  the thermdynamic l i m i t ,  yc i s  given by 

From Eqs. (3.4) and (3.131, we obta in  f o r  xc 

Y, N 
= O(N l n  ~ ) 1 / 2  

2 tanh yc 

which, i n  the thermodynarnic l i m i t ,  i s  

1 N I n N  % = 1 [+li2 



Using Eqs. (3.5) and (3.141, we o b t a i n  f o r  t h e  amount o f  condensate a t  T 

= Tc , 

which, i n  the  thermodynamic l i m i t ,  i s  

For  C a t  T = T  we have, f rom Eqs. (3.12) and (3.14), 
P C' 

(3.16) 

which, i n  t h e  thermodynamic l i m i t ,  i s  

Now Eq. (3.7) can be w r i  t t e n  as 

and f rom t h i s ,  we ge t  the  f o l l o w i n g  express ion f o r  T 
c' 

From Eq. (3.14), i t  f o l  lows t h a t  t h e  volume o f  the  system has become sub- 

ex tens ive  and f rom Eq. (3.15), we f i n d  t h a t  the condensate is n o t  yetma- 

c roscop ic  a t  T = T  . Fur ther ,  comparing Eqs.  (2.27) and (3.18), we no- 
C 

t i c e  t h a t  t h e  c r i t i c a 1  temperature i n  the  case o f  M . B . C .  i s  lower than  

t h a t  f o r  D . B . C .  and comparing Eqs. (2.25) and (3.161, we observe t h a t  the 

maximum o f  C /Nk f o r  M . B . C .  i s  h i g h e r  than t h a t  f o r  D . B . C . ,  f o r  the  same 
P 



value o f  N. Further ,  i t  may be worthwhi l e  t o  compare Eqs. (3.13), (3.14) 

and (3.15) f o r  the M.B.C. wi t h  Eqs. (2.22) , (2.23) and (2.24) f o r  D . B . C  . 
respec t i ve l y .  

We may now study the values o f  y2, x and N a t  another  spec ia l  o 
temperature Te(-) (= T ~ ) .  From Eq. ( 3 . 1 7 ) ~  i t  f o l l ows  t h a t  a t  t h i s  tem- 

perature,  y 2  = O and then from Eq. (3.4), we ge t  x0 = ( N / ~ I T ) ~ ' ~ .  Using 

these values i n  Eq. (3.5), we g e t  (N ) = (16xi/n) = ~ N / I T ~ .  
0 o 

For t e m p e r a t u r e s  b e l o w  T (-1 bu t  no t  v e r y  c l o s e  t o  i t ,  
C 

-712/4 < y2  < O and then f rom ~q . (3 .17 ) ,  i t  f o l l ows  t h a t  Z = O ( N ~ / ~ ) .  Fur-  

t t ier ,  as i n  t h i s  range No = O(N) , we f i nd  f rom Eq. (3.5) t h a t  y2=-(n2/4) 

+ 0(Nq1I3), and then from Eq. (3.171, we ge t  the  f o l l ow ing  (x ,~ )  r e l a -  

t i onsh ip ,  

and 

and as T + O, V -r V. = (h2N/16rnP) 'I3 which i s  the volume requi red, in  t h i s  

1 i m i t ,  t o  ma in ta i n  the  system a t  constant  pressure; see Eq. (3.8). To 

c a l c u l a t e  y 2  i n  t h i s  range o f  temperature, we pu t  y2 = - n2 / 4  + E (T )  , 
(~(21) = o ( N - ' / ~ ) )  i n  Eq. (3.4) and o b t a i n  

and from Eq. (3.5) 

where Ne , the number o f  p a r t i c l e s  i n  the e x c i t e d  s ta tes ,  i s  g iven  by 



Further,  p u t t i n g  y2  = - (n2/4) and using Eq. (3.19) f o r  x i n  Eq. (3.12), 

C i s  then given by 
P 

so tha t  i n  t h i s  region C has a l so  becorne subextensive. For comparison, 
P 

we tabu la te  below the values o f  y2, x and No a t  the specia i  temperatures: 

Temperature I y2 1 

combining the comnents a f t e r  Eq. (3.5) and the discussion above, we ob- 

serve tha t  f o r  temperatures around and above Te, the e f f e c t  due t o  the 

discreteness o f  s ta tes  i s  n e g l i g i b l e  whereas f o r  temperatures around and 

below Te(-), i t  i s  q u i t e  important a'nd fu r the r ,  f o r  temperatures b e l o w  

T ~ ( - ) ,  Po plays a dominant ro le .  

From Eqs. (3.4) and (3.17), we can f ind  numerical l y  the va- 

r i a t i o n s  o f s  and y 2  w i t h  T /T  (-1, f o r  g iven values o f N .  Then from Eqs. 
C 

(3.5) and (3.12) , we can determine N /N and C / Nk as funct ions o f  tempe- o P 
ra ture .  

I n  f i g s .  4, 5 and 6, we have shown graphs, y2 vs. T /T~(-), 

NO/N vs. T/TC(-) and C /Nk vs. T/c(-) respect ively.  From Fig.4, i t  i s  
P 

c lea r  t h a t  as the temperature Tc(-) i s  approached from above, y 2  f a l l s  

from large values t o  zero. As the temperature f u r t h e r  f a l l s  from Tc (m) 

t o  very low temperatures tending t o  zero, y2 f a l l s  from zero t o  - n2/4. 

Further, i n  Fig. 5, f o r  any N, NO/N = 8/n2 a t  T = Tc(-). The other com- 

ments concerning Figs. 1, 2, and 3 apply t o  Figs.  4, 5 and 6 respective- 

l y .  I n  Figs.  7, 8 and 9, 10 and 11, we compare va r i a t i ons  o f  y 2  vs. 

T/C (-1 , NO/N vs . T/TC (-1 and C INk vs . T / T ~  (-1 i n the case of D . E3 . C . 
P 

w i t h  those i n  the case o f  M.B.C.. We observe tha t  a t  highertemperatures, 



~ i g . 4  - Thermogemetric parameter y2 as a funct ion o f  temperature,under 

mixed boundary condit ions (M.6.C.). Curves 1 and 2 correspond t o  N=103 

and 104 respectively. The dotted curve shows the bulk behaviour. 

Fig.5 - The temperature dependence o f  the condensate f r ac t i on  N o / N ,  un- 

der M.B.C.. Curves 1, 2 and 3 correspond t o  N = 103, 10' and 106respec- 

t i ve l y .  The bu lk  behaviour i s  shown by the dotted curve. 



Fig.6 - The spec i f  i c  heat C /Nk as a f u n c t i o n  o f  temperature, under M. 
P 

B.C.. Curves 1, 2 and 3 correspond t o  N = 103, 104 and 106 respect ively.  

Fig.7 - Comparison o f  t h e  v a r i a t i o n  o f  y2 as a f u n c t i o n  o f  f l c ( m )  un- 

der D.B.C. w i t h  t h a t  under M.B.C.. S o l i d  curve i s  f o r  D.B.C. and do t ted  

curve f o r  M.B.C.. Here N = 103. 



Figs.  8 and 9 - Comparison o f  v a r i a t  ion of I ~ / N  as a funct ion tempera- 

ture under D . B . C .  w i th  those under M.B.C.. So l id  curves are  f o r  D.B.C. 

and dotted curves f o r  M.B.C.. I n  F ig .  8, N = 103 and i n  F ig .  9 ,  N = 106. 
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these quan t i t i es  tend t o  agree i n  the two cases whereas f o r  the c r i t i c a l  

region, thtsre are s i g n i f i c a n t  deviat ions.  This would be expected, becau- 

se a t  h igh temperatures, the higher s ing le- par t i c l e  energy states a re  

more important and comparing Eqs. (2.3) and (3.1), we f i n d  tha t  the ener- 

gy spectra f o r  these s ta tes  tend t o  be s im i l a r ,  whereas f o r  lower tempe- 

ratures, the lower s ingle-part  i c l e  energy s ta tes  are more important and 

these are c l e a r l y  d i f f e r e n t  i n  the two cases. 

Glhen the system i s  cooled a t  constant pressure P t o  the tem- 

perature Tc! from above, the value o f  L, as we have seen, becomes subext- 

ensive, 

L + L ~  = x  x = X ~ O ( N  I n  N ) ~ / Z  . 
C C 

A t  t h i s  temperature, the amount o f  condensate i n  the s ing la- par t i c l e  

ground s t a t e  c. i s  O(N/ln N) which i s  not  y e t  macroscopic. Now l e t  us 

c001 the system a t  constant volume L Under t h i s  const ra in t ,  we would 
c '  

have 

x = Lc/X = xc(T/Tc) I2 

US ing Eq. (3.25) , Eq. (3.4) can be wr i t t e n  as 

and Eq. (3.S) can be w r i t t e n  as 

We rewr i t e  t h i s  equation w i t h  the help o f  Eq. (3..14), as 



For ( N o / #  t o  be o f  the O(1) and f o r  very la rge N, y must be o f  O(ln N) 
1 /2 

and then Eq.  (3.26) gives the corresponding temperature 

which goes t o  zero f o r  N + -. Thus macroscopic condensation i n t h e  ground 

s ta te  E O  wi11 take place on ly  a t  T -+ O ,  i n  the thermodynamic l i m i t ,  i n  

t h i s  case, as w e l l .  

4. FURTHER DISCUSSION 

We have discussed the onset o f  Bose-Einstein condensation i n  

a f i n i t e  one-dimensional system o f  f r e e  bosons, under D i r i c h l e t  boundary 

condi t ions and mixed boundary cond i t ions .  I n  both these cases, # o 

and so the quantum-mechanical zero-point pressure Po í s  a l so  non-zero and 

i t  i s  possib le t o  keep the pressure o f  the system constant even fo r  tem- 

peratures below the c r i t i c a l  temperature. I f  the system i s  subjected t o .  

pe r i od i c  o r  Neumann boundary condi t ions,  i s  equal t o  zero the conden- 

sate does not  cont r ibu te  t o  the pressure. I n  these cases, i t  i s  not  pos- 

s i b l e  t o  keep the pressure constant below the c r i t i c a 1  temperature and 

system c01 lapses t o  a poi  n t .  Under these 'condi t ions ,  one can, therefore,  

study the behaviour o f  the system under constant pressure f o r  T>Tc only.  

Deta i ls  o f  t h i s  w i l l  be reported elsewhere13. 

We have e a r l i e r  pointed out  t ha t  B.E.C. i n  a one-dimensional 

system, under constant pressure, i s  possib le because the p a r t i c l e  densi- 

t y  n diverges i n  the thermodynamic l i m i t .  i n  the presence o f  in terac t ions  

(e.q. short-range repu ls ive  po ten t i a l  which may be replaced by a hard 

core), the p a r t i c l e  dens i ty  cannot become i n f i n i t e  and so B.E.C.wi1l no t  

take place i n  the case o f  rea l  bosons. 
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